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Chapter 1

Introduction

The purpose of this thesis is to study certain cohomological properties of foliations with transverse
geometric structures. Our main focus is the basic ddJ -lemma on transversely generalized complex
foliations which contains as special cases the basic ddΛ-lemma (in the transversely symplectic set-
ting) and the basic ∂∂̄-lemma (in the transversely holomorphic setting). Both of this lemmas are
of great importance as they are both satisfied by transversely Kähler foliations (hence providing
obstructions to the existence of such structures) and they govern much of the nice cohomological
properties of such foliations (meaning that transversely symplectic and transversely holomorphic
foliations which satisfy these lemmas share some cohomological features with transversely Kähler
foliations). More explicitly, transversely symplectic foliation satisfying the basic ddΛ-lemma satisfy
both the Brylinski Conjecture as well as the Hard Lefschetz Property (under some additional as-
sumptions the ddΛ-lemma is equivalent to each of them). Furthermore, the basic ∂∂̄-lemma for a
transversely holomorphic foliation guarantees that the Frölicher spectral sequence degenerates at
the first page and provides the Hodge Decomposition Theorem. In order to study these properties
we first recall and further develop the language of transverse generalized complex structures, which
was first introduced in [36], by providing a local description theorem, constructing some non-trivial
examples of such structures and filling in some minor omissions in the exposition provided in [36]
(as was done in [31]). We feel that this approach is fairly neglected considering it provides a bridge
between transversely holomorphic foliations and symplectic foliations as well as gives some geo-
metrical structure in the absence of these transverse structures (which is potentially very useful
since foliations with absolutely no transverse structures can behave very wildly). Then we proceed
to the study of basic ddJ -lemma by generalizing some of the results from [8] as well as providing
an additional criterion in the spirit of [26]. This result though technical provides some interesting
results when applied to the symplectic case. We also give a brief proof of the fact that transversely
Kähler foliations satisfy the ddΛ-lemma and the ∂∂̄-lemma.

After this we proceed to a different approach to the aforementioned lemmas. Namely, through
some special cohomology theories (basic Bott-Chern cohomology and basic Aeppli cohomology in
the transversely holomorphic case; basic (d+ dΛ)- and (ddΛ)-cohomologies in the symplectic case).
We provide finitness and duality theorems (cf. [13], [32]) for said cohomology through the use of
the machinery of transversely elliptic differential operators developed in [16]. We then use these
cohomology theories to provide additional computable conditions equivalent to the ∂∂̄-lemma and
the ddΛ-lemma by proving Frölicher-type inequalities for foliations (cf. [32]). We also give some
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6 CHAPTER 1. INTRODUCTION

results in a similar spirit proven in [14].
We finish this thesis by studying some interesting examples. Firstly we provide foliations for

which the special cohomologies are not finitely dimensional. One of these examples exhibits an
interesting phenomenon which to our knowledge has not been observed so far. Namely the basic
cohomology of this foliation is infinitely dimensional in degree 2 and 4 while in degree 3 it reverts to
being finitely dimensional (previously studied examples of foliations with infinitely dimensional ba-
sic cohomology have infinitely dimensional cohomology up to the degree in which it becomes trivial
permanently). We also provide a number of examples to show that the Frölicher-type inequalities
are in fact a convenient way of verifying the ddΛ-lemma as well as the ∂∂̄-lemma.

We start of with a recollection of some basic facts and notions concerning foliations and gener-
alized complex structures. In particular, we provide all the proofs regarding the later topic as the
material is fairly non-standard.

I wish to thank my advisor dr hab. Robert Wolak as well as my co-advisor and collaborator
dr. Andrzej Czarnecki for their patients and constant help. I would also like to thank my friend
Tomasz Kowalczyk for the vast number of typos he had found.



Chapter 2

Foliations

2.1 Basic notions and transverse structures
We shall start with a brief review of some basic facts concerning foliations and transverse structures.
The interested reader is referred to [29] for a more thorough exposition. We start with the following
classical definition of a foliation:

Definition 2.1. Let M be a smooth manifold of dimension n and let {Ui, φi}i∈I be a smooth atlas
of M . We say that {Ui}i∈I is a foliated atlas of codimension q if the transition functions φij are of
the form:

φij(x1, ..., xn−q, y1, ..., yq) = (ψij(x1, ..., xn−q, y1, ..., yq), γij(y1, ..., yq))

where ψij takes value in the first n − q coordinates and γij takes values in the final q coordinates.
Two foliated atlases are equivalent if their sum constitutes a foliated atlas as well. A foliation on
M is an equivalence class of such atlases.

