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Chapter 1

Introduction

The main aim of the thesis is to establish real algebraic versions of Car-
tan’s Theorems A and B after blowing up. These results were provided in
our recent papers [22, 23]. Let X be a non-singular real affine variety and
F be a coherent sheaf on X. Our version of Cartan’s Theorem A states
that there exists a multi-blowup o : X, — X such that o*F is generated
by global sections on X,. Cartan’s Theorem B is formulated for blown-up
Cech cohomology introduced by means of a directed set of multi-blowups.
It is valid for coherent sheaves of homological dimension < 1 and for quasi-
coherent sheaves of global presentation with stalks of projective dimension
<1

There are several cases where Cartan’s Theorems A and B hold: in com-
plex analytic geometry, in algebraic geometry over an algebraically closed
field (Serre |27]), in scheme theory (Grothendieck [12|, Hartshorne [14]) as
well as recent versions in real regulous geometry (Fichou—Huisman—Mangolte—
Monnier [7]) and in regulous geometry over Henselian valued fields (Nowak
[25, 26]). Note also that the theory of regulous functions is closely related
to that of continuous hereditarily rational functions, developed by Kollar—
Nowak [21]. They used blowups to improve the functions under study, which
is also a basic tool in this thesis.

We organize the thesis as follows. In Chapter 2 we present some basic
definitions concerning real affine varieties, quasi-coherent sheaves and simple
normal crossing. We then prove that the multi-blowups of a non-singular
real affine variety form a directed system. In Chapter 4 we prove Cartan’s
Theorem A. In the next chapter we provide basic properties of homological
dimension of quasi-coherent sheaves. We are then able to define blown-up
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8 CHAPTER 1. INTRODUCTION

Cech cohomology and prove a version of Cartan’s Theorem B. Chapter 7
contains application of the blown-up Cech cohomology to a real algebraic
version of the first Cousin problem. We show there that the first Cousin
problem is universally solvable after blowing up. We then describe the local
structure of coherent sheaves of homological dimension 1. The last chapter
contains various examples. An explicit usage of Cartan’s Theorem A to the
sheaf F; ; is shown, we then provide a counterexample to the quasi-coherent
version of our Cartan’s Theorem A. We also give a concrete example of
an additive Cousin data on R? which is not solvable and we deduce that
H'(R?,Og2) # 0. In Appendix A.1 we prove that each pre-algebraic vector
bundle splits into a direct sum of algebraic line bundles by multi-blowups.
In Appendix A.2 we show that the construction from A.1 does not lead to
the trivial line bundles in general.

Our approach combines the technique of coherent algebraic sheaves and
their Cech cohomology, developed by Serre [27| on algebraic varieties over
algebraically closed fields, and transformation to a simple normal crossing
by blowing up.

Notation and conventions

Throughout the paper, X will be a quasi-projective (hence affine) real
algebraic variety with the structure sheaf Ox of regular functions. If o : Y —
X is a morphism of real affine varieties, by o*s or f? we denote the pull-back
of a section s or a function f, respectively. For U C X, U? := o' (U) denotes
the preimage under o of U; similarly, for an open covering U = {U;}I, we
put U7 = {U7}L,.

We use the following notation. For a section s of a sheaf F on X, by
s(x) € Fp, x € X, we mean a corresponding germ. For a regular function
f on X, however, f(z) € R stands for the value of f at x. The germ of f
at x is denoted by f,.. Nevertheless, usually in this paper superscript x in
fz refers only to a certain function germ at x, considered prior to a function
itself. But next, by abuse of notation, f, may often denote a representative
of the germ f, as well. This does not lead to confusion. Let I be a set of
indices. We define F®' := @, _; F to be the direct sum of I copies of a sheaf
F.

Besides Section 2.1, every real affine variety X is assumed to be irreducible
and non-singular. In case of a non-singular reducible variety, every reasoning



can be carried out on each component separately.

Throughout the paper, greek letters a, 3,7, 0 will denote multi-blowups
of X, X,, Xp, Xy, X, their domains and calligraphic letters F, G, H sheaves
on X.
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Chapter 2

Preliminaries

2.1 Real algebraic varieties

In this section we will present basic informations concerning real algebraic
varieties. Reader is referred to [4] for more details. We begin with defining
an affine real algebraic variety.

Definition 2.1. An affine real algebraic variety over R is a topological space
X equipped with a sheaf Ox of functions with values in R isomorphic to an
algebraic set V. .C R™ with its Zariski topology, equipped with its sheaf of
reqular functions Oy . The sheaf Ox is called the sheaf of reqular functions
on X.

Let X be a real affine variety.

Definition 2.2. We say that v € X is a non-singular point if the local ring
O, x s a reqular ring. We say that X is a non-singular real affine variety,
if every point of X is non-singular.

Definition 2.3. We say that X s irreducible, if the ring of global reqular
functions Ox(X) is an integral domain.

Every real affine variety bears both the Zariski and Euclidean topologies.
The latter will only be used in Chapter 3. We list a few differences between
complex and real algebraic geometry.

e Irreducible real affine varieties can be compact (a circle 2 + y* = 1)
or disconnected (a hyperbola zy = 1) in the Euclidean topology, while

11



12 CHAPTER 2. PRELIMINARIES

the irreducible complex affine varieties are always connected and non-
compact (except for a point).

e Real projective spaces P"(R), and Grassmanianns G, x(R) are real
affine varieties (cf. [4, Theorem 3.4.4]).

e Let U C X be a Zariski open subset of a real affine variety X. Then,
U is not necessarily dense in X in the Euclidean topology. However, it
is so whenever X is non-singular.

e If X is an algebraic subset of R", then X is a zero set of a single
polynomial.

We now briefly present the construction of blowing up. Let X be a real
affine variety and Y be a Zariski closed subset of X with its real ideal Iy =
{f € Ox(X) : fly = 0}. The ring Ox(X) is noetherian, hence we can choose
finitely many functions fi, fo, ... fr € Ox(X) such that (fi, fo,..., fx) = Iy.
Define

Z = {(x,(fi(x) : fol@) s falz)) € X x P (R) |2 € X\ Y}

Denote by E(X,Y) the Zariski closure of Z in X xP*"1(R), and o : E(X,Y) —
X, the projection map. Then the following holds (cf. [4, Prop 3.5.8]):

i) The algebraic variety F(X,Y") does not depend on the choice of gener-
ators of Iy, up to a biregular isomorphism compatible with o.

ii) We have Z = ¢ 1 (X \Y) and 0|z : Z — X \ Y is a biregular isomor-
phism.

iii) E(X,Y) is a real affine variety.
Definition 2.4. We call E(X,Y) a blowup of X with centre Y.

If X and Y are non-singular, then so is F(X,Y). Note that the map o is
proper in Fuclidean topology.
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2.2 Coherent and quasi-coherent sheaves

In this section we recall definitions concerning coherent and quasi-coherent
sheaves. The reader is referred to [27] for a thorough exposition. Let X be
a real affine variety with a structure sheaf Ox of regular functions and F be
a sheaf of Ox-modules (Ox-sheaf).

Definition 2.5. We say that F is a sheaf of finite type if locally F is gen-
erated by finitely many sections i.e. for any x € X there exist a Zariski
open neighbourhood U, of x and sections si,Sa,...,s, € F(U,) such that
s1(y), s2(y), - . ., sk(y) generate F, as Oy x-module, for every y € U,.

We recall the following useful

Proposition 2.6. Let F be a sheaf of finite type and s1, s9, .. ., s, be sections
of F on a neighbourhood U of a € X. If F, is generated by si1,5s2,...,5p, 50
is Fy for y sufficiently close to a.

Proof. See |27, 1, §2, Proposition 1]
O]

Remark 2.7. Under assumptions of Proposition 2.6, if U = X \ {@Q = 0} with
some ) € Ox(X), then for any n the sections Q"sy, ..., Q" s generate every
stalk F,, for x sufficiently close to a, because the function @) is invertible at
a.

Consider now a regular map between real affine varieties f : X — Y.
Then the pull-back f*G of a given sheaf of Oy-modules G is given by the
formula

G = f7'G ®s-110,) Ox,

where f7!G is the inverse image of the sheaf G. It is well known that the
functor G — f7'G is exact and (f7'G), = Gy, for every x € X. Conse-
quently, the functor G — f*G is right exact and if G is of finite type, coherent
or quasi-coherent, so is f*G. Moreover, it is easy to check the following

Lemma 2.8. Under the above assumptions, if G is a sheaf of Oy-modules
generated by sections sy, Sa, ..., sk € G(Y), then the pull-back f*G is gener-
ated by the pull-back f*s1, f*sqo,..., [*sk € (f*G)(X). O
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Let a : X, — X be a regular map between real affine varieties and let
F be a sheaf of Ox-modules. For any Zariski open set U C X we have the
canonical and functorial homomorphism

a*: F(U) = o F(U?)
such that
(@s)(y) = s(a(y)) @1 € (7' Fagy) ®0, ) x Opxa = (@ F)y,
for s € F(U) and each y € U°.

Definition 2.9. We say that F is a quasi-coherent sheaf on X if there exists
a finite Zariski open covering {U;}1_, of X such that for each i there is an
exact sequence of sheaves:

i
U, — ‘F|Uz — 0.

®J; i @I
OX U, —)OX

A sheaf F is coherent if each J; and each I; can be taken finite.

It is clear that one can take a common J with the biggest cardinality
among J; for i = 1,2,...n. A sequence of sheaves is exact if it is exact on
stalks.

It is not difficult to check that F is coherent iff the two conditions are
satisfied

i) F is a sheaf of finite type,

ii) if s1,89,...,5, are sections of F over an open set U C X, then the
sheaf of relations between sy, s2,. .., s, is of finite type over the set U.

2.3 Simple normal crossing

We now present necessary notions concerning transformation a function
to a simple normal crossing (see e.g. [20]). Consider a regular (noetherian)
local ring (R, m). A reqular system of parameters of R is any minimal set of
generators xq, xg, ..., xq of m; obviously d is the Krull dimension of R.

Let X be non-singular real affine variety of dimension d. By local co-
ordinates near a point a € X we mean a regular system of parameters of

Oux-
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Definition 2.10. We say that g € O, x is a simple normal crossing at a if
in a neighbourhood of a € X, one has

9(z) = u(zx)z® = u(z)xxs? .. a?,
where u(x) is a unit at a, « € N and v = (21,3, ..., 1q) are local coordinates

near a. We say that g € Ox(X) is a simple normal crossing if g is a simple
normal crossing at each point a € X.

We say that functions g1, 9s,...,9x € Ox(X) are simultaneously simple
normal crossing if in a neighbourhood of each point a we have

(%)

gi(x) = u;(x)x
in the same local coordinates v = (x1,xa,...,24).

By a multi-blowup ¢ : X, — X we mean a finite composition of blow-
ups with smooth centres. One of the basic tools applied in this paper is
transformation to a simple normal crossing recalled below.

Theorem 2.11. Let f : X — R be a reqular function on a non-singular real
affine variety X. Then there exists a multi-blowup o : X, — X such that
f7 = foo is a simple normal crossing.

Remark 2.12. In Kollar’s notation, however, 0*Z = 07 - O for any sheaf
7T of ideals on X. Note that 0 7'Z- O and 07'Z ®,-10, O are canonically
isomorphic if 7 is a sheaf of locally principal ideals.

A useful strengthening of Theorem 2.11, stated below, relies on the fol-

lowing elementary result.

Lemma 2.13. [3, Lemma 4.7] Let x = (x1,xa,...,1,) be a reqular system
of parameters of O, x. Let o, B,y € NP and let a(x),b(z),c(x) be invertible
elements in Oy x. If

then either o < 8 or B < a. Here inequality o < 8 means that a; < 3; for
allj=1,2,...,p.

We immediately obtain
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Corollary 2.14. Let fi, fo, ..., fr be regular functions on X. Then there
exists a multi-blowup o : X, — X such that f7,f5,..., 7 are simultane-
ously simple normal crossings which locally are linearly ordered by divisibility
relation near each point b € X,.

Proof. Apply Theorem 2.11 to the function

f=hb o B = 1)
i<j
Then all of the functions f7 and f7 — f7, 1,7 =1,2,...,k,1 < j, are simul-
taneously simple normal crossings. Now the conclusion follows directly from

the above lemma.
O]



Chapter 3

Directed set of multi-blowups

We now show that the set of multi-blowups of a non-singular real affine
variety X has a structure of a directed set.

Given two multi-blowups o : X, — X, 5 : Xg — X we say that X, = Xz
if there is a (unique) regular map f,s making the following diagram commute

X, Iy x,
X lﬂ
X
Obviously, >~ is a reflexive and transitive relation on the set of all multi-

blowups of X.

Proposition 3.1. With the relation given above, the set of multi-blowups of
X is a directed set.

Proof. We need to show that for any two multi-blowups o1 : X; — X and

09 : X9 — X there is a multi-blowup o3 : X3 — X such that X3 > X; and
X3 = Xs. Let ¢ : Xy --» X5 be a rational map which makes the diagram

17
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commutative. Let dom(¢) be the biggest Zariski open subset of X; on which ¢
is a regular map. Clearly, X5 is an affine variety embedded into RY C PV (R)
for some N; embed RY into PV (R) by the map

(1,29, ...,xn) = (T1 1@y -+ 1z 1),

Then ¢ can be treated as a map into RY, ¢ : X; --» R, with a presentation

o= (2@) ee2r)  en(@)
?) (ql<x>’ n@) qN(:c))

where ¢1,...,¢N,q1,--.,qyn are regular functions on X; and

dom(¢) = ﬂ dom(%).

Since the functions q1,¢qs, ..., gy are nowhere vanishing on dom(¢), we
can assume that ¢ have the following presentation

o(z) = <¢1($) ZIC ¢N(I)>7

q(x) " q(z) 7 q()

where ¢y, ..., ¢y, q are regular on X; and {¢ = 0} Ndom(¢) = 0. Consider
a multi-blowup 7 : X3 — X from Corollary 2.14 applied to the regular
functions ¢1,...,¢n,q on X;. Then we get the commutative diagram

X3
/ i ¢’O\
(b e

f
Xy --=-- y Xy —— RN «— 3 PN
& l@
X

with the function f : X3 — PY(R) given by the formula

f=(proT:-:pyoT:qoT).

It follows immediately from the conclusion of Corollary 2.14 that the map f
is regular. Note that the maps oy, 09,7 are proper.
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We must show that f(X3) C Xo. If y € X3, 7(y) € dom(¢), then
f(y) € X5 by the commutativity of the upper left triangle diagram. Assume
that 7(y) ¢ dom(¢). Let {y,} C X3 be a sequence converging to y in the
Euclidean topology such that 7(y,) € dom(¢). Such a sequence can always
be found because the blowups are biregular on a Zariski open subset and a
Zariski open subsets of a non-singular irreducible variety are dense in the
Fuclidean topology. Let

K :={(o107)(yn) :neN}U{(o107)(y)} C X

and
V=0, (K) C Xo.

Obviously K is a compact set, so is V' as o, is proper. We get

o2(f(Yn)) = 02(d(7(yn))) = 01(7(yn)) € K.

Hence by the definition of V', f(y,) € V. Thus the sequence {f(y,)} is
convergent to f(y) € V C Xy, as desired.
[

Proposition 3.1 will be crucial for the construction of blown-up Cech
cohomology given in Chapter 6.

Remark 3.2. The above construction for proper schemes was described in
[29]. It was broadly used in the theory of real holomorphy rings (see e.g.
[6]). Let F' be a field of transcendence degree n over R. We say that the
field F'is formally real if it can be ordered. Then the absolute holomorphy
ring H(F) of F is defined as the intersection of all valuation rings of F' with
formally real residue field. Let A be finitely generated R-subalgebra of F'
with quotient field F'. The intersection H(F|A) of all those valuation rings
of F' with formally real residue field which contain A is called real holomorphy
ring of F' over A. It is known (cf. [28]) that H(F|A) is a a Priifer domain
of Krull dimension < n [30, Theorem 5.4], and every finitely generated ideal
of H(F|A) can be generated by n + 1 elements [15, Theorem 3.1].

Let X be a non-singular real affine variety, and K (X) be its field of ratio-
nal functions. A geometric criterion |6, Theorem 1.2| says that H (K (X)|Ox (X))
is the ring of all locally bounded (in the Euclidean topology) rational func-
tions on X. If in addition X is a complete (compact) variety we get H(K (X)) =
H(K(X)|Ox(X)).
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It follows from the Proposition 4.11 that the ring Z’)\;(X ), defined on
an arbitrary non-singular real affine variety X, coincide with the ring of all
locally bounded rational functions on X. Hence H(K(X)|Ox (X)) = Ox(X).



Chapter 4

Cartan’s Theorem A

4.1 Right exactness of a section functor after
blowing up
The main aim of this section is to prove

Theorem 4.1. Let
G5 H -0

be an exact sequence of quasi-coherent sheaves on X. Then for any Zariski
open subset U C X and any section uw € H(U) there exists a multi-blowup
o X, — X such that o*u € im 6°.

A crucial role in the proof of Theorem 4.1 is played by Lemmas 4.7 and
4.8. Before we prove them, we need some preparatory lemmas. We begin
with the following well known

Lemma 4.2. Let U = X \ {Q = 0} be a Zariski open subset of X. Every
regular function f on U can be written in the form f = 4% where g, P are
global reqular functions on X and V(P) C V(Q).

Proof. See [4, Proposition 3.2.3]. O

Lemma 4.3. Let P, Q be reqular functions on X such that V(P) C V(Q).

Then there exist a multi-blowup o : X, — X and a positive integer N such
N\yo
that % can be extended to a global reqular function on X, or, equivalently,

Q™) € P - Ox,(X,).

21
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Proof. By Corollary 2.14, there exist a multi-blowup ¢ : X, — X and a finite
covering {U;}, of X, such that Q7|y, and P?|y, are functions of the form
ui(z)z® and v;(x)x?, where u;,v; are units on U; and x = (z1,72,...,7,)
are local coordinates on Uy, i = 1,2,...,n. Since U; NV (P?) C U; NV (Q°),
for any non-zero entry of the multi-index (; the corresponding entry of «; is
also non-zero. Consequently, P?|(Q™)? on every U; for N large enough, and
thus
(QY) € P70y, (X,),

as asserted. O

Corollary 4.4. Let Q) be a reqular function on X. Then for any finite number
of reqular functions P; € Ox(X) such that V(P;) C V(Q) fori=1,2,...,s,
there exist a multi-blowup o : X, — X and a positive integer N such that

Q)7 € Y- Ox,(Xo)
foreachi=1,2,... s.
Proof. This follows easily via repeated application of Lemma 4.3. O]

Remark 4.5. We can generalize the above remark as follows. If
V(R)QUZ C V(Q)ﬂUl, 1=1,2,...,n,

for some non-empty Zariski open sets Uy,...,U, C X, then there exist a
multi-blowup o : X, — X and a positive integer N such that

" )7 - Ox, (U7).

Corollary 4.6. Let Q be a reqular function on X and U = X \ {Q = 0}.
Then for any f € Ox(U) there exist a multi-blowup o : X, — X and
a positive integer N such that (QN f)° can be extended to a global regular
function on X,.

Uz')U S (H

Proof. Tt follows immediately from Lemmas 4.3 and 4.2. O

Lemma 4.7. Let F be a quasi-coherent sheaf on X. For any Q@ € Ox(X)
and a section s € F(X) such that s|y = 0 with U = X \ {Q = 0}, there exist
a multi-blowup o : X, — X and a positive integer N such that (QN)7c*s =0
in 0* F(Xy).
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Proof. By quasi-compactness, there is a finite Zariski open covering {U;}",
of X such that for each ¢ we have:

1) a presentation

O??J U; g O;?—]i‘Ui & -/—:‘UZ — 0.

2) 8|y, = ¥i(t;) for some t; € O (U;).