However, for our purpose it is more convenient to use the following definition:

Definition 2.2. A codimension q smooth foliation F on a smooth n-manifold M is a partition of
the manifold M into (n− q)-dimensional submanifolds given by the following data:

• An open cover U := {Ui}i∈I of M.

• A q-dimensional smooth manifold T0.

• For each Ui ∈ U a submersion fi : Ui → T0 with connected fibers (these fibers are called
plaques).

• For all intersections Ui ∩ Uj 6= ∅ a local diffeomorphism γij of T0 such that fj = γij ◦ fi

The last condition ensures that plaques glue nicely, forming submanifolds which constitute the par-
tition and are called the leaves of F .

Remark 2.3. It is easy to see that a smooth foliated atlas gives a set of data as in Definition
2.2. On the other hand given a foliation in the sense of Definition 2.2 one can construct a smooth
foliated atlas by (if need be) taking a finer cover then {Ui}i∈I . Hence the two definitions coincide.

7



8 CHAPTER 2. FOLIATIONS

We call T =
∐
Ui∈U

fi(Ui) the transverse manifold of F . The local diffeomorphisms γij generate

a pseudogroup Γ of transformations on T (called the holonomy pseudogroup). The space of leaves
M/F of the foliation F can be identified with T/Γ.

Theorem 2.4. (Frobenius) Given a foliation F the bundle TF tangent to the leaves is involutive
(i.e. for X,Y ∈ Γ(TF) we have [X,Y ] ∈ Γ(TF)). On the other hand an involutive subbundle E of
the tangent bundle induces a unique foliation F such that E = TF .

Definition 2.5. A smooth form ω on M is called basic if for any vector field X tangent to the leaves
of F the following equality holds:

iXω = iXdω = 0.

Basic 0-forms will be called basic functions henceforth. Note that basic functions are precisely those
which are constant along the leaves. By a slight abuse of notation we will refer to functions with a
different target (such as C or matrix groups) which are constant along the leaves as basic functions.

Definition 2.6. A vector field X ∈ Γ(TM) is called foliated if for all Y ∈ Γ(TF) we have [X,Y ] ∈
Γ(TF). A section of the normal bundle NF := TM/TF is called foliated if it has a foliated vector
field representative (equivalently all its representatives are foliated).

Basic forms are in one to one correspondence with Γ-invariant smooth forms on T. It is clear
that dω is basic for any basic form ω. Hence the set of basic forms of F (denoted Ω•(M/F))
is a subcomplex of the de Rham complex of M. We define the basic cohomology of F to be the
cohomology of this subcomplex and denote it by H•(M/F). A transverse structure of F is a Γ-
invariant structure on T (the existence of such structures does not depend on the choice of the data
in Definition 2.2 as was show in [23]). For example:

Definition 2.7. F is said to be transversely symplectic if T admits a Γ-invariant closed 2-form ω
of maximal rank. The form ω is then called a transverse symplectic form. As we noted earlier ω
corresponds to a closed basic form of rank q on M (also denoted ω).

Definition 2.8. F is said to be transversely holomorphic if T admits a complex structure that
makes all the γij holomorphic. This is equivalent to the existence of an almost complex structure J
on the normal bundle NF satisfying:

• LXJ = 0 for any vector field X tangent to the leaves (i.e. the almost complex structure is
transverse).

• for each point x there exists a neighbourhood Vx such that for all foliated sections Y1 and Y2

of the normal bundle restricted to Vx we have:

NJ(Y1, Y2) := [JY1, JY2]− J [Y1, JY2]− J [JY1, Y2] + J2[Y1, Y2] = 0

where [ , ] is the bracket induced on the sections of the normal bundle (note that the in-
duced bracket is well defined only on foliated sections). A transverse almost complex structure
satisfying this condition is called integrable.

Remark 2.9. If F is transversely holomorphic we have the standard decomposition of the space
of complex valued forms Ω•(M/F ,C) into forms of type (p,q) and d decomposes into the sum of
operators ∂ and ∂̄ of order (1,0) and (0,1) respectively. Hence one can define the Dolbeault double
complex (Ω•,•(M/F ,C), ∂, ∂̄), the Frölicher spectral sequence and the basic Dolbeault cohomology
same way as their analogues are defined on complex manifolds (cf. [12]).
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Definition 2.10. F is said to be transversely orientable if T is orientable and all the γij are
orientation preserving. This is equivalent to the orientability of NF .

Definition 2.11. A codimension q foliation F on M is called homologically orientable if:

Hq(M/F) = R.

Definition 2.12. F is said to be Riemannian if T has a Γ-invariant Riemannian metric. This is
equivalent to the existence of a Riemannian metric g on NF with LXg = 0 for all vector fields X
tangent to the leaves.

Definition 2.13. F is said to be transversely parallelizable if there exist q linearly independent
Γ-invariant vector fields (we shall write TP foliations for short).

Regarding TP foliation we state the following important result from [19]:

Theorem 2.14. Given a Riemannian TP foliation F on a compact manifold M the closures of
the leaves of F are submanifolds as well as fibers of a locally trivial fibration π : M → W with W
a compact manifold. In particular they provide another foliation on M for which the leaf space is a
compact manifold.

Definition 2.15. A foliation is said to be Hermitian if it is both transversely holomorphic and
Riemannian.

Definition 2.16. A foliation is said to be transversely Kähler if it is Hermitian, transversely
symplectic and transversely holomorphic and additionaly these structures are compatible.

We also can define a special class of vector bundles and vector fields:

Definition 2.17. A vector bundle E is called foliated if its transition functions are basic. Equiv-
alently, it is a vector bundle on the transverse manifold on which the holonomy pseudogroup given
by the foliated atlas acts fiberwise linearly (by abuse of language we shall call such a bundle on the
transverse manifold a foliated bundle as well).

The proof of the equivalence in the previous definition is a little hard to find but it is a simple
consequence of the equivalence of smooth functions on T invariant under the action of H and basic
functions on M applied to the transition functions of the given bundle.

2.2 Hodge theory for foliations
Throughout the rest of this chapter F will denote a transversely orientable Riemannian foliation on
a compact manifold M. Under these assumptions we shall construct a scalar product on the space of
basic forms following [16]. We start with the SO(q)-principal bundle p : M# →M of orthonormal
frames transverse to F . The foliation F lifts to a transversely parallelizable, Riemannian foliation
F# on M# of the same dimension as F . Furthermore, this foliation is SO(q)-invariant (i.e. for
any element a ∈ SO(q) and any leaf L of F#, a(L) is also a leaf of F#) and the transverse metric
can be chosen in such a way that it is invariant with respect to the SO(q)-action and the fibers of
p : M# → M are of measure 1. By Theorem 2.14 there exists a compact manifold W and a fiber
bundle π : M# → W with fibers equal to the closures of leaves of F# (one can now extend the
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transverse metric to a Riemannian metric on M# in such a way that the fibers of this bundle have
measure 1 as well). The manifold W is called the basic manifold of F . The SO(q)-action on M#

descends to an SO(q)-action on W . It is apparent that the SO(q)-invariant smooth functions on
W and basic functions on M are in one to one correspondence. In particular, for basic k-forms α
and β the basic function gx(αx, βx) induces a SO(q)-invariant function Φ(α, β)(w) on W (where gx
is the scalar product induced on ∧kT ∗xM by the Riemmanian structure). With this we can define
the scalar product on basic forms:

< α, β >:=

∫
W

Φ(α, β)(w)dµ(w)

Where µ is the measure associated to the metric on W. The transverse ∗-operator can be defined
fiberwise on the orthogonal complements of the spaces tangent to the leaves in the standard way.
This construction can be repeated for complex valued basic forms on Hermitian foliations. We use
this scalar product to define δ as the operator adjoint to d (i.e. such that < dα, β >=< α, δβ > for
any forms α and β).

If additionally M is orientable then instead of using integration over W we can simply integrate
over M (consequently we use the scalar product on Ω•(M) restricted to basic forms). Under these
assumptions and with respect to the operator δ′ defined via this scalar product the following equality
was proven in [30]:

δ′α = (−1)(n−p)(k+1)+1(∗d ∗ α− ∗Pκ ∧ ∗α). (2.1)

where α is a basic k-form and Pκ is a basic 1-form dependent on F (a slightly modified mean
curvature). We need to prove a similar equality in the not necessarily orientable case with respect
to our construction:

δα = (−1)(n−p)(k+1)+1(∗d ∗ α− ∗Pκ′ ∧ ∗α)

Firstly, we note that if M is orientable then the two scalar products coincide (this is apparent due
to the way we have chosen and extended to M# the transverse metric on (M#,F#)). Hence in
this case there is nothing to prove. Now if M is not orientable but M# happens to be orientable
we can apply the equation (2.1) to M# then using invariance of the metric, the definition of δ and
formula (2.1) it can be shown that Pκ is invariant as well and so gives a basic 1-form onM . Finally,
if M# is not orientable as well then we can take an orientable double cover M̃# of M# pullback
the foliation and the transverse metrics there. We then apply equation (2.1) to (M̃#, F̃#) and like
before we prove that the form Pκ is invariant under the Z2-action given by the double cover. Hence
it will give the desired form on M# from where we proceed as in the previous case. So the formula
(2.1) is valid in our case as well. From now on we will only use the first scalar product on forms
and in particular all the adjoints taken will be with respect to this product.