Put
Rel (t;, ¢i(e;) - j € J; 0x(Uy)) =

= {(CL (¢j)jes) € Ox(Us) & Ox (U;)* : qt; + Z%@(%) = 0} =
jed
JfCJ
#Jf<00
In other words, we express Rel (¢;, ¢i(e;) : 7 € J;Ox(U;)) as a direct limit of
modules of relations of ¢; and finitely many elements indexed by J. Let

Ii =K qc Ox(UZ) : H(Qj)jEva #Jf < 00 :qgt; + Z Qj¢i<€j) =0, =

jGJf

= m1 (Rel (t;, ¢i(e;) : j € J;0x(Ui))) C Ox(Us)

for each 7 = 1,2, ..., n; here m; is the natural projection onto the first factor,
e; is an element of Ox (U;)®’ which has 1 on j-th entry and zero elsewhere.
Then, for every z € U; we have

Rel (ti(), di(e;)(),j € J; Oz x) =

- lﬂl Rel<tl(x)7¢z(ej)(x>7j € J; OJ:,X) -
JfCJ
#Jf<oo

— lim (Rel (b, éile;) : j € J5; Ox(U) - Oux ) =
JrcJ
#Jf<00

:( lim Rel (£, éi(e;) : j € Jf;oxwi))) O, =
JfCJ
#Jf<oo
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= (Rel (1, @u(e;) : j € J;Ox (1)) ) - Oux

because modules of relations commute with flat base change (see e.g. |5,
Chap. I, §2, Remark 2 after Prop. 1]). Therefore,

Ii : O$,X - {q:v € O$,X : 3<Qj$>j€Jf7#Jf < OO,qtz(fL’) + Z q]¢z<€]>(x) - O}

jGJf
and thus, 1 € Z; - O, x for every z € U; N U. Hence we get
UiNnV(Z) cU;NV(Q).

Clearly, there exists p; € Z; such that V(p;) = V(Z;). Each p; may be
written in the form

IS
pi=5 with P, R; € Ox(X) and V(R;)NU; =10

()

fori=1,2,...,n. Hence
Vips) NU; = V(P) N U

and by Remark 4.5 there exist a multi-blowup o : X, — X and a positive
integer N such that

Q™) |us € P |ue - Ox, (UY), i=1,...,n.
As p; and P; differ only by a unit on U;, we get
(QN)U|U{’ S p?|U;’ -Ox, (U7), i=1,...,n.

Therefore

Q") s - o*(t:) € p]lue - o*(t;) - Ox, (UY) =
uti) - Ox, (U7) C a*(¢:(OF (Uy))) = &7 (OF(U7)),

:U*(Pi

whence,
Q") |us - 0™ slys = 7 ((Q™)70*t;) = Ol
This finishes the proof.



4.1. SECTION FUNCTOR IS RIGHT EXACT 25

Lemma 4.8. Let F be a quasi-coherent sheaf on X with local presentations

OE’?J]UZ%O??L U,%F|Uz_>0 1=1,2,....,n

on a finite Zariski open covering {U;}!_, of X. Consider a finite number of
sections s; € F(V;) on Zariski open sets

V=X \{Q;=0}, j=1,2,....m

where Q; are reqular functions on X. Assume that every V; is contained
in Uyjy for some i(j) = 1,2,...,n and that for each j there is a section
tj € (’);“)(Vj) such that ;) (t;) = sj. Then there exist a positive integer N
and a multi-blowup o : X, — X such that every section (Q;V)"J*sj, j =
1,2,...,m, extends to a global section on X,.

Proof. Since taking pull-back under a multi-blowup does not affect the as-
sumptions, it suffices to consider only one j = 1,2,...,m. So fix an index
g, and let t5; = t;{u,nv, = (tju)ier,- Since tj; is an element of the direct sum,
all but finitely many ¢;;; are zero, so every t;; can be identified with finitely
many non-vanishing regular functions on U; N'Vj, indexed by some subset
J; C I; such that #.J; < oo i.e. tj; = (tji)ies,- We have

L= it € Ox(X)
jil2

Lin =
and
V(tjilg) N Ul C V(QJ) N Ul

Using Remark 4.5 we can find a positive integer N; and a multi-blowup
o : X, — X such that

(Q)Mtu)* € Ox, (U?) for all j,4,1.

Now define s3; := ¥ (((Q;)Mt;:)*). Then for any two distinct indices i, i1 €
{1,2,...,n} we have

(Sjio - 5;'7'1)

Ugnug S (Off)(Ug N UlOI)

and

(850 = 8jir)lug nvg ave = 0.
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By Lemma 4.7, we can find a multi-blowup 8 : X3 — X, and a positive
integer N, such that

(@)™ 5555, — (@) 75555 ) yaoayymon = 0.

Considering all distinct pairs of indices ig,%;, we can assume that the
differences as above vanish for all those pairs. Therefore the sections

((Q_g’V1+N2)QOB/B*§;)|UQOB7 1= 17 27 o, N,
glue together to a global section on Xg. Thus
oc=aof: Xg=X, =+ X

is the multi-blowup we are looking for.

]

Proof of Theorem 4.1 Let {V;}!, be a finite Zariski open covering of U
satisfying following two conditions

a)

i .
VZ—>Q|VZ—>O 1=1,2,...,n,

®J) P ol
Ox’lv, — Ox

b) there exist sections s; € G(V;) and t; € O (V;) such that 0(s;) = u
and ;(t;) = s;.

Vi

Each Vj is of the form V; = U \ {Q; = 0} for some Q; € Ox(X). By
Lemma 4.8, there exist a multi-blowup « : X, — X and a positive integer
N such that every section (Q})“a*s; extends to U®:

(Qj-v)aa*sj € a"G(U?).

Obviously,
(6((@)as5) — (@))°a%u) [y = 0

for each j = 1,2,...,m. By Lemma 4.7 there exists a multi-blowup £ :
Xp — X, and a positive integer M such that

007 ((QY ) (a0 B)"s;) = (@)™ (a0 B)*u
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for each 5 = 1,2,...,m. We may, of course, assume that N + M is even.
Then the function
R := !
> (Q T )acs

is regular on U*°” | because V; was a covering of U. We have
RY 0°P(QY) ™ (a0 B)'s;) = R Y (QM)* (a0 f)'u=(aoh)u.

j=1 Jj=1
This concludes the proof. O

Now we state two direct consequences of Theorem 4.1.

Corollary 4.9. Let
G50

be an ezact sequence of quasi-coherent sheaves on X. Consider {U;}", a
finite collection of Zariski open subsets and sections u; € H(U;) for i =
1,2,...,m. Then there exists a multi-blowup o : X, — X such that for each
1, &*u; € im6°.

Proof. This can be obtained by repeated application of Theorem 4.1. O

Let F be a quasi-coherent sheaf on X. Put

F(U) :lgloz F(UY),

«@

for any Zariski open subset U of X; direct limit is taken over the directed set

of multi-blowups of X. Obviously, F(U) has a structure of Ox(U)-module.

It is clear that any element of F(U) can be represented as a class [s] for
some multi-blowup « : X, — X and some section s € o*F(U?).

Corollary 4.10. Let
G50

be an exact sequence of quasi-coherent sheaves on X. Then, for any Zariski
open subset U C X, the induced sequence of Ox(U)-modules

G(U) — ﬁ(U) -0

15 exact.
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Proof. The above exact sequence is well defined since a* is functorial. Let
[s] € H(U) with a representative s € a*H(U?) for some multi-blowup « :
X, — X. To finish the proof, it is enough to apply Theorem 4.1 to s.

]

Finally we give the following characterization of the ring @(X ).

Proposition 4.11. 5;(()() coincides with the ring of all locally bounded
rational functions on X.

Proof. Let f € K(X) be a rational function on X, we have f = £ for some
p,q € Ox(X). Assume that f is locally bounded on X. Let 0 : X, — X be
a multi-blowup such that both p and ¢ are simultaneously simple normal
crossing. For any a € X, we have

p’(a) _ wma*(a)
¢’(a)  upr2(a)’

By local boundedness ay < oy, hence f7 € (9;(()?) and f € @(X)
Assume to the contrary that f is not locally bounded. For any multi-
blowup o : X, — X the corresponding function f° cannot be regular nor
locally bounded on X,, hence f ¢ O(X).
O

4.2 Cartan’s Theorem A

We are now ready to prove a version of Cartan’s Theorem A relying on
the coherent version of Lemma 4.8. It is a main result of our paper [22].
Note that the quasi-coherent versions of Lemmas 4.7 and 4.8 will be used in
the proof of Cartan’s Theorem B in Chapter 6.

Theorem 4.12. Let F be a coherent sheaf on X. Then there exist a multi-
blowup o : X, — X and finitely many global sections si, So, ..., on X,
which generate every stalk (0*F),, v € X,.

Proof. Consider a finite Zariski open covering {U;}! ; of X with local pre-
sentation of the sheaf F

O% |y, 25 0Ly, L5 F

UZ,—>O.
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By Proposition 2.6, for any point a € X there are finitely many sections
Sal; Sa2y -+ - Sama S F(Va>) myg S Na

on a Zariski open neighbourhood V, of a, contained in U; for some i =
1,2,...,n, which generate F over V,. After shrinking V,, we can also as-
sume that s, = ¥;(ter) for some to € O%(V,), k= 1,2,...,m,. By quasi-
compactness, we can find a finite covering of X

Vi=Ve, 7=12,...,m.
Clearly, each Vj is contained in Uy for some i(j) = 1,2,...,n. Put
Sjk = Sajk and tjk = tajk

for j =1,2,...,m, k =1,2,...,m; = mg,. Then sj, = y(;)(t;x) and the
sections s, k =1,2,...,m;, generate F over V;. The sets X \ V; are Zariski
closed and thus are of the form

X\V,={Q; =0}, j=1,2,....,m,

for some regular functions ); on X. It follows from Lemma 4.8 that there
exist a multi-blowup ¢ : X, — X and a positive integer /N such that for each
j=1,2,...,m the sections

(Q;-V)Uo'*sjk, k= 1,2,...,mj,

extend to global sections 55, € 0*F(X,). Since {o7'(V;)}72, is a Zariski
open covering of X, it follows easily from Lemma 2.8 and Remark 2.7 that
the global sections

Sik, J=1,2,....m, k=12...,m,;

generate the pull-back (0*F), for every y € X,,. This completes the proof.
O

Remark 4.13. In the case if F is a locally free coherent sheaf on X, the above
theorem was proven in [2].

Remark 4.14. The above theorem could also be formulated for a coherent
sheaf F on a singular variety X via resolution of singularities. In this case,
however, we would control the sheaf F only over the set of so-called central
points, because in real algebraic geometry any resolution of singularities is a
map onto that set.
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We immediately obtain

Corollary 4.15. Let F be a coherent sheaf on X. Then there exists a multi-
blowup o : X, — X such that the pull-back o*F admits a global presentation:

o%x, — 0%, =" F—=0

Remark 4.16. Tognoli [31, 32| introduced a notion of an A-coherent sheaf
on a real affine variety in terms of extending a given sheaf to the scheme
associated to the variety. It is then shown, that the sheaf F is A-coherent iff
there exists a global exact sequence of sheaves:

05 —» 0% - F —0.
We can thus reformulate Corollary 4.15 in terms of A-coherent sheaves.