2.3 Transversely elliptic differential operators

We shall restrict our attention to differential operators on basic forms (cf. [16], [17]; the proof is
the same for real valued and complex valued forms).

Definition 2.18. A basic differential operator of order m is a linear map:

D : Ω•(M/F)→ Ω•(M/F)
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such that in local coordinates (x1, ..., xp, y1, ..., yq) (where xi are leaf-wise coordinates and yj are
transverse ones) it has the form:

D =
∑
|s|≤m

as(y)
∂|s|

∂s1y1...∂sqyq

where as are matrices of appropriate size with basic functions as coefficients. A basic differential
operator D is called transversely elliptic if its principal symbol is an isomorphism at all points of
x ∈M and all non-zero, transverse, cotangent vectors at x.

Due to the correspondence between basic forms of F and Γ-invariant forms on the transverse
manifold T, a basic differential operator induces a Γ-invariant differential operator on T. Further-
more, transverse ellipticity of a basic differential operator is equivalent to the ellipticity of its
Γ-invariant counterpart (this is obvious since the principal symbol is defined pointwise).

Theorem 2.19. (cf. [16], [17]) Under the above assumptions the kernel of a transversely elliptic
differential operator D is finitely dimensional.

This section is devoted to presenting a sketch of the prove of the above Theorem (details can
be found in [16]).

Firstly, we prove the Theorem for foliations with dense leaves. We note that under this assump-
tion Ω•(M/F) is a finite dimensional vector space we shall denote it V for short (the dimension
of V is at most is at most equal to the dimension of ∧•(N∗F)). Then the Riemannian metric on
∧•(N∗F) induces a scalar product on V . Due to finite dimensionality it is clear that the Theorem
holds in this case.

Secondly, let us treat the TP case. Let us consider the bundle π : M →W from Theorem 2.14.
For u ∈ W let Fu be the fiber of this bundle over u along with the foliation Fu = F|Fu

and let
Vu = Ω•(Fu/Fu) (this is again a finite dimensional vector space). So V =

⋃
u∈W Vu is a Hermitian

vector bundle over W . A transversely elliptic operator D induces a elliptic operator on W . So the
theorem in this case follows from the manifold analogue of the above Theorem applied to W and
the previous case.

Lastly, we prove the general case. We consider the (M#,F#) from the previous section. The
operator D lifts to an operator D# (which in general is not elliptic). We consider the operator:

D′ := D# +
( N∑
i=1

Qi

)m
where Q1, ...QN are the fundamental vector fields of the action of SO(q) onM# and m is the degree
of D. The operator D′ is transversely elliptic and when restricted to SO(q)-invariant basic forms
it is equal to D#. Now the theorem follows from the previous case applied to D′ and (M#,F#).

The following theorems are a simple consequences of the above result. The full proof can be
found in [16] here we will only indicate the operators that need to be considered and since the
outline is similar to that of our own results regarding Bott-Chern and Aeppli cohomology theories
which we will present and prove in Section 5.2.

Theorem 2.20. If F is a Riemannian foliation of codimension q on a compact manifold M then
H•(M/F) is finitely dimensional. Moreover, if F is homologically orientable then the operator ∗
induces an isomorphism between H l(M/F) and Hq−l(M/F).
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Proof. This is proven by considering the basic Laplacian operator ∆ = δd+ dδ.

Theorem 2.21. If F is a Hermitian foliation of codimension 2q on a compact manifold M then
H•,•∂ (M/F) and H•,•

∂̄
(M/F) is finitely dimensional. Moreover, if F is homologically orientable

then the operator ∗ induces an isomorphism between Hk,l
∂ (M/F) and Hq−k,q−l

∂ (M/F) as well as
between Hk,l

∂̄
(M/F) and Hq−k,q−l

∂̄
(M/F).