Corollary 4.17. Let F be a coherent sheaf on X. Then there exists a multi-
blowup o : X, — X such that o*F is an A-coherent sheaf.



Chapter 5

Homological dimension

In this section, we assume all rings to be commutative with unity. By
a local ring we mean a ring with unique maximal ideal. Let H be a quasi-
coherent sheaf on X and =z € X.

Definition 5.1. We say that H is of homological dimension k at , hdim ,/H =
k, if k is the smallest integer such that there exist a Zariski open neighbour-
hood U and sets of indices Iy, I, ..., I for which there is an exact sequence
of sheaves:

0— O, = Oy = oo = O, = H|y — 0.
We define the homological dimension of H as
hdim ‘H = sup hdim ,H.

zeX

Obviously, hdim H = 0 iff H is a locally free sheaf and hdim H = 1 means
that H is locally a quotient of free sheaves.

Remark 5.2. In the case of a coherent sheaf H, all sets I; can be finite.

Remark 5.3. If H is of homological dimension k at x and U is a sufficiently
small open neighbourhood of z, then hdim ,# < k for all y € U. Then for
any point y € U the O, x-module H, is of projective dimension pd H, < k,
because the notions of free and projective modules coincide over a local ring
(cf. [19]).

Proposition 5.4. Let ‘H be a coherent sheaf on X and x € X, then
pd H, = hdim . H,

here pdH, is a projective dimension of O, x-module.

31
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Proof. The inequality < follows from Remark 5.3. Conversely, let & = pd H,.
Then there is an exact sequence of O, x-modules

By [27, I, §2, Proposition 5] the homomorphisms ¢,; can be lifted to homo-
morphisms of sheaves on some common Zariski open neighbourhood V' of
X
O%ly 5 ... 5 ORly 25 0%y = H]v.

By [27, 1, §2, Theorem 2|, im ¢; and ker ¢; are coherent for all i = 1,2,... k
and so are the sheaves ker ¢; /im ¢, foralli = 0,1, ..., k—1. By assumption,
(ker ¢; /im ¢;11), = 0. Therefore the above equality propagates to a common
Zariski open neighbourhood U C V of x. Consequently, the sequence is exact

0 0%y % . B 0%, 300, S U, —o.

Hence pd H, > hdim ,H, as desired.
]

Remark 5.5. If ‘H is a quasi-coherent sheaf we can get only pd H, < hdim ,H,
as not every morphism on stalks can be lifted to a neighbourhood.

Moreover, we need the following result of homological algebra (cf. |18,
Part III, Theorem 2]).

Theorem 5.6. Let
0—-F—->G—H—=0

be a short exact sequence of R-modules over a ring R.
a) If pdG > pd F, then pd H = pd G.
b) If pdG < pd F, then pd H = pd F + 1.
¢) If pdG =pdF, then pd H < pdG + 1.
We can reformulate the above theorem into a more condensed version due
to P.M. Cohn, namely
pd G < max(pd F,pd H)

with equality unless pd H = pd F' + 1.
As a corollary, we obtain the following proposition, which will be useful
further in the paper.
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Proposition 5.7. Let
0—-F—=G—-H—=0
be a short exact sequence of R-modules over a ring R.
a) If pdG <1 and pd H <1 then pd F' < 1.
b) If pd F <1 and pd H <1 then pdG < 1.
c) If pd F =0 and pdG < 1 then pd H < 1.
d) If pdG =0 and pd H <1 then pd F' = 0.
Proof. This follows directly from Theorem 5.6. [

Given a short exact sequence of coherent sheaves, the corollary below
indicates the cases where if two of them are of homological dimension < 1,
so is the third one. Actually, this property may not be preserved only in the
case where both F and G are of homological dimension 1.

Corollary 5.8. Let
0O=F—=G—->H—=0

be a short exact sequence of coherent sheaves on X.
a) If hdimG <1 and hdimH < 1, then hdim F < 1.
b) If hdim F <1 and hdimH < 1, then hdimG < 1.
¢) If hdim F = 0 and hdim G < 1, then hdim#H < 1.
d) If hdimG = 0 and hdimH < 1, then hdim F = 0.
Proof. Apply Propositions 5.4 and 5.7. ]

Proposition 5.9. Let R be an integral domain and K its field of fractions.
Consider an exact sequence of R-modules

0=-F—=d

such that F' is free and the projective dimension of G is < 1. Then for any
ring S such that R C S C K the induced sequence

0= F®rS—>G®rS

15 exact.
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Proof. Clearly, G = F»/FE and F = Fy/E where £ C I} C F; are R-modules
and F,, E are free. We have the following short exact sequence of R-modules

0O0—-F—F—F/E—0

where E and Fj/E are free. Since free module is projective, the above
exact sequence splits and F} is also a free module. Therefore the canonical

homomorphisms

are injective, because £ — EF ® S — F ® K and the problem of injectivity
of free modules reduces to the one for K-vector spaces. Consequently, we
can regard £ ® S and F; ® S as submodules of F;, ® S. Hence the canonical
homomorphism

is injective as asserted. [l
In the proof of Proposition 6.5, we shall use the following

Corollary 5.10. Let
0=+F—=g

be an exact sequence of quasi-coherent sheaves on X such that pd F, = 0 and
pdG, <1 forallz e X.
Then for any multi-blowup o : X, — X the induced sequence

0= o' F = 0o*Gg
18 exact.

Proof. Let 0 : X, — X be a multi-blowup. Take any z € X, y € X, such
that o(y) = x. We have an exact sequence

0= (' F)y=Fp — (07'G)y = Ga.
Hence by Proposition 5.9, we get

the above sequence is exact because O, x, is a localization of O, x.
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Lemma 5.11. Let o : X, — X be a multi-blowup of X and H a quasi-
coherent sheaf on X. If H is of homological dimension < 1, so is the pull-back
" H.

Proof. Let a: X, — X be a multi-blowup of X, take any x € X and U C X
as in the definition of homological dimension. We have a short exact sequence
of sheaves

0— O??IWU — O?E—IO‘U — /H|U — 0.

By the above corollary and right exactness of pull-back we obtain a short
exact sequence of sheaves

0— Og’?ﬁlhja — O§i0|Ua — OK*H|UO< — 0.
Since x was arbitrary we get hdimH < 1, as asserted. ]

Corrollary 5.10 along with Lemma 5.11 and Remark 5.5 yield immediately
the following

Corollary 5.12. Let
0—+F—=G

be an exact sequence of quasi-coherent sheaves on X such that hdim F = 0
and hdimG < 1. Then for any multi-blowup o : X, — X the induced
sequence

0= o' F—o'Gg

18 exact.
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Chapter 6

Cartan’s Theorem B

6.1 Blown-up Cech cohomology

In this section, we introduce the concept of blown-up Cech cohomology for
quasi-coherent sheaves. Our construction combines the classical one due to
Serre |27] with direct limit with respect to the directed set of multi-blowups
described in Chapter 3.

Let F be a sheaf on X and U = {U;}?_, be a finite Zariski open covering
of X. Put Uio...iq = Uio N Ui1 MN---N Uiq and

C'UF)= [ FUii.i)

1<io,i1,...yig<n

C9(U, F) is called the abelian group of g-cochains. We have a chain complex

s CTNULF) S e, F) S o U F) —

where
q+1

(dqf>ioi17~'~iq+1 - Z<_1)Jf20112/;1q+1

J=0

Uigiy..igi1

for any f = (fi..i,) € CY(U,F), where zA] means that we omit the index ;.
If 0 : Y — X is a morphism of real affine varieties, we get the induced chain
complex

s OV U, 0 F) Y 0, o F) 2 U ot F) —

37



38 CHAPTER 6. CARTAN’S THEOREM B

and a canonical chain complex homomorphism
o C*(U,F)— C* (U, 0" F);

the canonical homomorphism F(U) — ¢*F(U?) was described in the Section
2.2. Therefore ¢ induces a homomorphism of cohomology complexes

o H*(U,F) — H* (U, 0" F).

Let C*(U, F) be the chain complex defined by the formula

C*(U,F) =limC* (U, a*F).

where the limit is taken over a directed system of multi-blowups of X.

Definition 6.1. The q-th blown-up Cech cohomology group I;Tq(l/{,]-") of F
with respect to U is the q-th cohomology group of the chain complex C*(U, F).

Remark 6.2. It is well known that direct limit functor commutes with coho-
mology functor (see e.g. [1, Theorem 4.14]). Hence

HY(U, F) = lim HY(U", a* F).
_>.

@

We now establish long exact cohomology sequence for some quasi-coherent
sheaves, which plays a crucial role in the cohomology theory developed in
this thesis. The general case of arbitrary quasi-coherent sheaves is not at our
disposal, as pull-back functor F — o*F (along with tensor product functor)
is not left exact. But we have of course the following

Proposition 6.3. Let U be a finite Zariski open covering of X and

O—=+F—=G—H—=0

be a short exact sequence of quasi-coherent sheaves on X. Suppose that for
any multi-blowup o : X, — X the induced sequence

00— o' F—0o'Gg

is exact. Then there is a short exact sequence of chain complexes
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0— 6"(2/{,]-“) — 5'(2/{,9) — 5'(2/{,%) -0

which induces a long exact sequence of blown-up Cech cohomology with respect

toU

.o = HP(U, F) — H'(U,G) — H* (U, H) — H U, F) -
HP YU, G) — HPPN U, H) — HPP(U,F) — ...
Proof. Of course the induced short sequence

0=20"F—=0'G—=0"H—=0

is exact, and thus the short exact sequence of chain complexes
0— C*U,F)— C*(U,G) — C*UH) =0

is exact by Corollary 4.10. Hence the proposition follows directly.

We immediately obtain
Corollary 6.4. Let U be a finite Zariski open covering of X and

O=+F—=G—H—=0

be a short exact sequence of quasi-coherent sheaves on X. Assume that one
of the following conditions holds

i) pdF, =0 and pdG, <1 forallx € X.
ii) hdim F = 0 and hdim G < 1.

Then there is an induced long exact sequence of blown-up Cech cohomology
with respect to U

o= HP(U, F) — H (U, G) — H U, H) — H ' (U, F) —

H" ' U, G) — H YU, H) — HPP2(U, F) — ...
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6.2 Cartan’s Theorem B

We now prove a version of Cartan’s Theorem B for blown-up Cech co-
homologies for some quasi-coherent subsheaves of O%. These results come
from our paper [23].

Proposition 6.5. Let F be a quasi-coherent Ox-subsheaf of (’);’?1 with all
stalks Fp, x € X being free over O, x. For any finite Zariski open covering
of X we have N

HYU,F)=0.

Proof. We have a short exact sequence of quasi-coherent sheaves
0—F— 0% = 0¥ /F—o.

By assumptions and Corollary 5.10, for any multi-blowup « : X, — X we
have a short exact sequence

0= o' F = 0% = O Jo* F = o* (0% /F) = 0,

hence o*F C O%'.

Any [f] € C(U, F), has a representative f € CUU*, ) for some multi-
blowup a : X, — X. Our objective is to find a multi-blowup 5 : Xz — X,
and a (¢ — 1)-cocycle k such that dk = * f. To simplify the proof we assume
that f € C9(U,F). Each of the sets U; is of the form U; = X \ {Q; = 0} for
some @; € Ox(X). Recall that Uy, .., = Uy, NU,N---NU;, and f = (figiy..i,)
over all (g + 1)-tuples of indices for which g, 41,...,i, € {1,2,...,n}.

By the assumptions every f;q,. i, can be identified with a finite tuple of

non-vanishing regular functions on Usy, . 4, i.e

fioil'--iq S }_(Uioh---iq) C O??](Uioil...iq)
where
UiOil---iq = X \ {Qioil...iq - O}
and
Q’ioi1...iq = QioQil e Qiq-

By Lemma 4.8 there exists a multi-blowup « : X, — X, a positive integer
N, and a global section g;;,..;, € (’)% (X4) such that for every (¢ + 1)-tuple

N
- (Q’i()%l...iq)aa*fioh..‘iq .

U«

Gioi1..iq iQi1...iq
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Consider the image of gjy;,..;, in the quasi-coherent sheaf Og’?i Ja*F. It is a

global section which vanishes on Ug; - iy and thus, by Lemma 4.7, there exist

a multi-blowup 3 : Xg — X, and a p051tive integer M such that
M aof3 o
( ioil...iq) /6 gl'()il...iq
is a zero section in (5*(O%_ /a*F))(Xp). Setting N = Ny + M, we get
hioil---iq = ( z]'\fil...iq)aOBﬁ*gioil---iq =

( fgil...iq)mﬁ(a © 6>*fioi1...iq € (o )" F(Xp).
Since these sections are global, one can always increase N and assume
that the number N is even. Define the global regular function

1
2o (@)
Now we are able to define k € qul(uaoﬁ, (oo 5)*F) by the formula

R ’LloZl dg—1
’LO’Ll dg—1 )ao,B UaoB

igiq-ig_
2011 g1 0%1-+8g—1

R =

By the very definition of the operator d we have

(dk)ioil...iq _ Z JRZ uozl g 1)5 |Uﬁ

1011 Zq
7=0 1011 lj Ag—1

the right hand side is a finite tuple of regular functions on U, jlﬂ 4,- To finish
the proof we have to show that dk = (ao 8)*f. It is enough “to show it
on UP = U, since we are dealing only with rational functions and U is
Zariski open and dense in U @8 Recall that, since (a0 8)*f is a cocycle,

1011...7q
we have
0= (d(ero B) Pisgir.iy = (0 B) figir i, + Z @0 B) Fiigi. 5.0
The following equality holds on U:

kzoil...iq,l = RZ(QZN)QOB(Q © 5)*fz'z'oil...iq,1;

i=1
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whence

Q

(6.1)

R

(dk)ioil...iq - (_1)jRZ<Qz]‘V)aOﬁ(a © B)*fuoll P
=1

=0
Combining the equality (6.1) with the fact that (a o 5)*f is a cocycle, we
obtain

( zozl dg — Z Z 1)j(a © B)*fuozlz;zq =

7=0

= RZ aoﬁ Oé o 5) fzozl dg — (O_/ © 6)*fi0i1---iq;

the last equality follows from the definition of the function R. This completes
the proof.
O

Now we can readily prove the following real algebraic version of Cartan’s
Theorem B.

Theorem 6.6. Let U = {U;}"_, be a finite Zariski open covering of X and
let H be a quasi-coherent sheaf which admits a global presentation such that
pdH, <1 forallz € X. Then HI(U,H) =0 for q > 0.

Proof. We have a short exact sequence
0—>F = 0% -H—0.

Obviously, hdim (O%!) = 0 and pd H, < 1 by assumption. Hence pd F,, = 0
for all x € X by Proposition 5.7. By Corollary 6.4, the above exact sequence
induces a long exact sequence of blown-up Cech cohomology

o= HUU, F) — HIU, 02 = HIU, H) — H™ (U, F)

— HN U, 0% — H U, H) —
By Proposition 6.5

ﬁq(u’}—) (L{ O@I) q+1(u F) = qH(L{ OEBI)

for any ¢ > 0. Hence Hq(Z/I, H) = 0 as asserted.
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Corollary 6.7. Let U = {U;}_, be a finite Zariski open covering of X and
let H be a coherent sheaf of homological dimension < 1. Then HY (U, H) =0
for g > 0.

Proof. By Lemma 4.15 there exists a multi-blowup « : X, — X such that
o*H admits a global presentation. We can thus apply Theorem 6.6.
O

The family of finite Zariski open coverings of X can be directed by re-
finement relation = defined as follows. A Zariski open covering U = {U;},
is finer that a covering V = {V;}L,, U =V, if there is

7:{1,2,...,n} = {1,2,...,m}
such that U; C V() for all i = 1,2,...,n. Consider the homomorphism

T:C*V,F) = C*(U,F),

(Tq(f>>i0i1miq = fT(io)T(i1)...T(iq)

Uigiy...iq

which does depend on 7. Yet the induced homomorphism on the Cech coho-
mology

1, HI(V,F) — HI(U,F)

does not depend on the choice of 7 (cf. [27, I, §3, Prop. 3|). Likewise in the
classical case of Cech cohomology, we get the induced homomorphism on the

cohomology B B
T, HI(V,F) — HI(U,F)

independent of the choice of 7. Therefore we can give the following

Definition 6.8. The g-th blown-up Cech cohomology group flq(X, F) of F
15 the direct limit B B
HY(X, F) = lim HY(U, F).
—

u

Summing up, Theorem 6.6, Proposition 6.5 and Corollary 6.7 yield im-
mediately the following general version of Cartan’s Theorem B.

Theorem 6.9. Let F be a sheaf of Ox-modules and let U be a finite Zariski
open covering of X. Assume that one of the following conditions hold
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a) F is a quasi-coherent subsheaf of O?@I such that pd F, = 0 for all
reX.

b) F is a quasi-coherent sheaf of global presentation such that pd F, < 1
forallz € X.

c) F is a coherent sheaf and hdim F < 1.
Then E{q(u,f) =0 and, a fortiori, I:jq(X,]:) =0 forqg>1.

Some examples concerning the above Cartan’s Theorem B will be given
in Chapter 9.



Chapter 7

Additive Cousin problem

In this section we deal with the first Cousin problem. The classical com-
plex analytic version of the first Cousin problem is treated e.g. in [10]. Before
discussing details, we give an outline of the problem. Let U = {U;}"; be a
finite Zariski open covering of X. Assume that for each ¢ we have a rational
function f; on U; such that f; — f; is regular on U; N U; for each two distinct
indices 4,7 = 1,2,...n. Then we call {(U,, fi)}~, data of the first Cousin
problem or an additive Cousin distribution on X.

Let U be a Zariski open subset of X.

Definition 7.1. We say that two rational functions f,g on X have the same
principal part on U if f —g € Ox(U).

Definition 7.2. We say that the first Cousin data {(U;, f;)}i, is solvable if
{(Ui, fi) Yy have the principal part of a rational function on X, i.e. there
exists a rational function f on X such that f — f; are reqular on U;, i =
1,2,...,n. If every first Cousin data on X is solvable, we say that the first
Cousin problem is universally solvable on X (see e.g. [10, Introduction, §2]).

The first Cousin problem consists in characterizing those data which are
solvable. We are going to describe the above problem in terms of sheaves.
Let ICx be the constant sheaf of rational functions on X. Consider the short
exact sequence

0—>OX—>’CXi>Hxi:’Cx/OX—)O

of quasi-coherent sheaves on X. The data {(U;, f;)}, of the first Cousin
problem can be related to a unique global section s € Hx(X); every such
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section is called a principal part distribution on X. Then we also say that
{(Ui, fi) }, is an s-representing distribution. In particular, for every rational
function f € Kx(X) we have its principal part distribution ¢(f) on X.

Let {(Ui, fi)}?-, be an s-representing distribution. Then any rational
function f € Kx(X) satisfying ¢(f) = s is one such that f — f; € Ox(U;)
foreach v =1,2,... n.

In general, the short exact sequence of quasi-coherent sheaves

0—=-0x - Kx =Hx =0
induces only the following exact sequence of chain complexes
0—=C*U,0x) = C*(UKx) = C*(U,Hx).

Under the circumstances, we have the following exact sequence for the clas-
sical Cech cohomologies (cf. [27, Chap I, §3, section 24|)

0— H(X,0x) = HY(X,Kx) — H(X,Hy) >
H'(X,0x) = H' (X,Kx) = H' (X, Hx).

The above sequence of chain complexes induces a long exact sequence for
Cech cohomologies whenever the topology of X is paracompact (cf. [27, Chap
I, §3, section 25|). This can be applied in the classical case of complex analytic
geometry (see e.g. [10]).

Clearly, every s-representing distribution {(U;, f;)}!, determines a 1-
cocycle g = (9i5), 9ij = fi — f;, which induces a cohomology class ((s)
in HY(U,Ox). The solvability of a given Cousin data can be rephrased in
terms of vanishing ((s) in H'(U, Ox).

Lemma 7.3. An s-representing distribution {(U;, f;) Y1, is solvable iff {(s) =
0 H'(U,Oy).

Proof. The necessary condition. Let f be a rational function such that f —
fi € Ox(U;). Then (g;;) is a coboundary of a 0-cocycle h given by h; = f;— f,
hence ((s) = 0.

Conversely, if ((s)=0 then g = dh for some 0-cocycle h = (h;);, h; €
Ox (U;). We then have (h; — h;)|v,nu, = (fi — fi)|v,nu,, and obviously (f; —
hi)lv.ru, = (f; — hj)|vinu; for any pair of two indices 4, j. It follows that the
system (f; — h;) for i = 1,2,...,n can be glued to a global rational function

f such that f — f; € Ox(U;), as asserted.

]
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No natural map from H9(X,Ox) to H{(U, Ox) exist for arbitrary cover-
ing U. Therefore it is necessary to refine a given covering to solve the first
Cousin problem in complex analytic geometry (cf [10], Chapter V). In view
of Theorem 6.9, it turns out to be superfluous in real algebraic geometry
after blowing up. This is stated in the following

Theorem 7.4. Let {(U;, f;)}-, be an s-representing distribution. Then there
exists a multi-blowup o : X, — X such that pull-back {(Uf, &)}, is solv-
able i.e. there exists a rational function f on X, such that f— f* € Ox_ (Uf).

We need an elementary lemma

Lemma 7.5. For any multi-blowup o : X, — X, we have a short exact
sequence
0—=0x, =+ Kx, > Hx, —0

of quasi-coherent sheaves on X,.

Proof. For any y € X,,z = a(y) € X the inclusion O, x — K, = K induces
the inclusion

Orx ®0, x Oyx, = Oy x, = K ®0, y Oy x, = K=K,

Hence the conclusion follows.
O

Proof of Theorem 7.4 The above lemma yields the following short exact se-
quence of chain complexes

0— C*(U,0x) = C*U,Kx) — C*U,Hx) =0
which induces a long exact sequence in blown-up Cech cohomology
0— H'U,O0x) — H'U,Kx) — H U, Hx) - H' (U, Ox)
— H'(U,Kyx) = H U, Hx) — ...
By Proposition 6.5, H'(U,Ox) = 0. Since
H'(U,Ox) = lim H'(U", Ox,),
for any class w € H'(U,Ox) there exists a multi-blowup a : X, — X

such that a*w = 0 in H(U* Ox,). To finish the proof it is enough to take
w=((s). O
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Remark 7.6. Tt follows from the above proof that there is an isomorphism of
Ox(X)-modules

HUU,Kx) = H(U, Hy)
for ¢ > 1.

Some examples concerning the additive Cousin problem will be given in
Chapter 9.



Chapter 8

Local Structure of sheaves of
homological dimension 1

In this chapter, we provide a description of the local structure of coherent
sheaves of homological dimension 1 after blowing up. Fix a coherent sheaf H
of homological dimension 1 on X. Since we are interested in what happens
after blowing-up, we may assume, by Theorem 4.12 that H admits a global
presentation

0—>F—=>0% —>H—0.

By Corollary 5.8 F is a locally free sheaf of rank, say p. Our goal is to prove
the following theorem:

Theorem 8.1. For H as above, there exist a multi-blowup o : X, — X,
a finite Zariski open covering {Vi}i, of Xo and regular functions hy €
Ox, (V) fori=1,2,....,p and k =1,2,...,m such that

p
o Hly, = O |v, & P(Ox..Ivi)/ (hir)

=1

and h1k|h2k| Ce |hpk

Before we move to the proof of the above theorem, we need a local ana-
logue of a Smith normal form of a matrix over a PID.

Definition 8.2. Let A = (a;j), where 1 < i <pand1 < j <gq, p <q be
a matriz with entries in a commutative ring R. We say that A is in Smith
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normal form if a;; = 0 for i # j, air|ags|...|aw, Gri1rp1 = =ay =0
1.€.
-(111 0 0 O-
0 929 0 0
0 0
A = a""’"
0 0 0

Let U C X be a Zariski open subset of X, A = (a;;) be a p X ¢ matrix
with entries in Ox(U) and r = min(p, q).

Definition 8.3. We say that A is locally equivalent to a matriz in Smith
normal form if there exist a finite Zariski open covering {Ux}7_, of U and
invertible matrices Py, and Q. of appropriate sizes with entries in Ox(Uy),
such that the matrix

Pk‘A|Uka

15 i Smith normal form.

We remind the reader that by elementary operations on rows of a matrix
A we mean substituting s-th row w, by wy, + cwy, for 1 <t < p and ¢ €
Ox(U), or interchanging two rows with each other. Ditto for columns. Such
operations are realized by multiplying A by invertible matrices from left or
right.

Lemma 8.4. For any p x q matriz A with entries in Ox(U) there ezists a
multi-blowup o : X, — X such that A is locally equivalent to a matriz in
Smith normal form considered as a matriz with entries in Ox, (U®).

Proof. We shall combine the algorithm for Smith normal form with trans-
formation to a simple normal crossing, proceeding with induction on the
min(p, q).

Let 0 : X, — X be a multi-blowup such that all of the functions af;
are simultaneously simple normal crossings which are linearly ordered by
divisibility relation on each Uy, where {Uy }7_, is a finite Zariski open covering
of U°.

If min(p,q) = 1 then the matrix A has only one row or column and
possesses a smallest element among entries. Hence the assertion is true.
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Assume that min(p,q) > 1. Without loss of generality we may assume
that af; is the smallest function with respect to the divisibility relation among
all af;. Now, since for any two functions their greatest common divisor is well
defined, we may proceed as in the case of matrices over integers. By per-
forming elementary operations on rows and columns, we can find invertible

matrices Py, and Q15 such that

af;, O
Plk:A|Ulek: = { 61 Ej

and Zlvk is a p— 1 x ¢ — 1 matrix with entries in Oy, (Uy). By construction,
every entry of Ak is divisible by af,, however, entries of Ak may not be
locally linearly ordered by divisibility relation. Assertion then follows from
the induction for A, for k=1,2,....n

[

Proof of Theorem 8.1. Let {U}}_, be a finite Zariski open covering of X
with presentation of H as in the definition of homological dimension (cf.
Definition 5.1), i.e

0— O |Uk §(|Uk—>H|Uk — 0.

Each ¢y, is given by a p X ¢ matrix with entries in Ox(Uy). Hence, by the
above lemma, there exists a multi-blowup « : X, — X such that each ¢ is

locally a Smith normal form on U}*. This finishes the proof.
O

A global strengthening of Theorem 8.1 can be formulated as below.

Conjecture 8.5. Let ‘H be a coherent sheaf of homological dimension 1.
Then there exist a multi-blowup o : X, — X, locally free sheaves L1, Lo, ... L,
of rank 1 on X, and global sections s; € L;(X,), i1 =1,2,...,q, such that

oH @E/ - Ox.).

It seems to be a quite nontrivial task to verify this conjecture. Note that
coherent sheaves of homological dimension 0 split into a direct sum of locally
free sheaves of rank 1. We discuss the issues of splitting and triviality of
locally free coherent sheaves in Appendices A.1 and A.2.
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Chapter 9

Examples

In this chapter we present various examples, let X = R?. In Section 9.1.1
we discuss a locally free coherent sheaf Fj; on R? which is not generated
by global sections. We then show how to find a multi-blowup o : X, —
R? such that o*F;; is generated by global sections. Section 9.1.2 contains
a counterexample to a quasi-coherent version of Cartan’s Theorem A. We
construct a quasi-coherent locally free sheaf on R? such that for any multi-
blowup o : X, — R? the pull-back ¢*F is not generated by global sections.

Section 9.2 treats an example of an additive Cousin problem on a plane.
We present a Cousin data which is not solvable and show how to blowup

a plane such that the induced Cousin data is solvable and we deduce that
HY(R?, Og2) # 0.

9.1 Cartan’s Theorem A

We now give an example of a family of locally free coherent sheaves on R?
(based on [4, Example 12.1.5]) which are not generated by global sections.
In the subsequent sections, we show how to blowup the plane in order to
obtain generation by global sections and we provide a counterexample to a
quasi-coherent version of Cartan’s Theorem A.

For k,l € N, the irreducible polynomial

Pii(w,y) = 2 (x = )" + ¢
has at most two zeros, ¢; = (0,0) and ¢ = (1,0). Put U; := R*\{¢;}, i =1,2.

23
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Then the transition function

g21 : Uy NU; = GL(1,R) =R*

(z,y) — Pyi(z,y)

determines a vector bundle ; of rank 1 on R2. The sheaf Fi, of its sections
is locally free of rank 1. A global section s of £ ; can be described as a pair
of regular functions

s;i Ui — R, 1=1,2

such that g 151 = s3. It is clear that the bundles &; and ;¢ are trivial line
bundles.

Suppose now that &k, > 0 and set s; = f{_i where f; and h; are relatively
prime polynomials. Then hi, ho have no zeros on Uy, U,, respectively and
Py fiha = fahy. Since Py; cannot divide either hy or hg, we get fo = APy f1
and h; = \"thy with some A € R, \ # 0. Therefore any global section s has
to vanish at ¢; = (0,0), and thus Fy; cannot be generated by global sections.

Similarly, if we put ¢12 = Py (x,y) in the above construction, then we
obtain a locally free sheaf of rank one such that every global section vanishes

at co.

9.1.1 The sheaf Fi;

Consider the sheaf F; ;. We will now show that in order to obtain gener-
ation by global sections, it is enough to blow up the origin. However, this is
not the only way, blowing up the point (1,0) is sufficient as well.

Let 0 : X, — R? be the blowup of R? at the origin,

X, = {(2,y,u:v) € R x P(R) : vv = uy}.
o(z,y,u:v) = (z,y)
and let 0*F7 ; be the pullback of 77 ;. We can cover X, with two open charts
O ={(z,y,u:v) € X, :u#0} and Qy = {(z,y,u:v) € X, :v#0},
with local coordinates

(e, ) and (7.9)
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on €y and €2y respectively. In these local coordinates o is expressed by the
formulas
o(r,s) = (r,rs) and o(r,s) = (rs,s),

respectively. Obviously cp € 0(€;) and ¢z & o(£22).
A crucial observation is that the function
P (z,y)
(ZEZ + yQ)U

is regular on X,. Indeed,
r?((r —1)% + s?) B (r—1)%+ s
r2(1 + s2) B 1+ 52

F(r,s) =

on the first chart, and

Fir,s) sS2(r¥(rs —1)2+1) r*(rs—1)7%2+1
r,s) = =
’ s2(r2+1) r2+1

on the other chart. Moreover, the set
{c€X,:Fle)=0} =0"c) €Y
is a singleton. Consequently, the pair 5 = (51, $3) with
1
(iL‘Z + y2)0'
is a nowhere vanishing global section of a line bundle 0*¢; ; and of the locally
free sheaf 0*F; 1 of rank 1. Therefore, 5 generates the sheaf 0*F; ; as desired.
In fact, this implies even more, namely that o*F; ; is isomorphic to the
structure sheaf Oy, or, equivalently, 0*¢; 1 is a trivial algebraic line bundle.
Let 7 : X; — R? be a blowup of the plane at the point (1,0). In a similar
way, the global section t = (t1, ;) given by
S (@)
1= p
P 1,1(557 y)

is a nowhere vanishing global section of 7*F; ;.

51 = on U7, and s; = F on Uy

and £ = (¢ — 1) + )"

Remark 9.1. In real algebraic geometry, the projective spaces and Grassman-
nians are affine varieties. Let F be a locally free coherent sheaf on X, £ the
corresponding vector bundle and F its total space. Huisman [16] showed that
F is generated by global sections iff F is a real affine variety. The total space
of the line bundle & ; is thus a non-affine real algebraic variety. Another
example is given by Galbiati [9].
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9.1.2 A counterexample to the quasi-coherent version
of Cartan’s Theorem A

We now provide an example of a quasi-coherent locally free sheaf F on
R? of infinite rank such that for any multi-blowup o : X, — R? the pull-back
sheaf a*F is not generated by global sections. This shows that the version
of Cartan’s Theorem A cannot be generalized to quasi-coherent sheaves.

Lemma 9.2. Let k,l € Nk, 1 >0, dy,ds,...,d, be a finite number of points
of R? distinct from ¢, and co, 0 : X, — R? be a multi-blowup at dy,ds, . .., d,
and D = {dy,ds,...,d,}. Then

0 &l x\o-1(D) = Erilr2\D
and the pull-back 0*&,; is not generated by global sections.

Proof. Since a blowup is biregular off the exceptional divisor, it is enough
to show that & ;|r2\p is not generated by global sections. Let V; := U; \ D,
it = 1,2. Then the reasoning from the beginning of this chapter can be
repeated verbatim with the U; replaced by the V;, i =1, 2. O

Let 0 : X, — R? be the blowup at the origin.

Lemma 9.3. The pull-back 0%, is a trivial line bundle on Qs and 0|,
is isomorphic to &1, on = RE,S.

Proof. The first assertion is obvious since ¢y ¢ 0(€2s). To verify the second
one, compute the transition function of 0*&|q,:

gan(r,s) = Pyi(r,s) = rQ(r%_Q(r - 1)2l + 5%) = TZPk_u(T, s)

on ;. But the line bundle n on §; with the transition function 72 is trivial
on €2;. Therefore

0 kil = &1 @N = &1y

as asserted.

Similarly, let 7 : X, — R? be a blowup at the point c,. We have

X, ={(z,y,u:v) ER*xP'(R): (z — 1)v = (u—1)y}.
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We can cover X, by two Zariski open sets
O ={(z,y,u:v) e X, :u##1}and Qy = {(x,y,u:v) € X; : v #0}

with local coordinates

u—1

(x

respectively. In these local coordinates 7 is expressed by the formulas

) and (

— 0 Y)

7(r,s) = (r,(r —1)s) and 7(r,s) = (rs + 1, s)
respectively. As before, we obtain

Lemma 9.4. The pull-back 7%, is a trivial line bundle on Qo and 7 |q,
is isomorphic to & —1 on €y = R%S.

0

In view of Lemmas 9.2, 9.3, 9.4, it is clear that blowing up at a point

d # c1, co is immaterial and what improves the bundle & ; is only successive

blowing up at the points (0,0) or (1,0) on the chart ;. Each such blowup

transforms the initial line bundle (isomorphic to &, ,) to the line bundle §,_; ,

or &, ,-1, respectively, on the chart £2;. We must continue until we attain the

line bundle &, or &, o, with some 0 < p < £,0 < g <[, which is generated
by global sections. In this manner, we have proven the following

Proposition 9.5. Let o : X, — R? be a composition of r blowups and
k,l € N. If the pull-back 0*&;,,; or, equivalently, o*Fi; is generated by global
sections, then r > min(k, ).

g

Remark 9.6. The composition «a or § of k or [ blowups ¢ or 7 at the points
(0,0) or (1,0), respectively, on the successive charts €y transforms &; to
a trivial line bundle. Indeed, it is not difficult to check that the nowhere
vanishing section on X, is given by 5 = (51, 53)

~ 1 qs B
=————and S$o = ————.
(22 + y2)e 2 (22 + y2)o
And that the global nowhere vanishing section on Xz is given by t= (ﬂ, 75)

i“l _ ((I‘ — 1)2l +y2)5 and t’; _ ((l‘ i 1)2k _{_y2>5'

Pkﬂ,l(x7y)
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We immediately obtain

Corollary 9.7. Let
F = @Fk,k
k=1

be a quasi-coherent locally free sheaf of infinite rank on R2. Then for any
multi-blowup o : X, — R? the pull-back o*F is not generated by global
sections.

9.2 Additive Cousin problem on a plane

In this section we are going to present an explicit example of an addi-
tive Cousin data on R? which is not solvable. We then provide a multi-
blowup of R? such that its pull-back is solvable. In particular, we show that
HY(R?, Og2) # 0.

Let i = 1,2,3. Consider points ¢; = (i — 1,0) € R?, irreducible polyno-
mials w; € Rz, y] and open sets U; 3 ¢;

w1 ::1;2(3:—2)2—1-3/2, U, :RQ\{CQ,Cg},
W9 :xQ(x—1)2+y2, UZIRQ\{ChCB}v
wy = (z — 1)2(3;—2)2—1—3/2, Us :R2\{cl,cz}.

Each polynomial w; has exactly two zeros; one of them belongs to U; while
the other does not. Note that the family {U;}3_, is a Zariski open covering
of R2.

Define the rational functions

on U; for i = 1,2,3. It is clear that f; — f; is a regular function on U; N Uj,
hence, the data {(U;, f;)}2_,, is an additive Cousin data.

Lemma 9.8. With the notation as above, there does not exist a rational
function f on R? such that

f - fz € ORZ(UZ> for 1= 1,2,3.
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Proof. Assume by contrary that there exists a rational function f on R? such
that f — f; is a regular function on U; for + = 1,2,3. f can be presented as a
quotient f = ’a’ of two coprime polynomials p, ¢ € R[x, y].
By the definition of f we have
p 1 pwi—q
f-fi=2- == .

q Wi qu;

Since the elements w; are irreducible and have a zero on U, it follows that
each w; divides ¢q. Hence we may write ¢ = wiwowsq for some polynomial
q € Rlz,y].

Consider now ¢ = 1. We have the following equality

b1 p-wawsg
WiWawsq Wi Wiwasq

on U;. The polynomial w, is irreducible and has a zero on U, hence in
order for the above function to be regular, ws has to divide p. This is a

contradiction with p and ¢ being coprime.
O

Hence and by Lemma 7.3, we obtain

Corollary 9.9. The cohomology class ® in H' (U, Og2) represented by the
I-cocycle f = (fi;) with

fis = (fi = 13)
does not vanish. Hence H' (U, Og2) # 0.

Uij fOT' Za] = 17273

We can show even more

Lemma 9.10. We have the following
H'(R? Og2) # 0.

Proof. Let {(Us, f;)}3_; be a Cousin data as above and ) be any finite Zariski
open covering of R? finer than U. We have ¢; € V; for some V; € V. It is
clear that V; ¢ Uy and Vi ¢ Us, hence V; C U;. Choose V5, V3 € V with
co € Vo, c3 € V3 in a similar way. We have a map induced by the refinement

H'U, Ogs) — H'(V, Og2).
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Then the cohomology class ¥ corresponding to ®, via the above map, is
represented by a 1-cocycle including, among others,

fij = (fz - fj)

The same reasoning as in Lemma 9.8 applied to Vi, V5, V3 instead of Uy, Us, Us

implies that the Cousin data {(V;, i)}, is not solvable. By Corollary 9.9

we get H'(V, Og2) # 0. Since V was arbitrary fine, we get the conclusion.
m

v, for i,j=1,2,3.

We may now prove the following

Lemma 9.11. Let o : X, — R? be a blow up of the plane at the points
c1,¢2,¢3. Then o*® =0 € H' (U, Ox,).

Proof. We have a 1-cocycle f = (f;;) with
fig=(fi— 1)

for ¢,7 = 1,2,3. Clearly f;; = 0 and f;; = —f;;. Our aim is to show that
o* f is a coboundary. Define Q)1 = w3, Q2 = wy, @3 = ws. We have U; =
R*\{Q; = 0} for i = 1,2, 3. Tt is then not difficult to check that the functions

ws — w§
0" fia( @) = 2= (wgug)?
W

a* fo3(Q33)" = = (wiwy)?

o f13(Q1)" = o+ (wiws)?
extend to regular functions on X, :
hislug = o fi;(Q5)*.

Then
1

(@) +(Q5)* + (€5)”
is a global nowhere vanishing function on X,. Likewise in the proof of Propo-
sition 6.5, we can define a 0-cocycle k = (k;)

R:

hi1 + ho1 + hs1

ki —
N (VI

g = R(—a" f12(Q5)* — " f13(Q%)*)|up
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his + hoo + hso

ko =R 2 lug = R(e" [12(QF)* — a* f23(Q5)?) g
(Q%)
h h
to = REEEE IS R (@) + 0 Q5 e
3

Since a* f is a cocycle, simple computation gives
(dk)ij = o fij.

Hence, o*® = 0 € H{(U*, Ox,), as asserted. H
Remark 9.12. There is another way of seeing that the functions fj( fj)a
extend to global functions. Observe that the functions f”QZQ] are continuous
on R?. Furthermore, the denominator of fiijj is locally positive definite (cf.
[8, Definition 3.8]) at ¢;, ca, c3. Then by [8, Theorem 3.12] there is a blowup
a: X, — R? at a finite number of points such that the functions o* f;;(Q7;)*
extends to global regular functions on X,. It is clear that blowup at a point
different from cq, o, c3 is immaterial. However, if we blowup in less than three
points, at least one of the functions o* f;;( ?j)o‘ remains continuous instead
of being regular. Hence, o : X, — R? can be chosen to be the blowup at
€1, C2, C3.
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Appendix

We begin with the definitions of pre-algebraic and algebraic vector bun-
dles. In Section A.1 we are going to prove that any pre-algebraic vector
bundle splits into a direct sum of algebraic line bundles after a suitable
multi-blowup. In Section A.2, we show that line bundles obtained in this
way are not trivial in general. All vector bundles are assumed to have a
finite rank.

Definition A.1. A pre-algebraic vector bundle over X is a triple § = (E,p, X),
where:

i) E is a real algebraic variety (not necessarily affine), andp: E — X, a
reqular mapping,

i) for each x € X, the fibre p~'(z) is a finite dimensional R-vector space,

iii) there exist a finite Zariski open covering {U;}!_, and, for each i =
1,2,...,n, an integer k and a biregular isomorphism ¢; : U; x RF —
p Y (U;), such that po @; is the canonical projection of U; x R onto U;
and, for every x € Uy, the restriction {x} x R¥ — p~L(x) of ¢; is an
R-linear isomorphism.

The classical correspondence between vector bundles and locally free
sheaves holds for pre-algebraic vector bundles and locally free sheaves of
Ox-modules (cf. [4, Proposition 12.1.3]).

Definition A.2. A pre-algebraic vector bundle & over X is said to be alge-
braic if there exists an injective algebraic morphism from & to a trivial bundle
€y (i.e. € is algebraically isomorphic to a pre-algebraic vector subbundle of a
trivial bundle).
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It is clear that there exists an algebraic bundle 7 such that €% = £ @ n.
One can take n to be the orthogonal complement &1 of ¢ in €% because
algebraic bundles can be equipped with the inner product induced by the
one from R"™. Therefore, if ( is an algebraic subbundle of an algebraic bundle
¢ on X, then there exists and algebraic subbundle n C £ such that £ = (&,
actually we can take n = (*.

Let & be a pre-algebraic vector bundle with the corresponding locally
free sheaf F. [4, Theorem 12.1.7] gives several equivalent conditions for a
pre-algebraic bundle £ to be an algebraic bundle. They imply, in particular,
that ¢ is algebraic iff the corresponding locally free sheaf F is generated by
global sections. Hence by Theorem 4.12 (or |2, Theorem 1.1]) we immediately
obtain

Proposition A.3. Let & be a pre-algebraic vector bundle on X. Then there
exists a multi-blowup o : X, — X such that o*§ is an algebraic vector bundle
on X,.

A.1 Splitting Theorem for vector bundles

Let & be a pre-algebraic vector bundle on X and s; : U; — E be two
sections on a Zariski open subsets of X.

Definition A.4. We say that the sections s1 and sy are equivalent if there
exists a nowhere vanishing regular function gio € Ox(U; NUs) such that

stlino, = 912S2|UmU2-
We first prove an easy lemma

Lemma A.5. Let £ be a pre-algebraic bundle on X. Assume there is a
finite Zariski open covering {U;}, of X and nowhere vanishing sections
si : Up — E (ie. si(x) # 0 for all x € U;) such that s; is equivalent with

sj for any i,5 = 1,2,...,n. Then there exist a pre-algebraic line bundle
n = (L, pr, X), an embedding v : n — & and a section s : X — L such that
the section 1o s is equivalent with s; fori=1,2,...,n.

Proof. The line bundle 7 is given by the transition functions g;; where

Si UiﬂUj = gZ]S] UiﬁUj'

It is clear that n embeds into £. The desired section s of 7 is the gluing of s;
by means of g;;. n
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Remark A.6. If, moreover, ¢ is an algebraic vector bundle of rank k, then
there exists an algebraic vector bundle 7’ of rank k — 1 such that ¢ Zn &7,

We may now prove the following splitting theorem for pre-algebraic vector
bundles

Theorem A.7. Let £ = (E,p, X) be a pre-algebraic bundle on X of rank p.
Then there exist a multi-blowup o : X, — X such that

p
o't = P,
j=1

where each n; is an algebraic line bundle on X,.

Proof. By Proposition A.3 we may assume that £ is an algebraic vector bun-
dle. It is enough to find a multi-blowup o : X, — X such that c*¢ 2 n 7/
where 7 is an algebraic line bundle, and 7’ is an algebraic vector bundle of
rank p — 1. The conclusion follows by repeating this argument

Denote by F the locally free coherent Ox-sheaf of sections of £. Let s
be a global section of ¢ with nowhere vanishing germs (one can always take
a rational section and multiply it by a suitable regular function). For any
x € X, choose a basis fig, foz, ..., fpz Of Fy, take hig, hog, ... hyy € Opx
such that Zle hiz fiz = Sz, and consider the ideal

jx = (hlza h2:c> ceey hp:c) C O:c,X;

it is easy to check that 7, is independent of the choice of the basis fi,, foz, - - -, fps-
Equality Zle hiz fiz = S. propagates to a Zariski open neighbourhood V,, of
x. By quasi-compactness, we get a finite Zariski open covering U; := U,, for
t=1,2,...,n. Put hj; :== hj,, for j =1,2,...,p,i=1,2,...,n.

Let J = UxeX J». It is easy to see that J is an open subset of Oy, and
is thus a sheaf of ideals of finite type, whence coherent. We have

J

U, — (hlia h’2i7 ety h’p’t) : OX

U;
with hj; € Ox(U;). By Lemma 4.2, there is a presentation
it

i
hjio

h

where hjz’l c Ox(X), [l = 1,2 and V(hﬂz) NnU;, = 0.
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By quasi-compactness and Corollary 2.14, there exist a multi-blowup o :
X, — X and a refinement {V},}12, of {U7}7_, such that the functions h{; are
simple normal crossings linearly ordered by divisibility relation on each V.
IfVv, C Uz‘?k) for k =1,2,...,m, let hy denote the smallest function among

Titkyr -+ hgi(k) with respect to the divisibility relation, for k =1,2,... m.

Then the sections

*

. 0's

Sk = hk
are equivalent, nowhere vanishing sections. Hence and by Lemma A.5, an
algebraic line bundle 7 can be embedded into 0*¢, n C 0*¢. Then there exists
an algebraic vector subbundle 7’ of *¢ of rank p — 1 such that

Vi > 0'E

oE=nd.

This finishes the proof.
[

Remark A.8. In the paper [24], a vector bundle £ was split by blowing up
along the zeros of a section transverse to the zero section of .

Corollary A.9. Let F be a locally free coherent sheaf of rank p. Then there
exists a multi-blowup o : X, — X such that

p
o F=PF,
=1

where F; is a locally free coherent sheaf of rank 1 on X, .

A.2 Lack of triviality after blowing up

In this section we will show that the procedure from the previous sec-
tion does not lead in general to trivial line bundles, even in the category
of topological vector bundles. A line bundle generated by a global nowhere
vanishing section is trivial. However, such section may not exist. To demon-
strate this, we make use of some tools of algebraic topology (for instance,
Chern classes, Euler class, etc.); for the rudiments of algebraic topology the
reader is referred to e.g. [13].

For a given smooth manifold M of dimension m, the blowup of M at
a point is diffeomorphic to the connected sum M#RP™. (In real algebraic
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geometry this diffecomorphism can be taken to be Nash, see e.g. [4, Remark
3.5.13], and for the complex case [17, Proposition 2.5.8].) Hence, in the case
of surfaces, one can analyze connected sums instead of blowups.

Let My := S? and M, := M;_#RP?, ie. M, is the connected sum of k
copies of RP?. M, can be seen as the blow up of S? at k points (possibly
nested). The homology groups of My, k > 0 are given by the formula

7 1=0
H;(My;Z) = Z’“*@Z/Z 1=1
0 1>1

This formula can be found in [11, Example 19.31], and a more general version
in [13, Section 3.3|. The cohomology groups of M}, can be computed by means
of the universal coefficient theorem for cohomology [13, Theorem 3.2]:

Let X be a smooth manifold with homology groups H;(X;Z). Then the
cohomology groups of X over Z are determined by split exact sequences

0 — Ext'(H,_1(X;Z);Z) — H"(X;Z) — Hom(H, (X;Z),Z) — 0.

Since Ext'(Z* ' © Z/2,7) = 7./2 we get
H*(My;Z) =2 7/2 for k> 0.
We still need the following

Lemma A.10. The canonical map H*(M;_1;7Z) — H?*(My;7Z) is surjective
for any k > 0.

Proof. Recall that M, = M, k,l#R]PQ. Denote by D a small open 2-dimensional
ball. Consider the following pair

(M;_#RP? RP? \ D; Z).
We have an isomorphism of cohomology groups
H' (M #RP?, RP? \ D; Z) = H'(My_1; Z),

which can be easily deduced from [11, Theorem 19.14]. Consider the following
part of the long exact cohomology sequence

oo = H*(My_#RP? RP?\ D; Z) —
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H*(My_#RP?: Z) — H*(RP*\ D;Z) — ...

Since RP?\ID = M; \ID is homotopic to S, it is clear that H?(RP*\ID; Z) = 0.
Therefore we can rewrite the long exact sequence as

oo HA (My_1;Z) — H* (M Z) — 0 — ...

which proves surjectivity.

]

Let £ = (E,p, X) be a real oriented vector bundle of rank r on a smooth
manifold X. We then have its Euler class e({) € H"(X;Z). One of the
axioms of Euler class states that e({) = 0 iff £ has a nowhere vanishing
global section. If £ is a complex vector bundle then the e(§) is given by the
k-th Chern class, where k is the complex rank of &.

Now we can readily turn to our main goal.

Proposition A.11. There exists an algebraic oriented real vector bundle & of
rank 2 on S? with the following property: if a*¢ = & @ &, is a decomposition
of a*¢ into topological line bundles for some multi-blowup o : X, — S?, then
both of these line bundles are non-trivial.

Proof. Let ¢ be the tautological line bundle of CP'; ¢ can be considered as
an algebraic oriented real vector bundle of rank 2 on S?. Then ¢;(£) = e(¢)
is a generator of H*(S*Z) 2 Z.

Let a : X, — S? be a multi-blowup such that a*¢ = & @ & (whose
existence is established in Section A.1). By Lemma A.10 the map

o H*(S*72) =7 — H* (X0, Z) = 7.)2
is surjective as the composition of finitely many surjective maps. Hence
e(a’§) = a’(e(§)) # 0.

By the Whitney sum formula, e(&;),e(&) # 0, and thus none of the line

bundles &; or & is trivial.
O
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