Proof. This is proven by considering the basic operators ∆′ = ∂∗∂ + ∂∂∗ and ∆′′ = ∂̄∗∂̄ + ∂̄∂̄∗

(where the upper case star denotes the adjoint operator).



Chapter 3

Generalized complex geometry

The purpose of this chapter is to recall some key facts about generalized complex manifolds. A
more thorough exposition on the subject can be found in [8] and [22]. We organize this chapter in
three sections. The first deals with some linear algebra which constitutes the foundations of gener-
alized complex geometry. The second section focuses on basic properties and definitions concerning
generalized complex manifolds following [22]. The final section recalls the main results of [8] on the
algebraic topology associated with generalized complex geometry.

3.1 Generalized complex vector spaces

Throughout this chapter V is a real vector space of dimension 2n. There is a non-degenerate
symmetric bi-linear pairing ( , ) on V ⊕ V ∗ given by:

(v1 + α1, v2 + α2) :=
1

2
(α1(v2) + α2(v1)) (3.1)

where v1, v2 ∈ V and α1, α2 ∈ V ∗. Let T(V ⊕V ∗) denote the tensor algebra of V ⊕V ∗ and let I be
the two-sided ideal in T(V ⊕ V ∗) generated by the elements of the form w ⊗ w − (w,w)1T(V⊕V ∗)
for w ∈ V ⊕ V ∗. The Clifford algebra:

Cl(V ⊕ V ∗, ( , )) := T(V ⊕ V ∗)/I

acts on the exterior algebra of V ∗ by:

(v + α) • β = ivβ + α ∧ β

for any element β of the exterior algebra of V ∗, covector α and vector v.

Definition 3.1. A generalized complex structure on V is a linear map J : V ⊕ V ∗ → V ⊕ V ∗
satisfying:

1. J 2(w) = −w for w ∈ V ⊕ V ∗,

2. (w1, w2) = (J (w1),J (w2)) for w1, w2 ∈ V ⊕ V ∗.

13
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The pair (V,J ) is then called a generalized complex vector space.

Let L be a subspace of (V ⊕ V ∗)⊗ C. We say that L is isotropic with respect to ( , ) if:

(w1, w2) = 0 (3.2)

for all w1, w2 ∈ L. We say that L is maximal isotropic if it is an isotropic subspace of (V ⊕V ∗)⊗C
of complex dimension 2n.

Proposition 3.2. Let (V,J ) be a generalized complex vector space and let JC be the complexifica-
tion of J . The i-eigenspace L of JC is maximal isotropic and satisfies L ∩ L̄ = {0}. Conversely,
a maximal isotropic subspace L of (V ⊕ V ∗) ⊗ C satisfying the above condition defines a unique
generalized complex structure.

Proof. Given w1, w2 ∈ L we get:

(w1, w2) = (J (w1),J (w2)) = (iw1, iw2) = −(w1, w2). (3.3)

Hence L is isotropic. Since J is a complex structure on V ⊕V ∗, the i-eigenspace of its complexifica-
tion has complex dimension equal to the real dimension of V ⊕ V ∗. This proves that L is maximal
isotropic. L ∩ L̄ = {0} since L̄ is the (−i)-eigenspace of JC.

Given a vector space L as in the theorem we can recreate JC by specifying it to be the mul-
tiplication by i on L and multiplication by −i on L̄. Then J is the composition of the canonical
inclusion of V ⊕V ∗ into it’s complexification and JC. It is apparent that J defined this way satisfies
J 2(w) = −w for all w ∈ V ⊕ V ∗. Furthermore, it is sufficient to prove the second condition in
the definition of generalized complex structures for w1 ∈ L and w2 ∈ L̄ due to the fact that L is
maximal isotropic:

(w1, w2) = (iw1,−iw2) = (J (w1),J (w2)) (3.4)

This ends the proof.

In order to omit a rather lengthy exposition on Clifford algebras and spinors we will present the
following result from [10] (applied to our case as in [22]) without proof:

Proposition 3.3. Given a maximal isotropic space L there is a unique 1 dimensional complex
subspace Un := span(Φ) of the exterior algebra of V ∗ ⊗ C satisfying:

L = {w ∈ (V ⊕ V ∗)⊗ C | w • Φ = 0} (3.5)

If L is the i-eigenspace of J then Un is called the canonical line of J . We can use the space Un
to define:

Un−k := (∧kL̄) • Φ (3.6)

Where we identify ∧kL̄ with the k-th power L̄k of L̄ with respect to the Clifford algebra multipli-
cation which can be done since L̄ is isotropic and so the Clifford multiplication restricted to L̄ is
anti-commutative. The following result is of key importance for our study:

Proposition 3.4. Given a generalized complex vector space (V,J ) the spaces Uk defined above
provide a decomposition of ∧kV ∗ ⊗ C.
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Proof. Any element (except 0) of the external algebra of V can be multiplied by an element of the
Clifford algebra Cl(V ⊕V ∗, ( , )) in order to get any other element. This is done by first multiplying
with an appropriate form in order to turn the given element into a volume element and evaluating
that form on an appropriate element of ∧•V . Due to the fact that L • Φ is zero we get a similar
statement for the action of the subalgebra ∧•L̄. Hence the Clifford multiplication and Φ provide us
with a surjective linear map between ∧•L̄ and ∧•V ∗. Since these two spaces have equal dimension
it follows that this map is an isomorphism. This in turn implies that the Uk are pairwise disjoint
and every element can be decomposed as a sum of homogenous forms with respect to Uk.

We will also make use of the following definition:

Definition 3.5. Given a generalized complex vector space (V,J ). The integer k = 2n−dimC(πV⊗C(L))
is called the type of (V,J ), where:

πV⊗C : (V ⊕ V ∗)⊗ C→ V ⊗ C (3.7)

is the canonical projection.

With these preliminary results out of the way we can provide some motivating examples:

Example 3.6. Let (V, J) be a complex vector space. We can endow it with a generalized complex
structure:

J :=

[
−J 0
0 J∗

]
(3.8)

where the matrix is written with respect to the standard decomposition of V ⊕V ∗. This structure is
of type n which is the maximal type for a generalized complex structure on a 2n-dimensional vector
space. The space L is then determined by the formula:

L = V 0,1 ⊕ (V 1,0)∗ (3.9)

where V 1,0 and V 0,1 are the i and −i eigenspaces of the complexification of J . The complex line
Un is:

Un = ∧n(V 1,0)∗ (3.10)

while other Uk are given by:

Uk =
⊕
p−q=k

(∧p(V 1,0)∗ ⊕ ∧q(V 0,1)∗) (3.11)

This example motivates the name "generalized complex vector space". The next example shows
that generalized complex structures can be used as a bridge between complex and symplectic
structures:

Example 3.7. Let (V, ω) be a symplectic vector space (i.e. ω is a skew-symmetric non-degenerate
2-form on V ). This means in particular that ω induces an isomorphism between V and V ∗ which
we also denote ω. Furthermore, we denote its inverse by Λ. The generalized complex structure
associated with ω is:

J :=

[
0 −Λ
ω 0

]
(3.12)
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This generalized complex structure is of type 0. The space L is then given by:

L = {v − iivωC|v ∈ V ⊗ C} (3.13)

where ωC is the complexification of ω. The line Un is:

Un = span(eiωC). (3.14)

where we understand eiωC as the non-homogenous form:

1 + iωC −
ωC ∧ ωC

2
− iωC ∧ ωC ∧ ωC

6
+ ...

Other Un−k are of the form:

Un−k = {eiωC(e
ΛC
2i (α))|α ∈ ∧kV ∗} (3.15)

where by ωC we understand the operator ωC∧ and by ΛC we understand the operator iΛC . We note
that now by eiωC we understand the exponent of the operator ωC∧ (this won’t lead to any confusion
as the operator eiωC is equal to the operator given by the wedge product with the form eiωC).

The form of L and Un in the previous example is a simple computation with the use of Propo-
sition 3.3. We need to compute the description of Uk (as in [9]). This is done by induction. Let us
assume that this is true for some k and prove the desired equality for k + 1. Using the definitions
given previously we get that any element of Uk is of the form:

(v + iivωC) • eiωC(e
ΛC
2i (α)) (3.16)

for some α ∈ ∧kV ∗. We will need the following lemma from [9] to finish our computation:

Lemma 3.8. Let (V, ω) be a symplectic vector space. For any v ∈ V ⊗ C and any complex linear
skew-symmetric k-form α the following identities hold:

Λ(ivωC ∧ α) = ivα+ ivωC ∧ Λα (3.17)

2ie
Λ
2i (ivωC ∧ α) = e

Λ
2i ivα+ 2iivωCe

Λ
2iα (3.18)

Proof. Let (v1, w1, ...vn, wn) be the Darboux basis of (V, ω) and let (v1, w1, ...vn, wn) be the basis

of V ∗ dual to it (i.e. (v1, w1, ...vn, wn) is such that ω =
n∑
j=1

vj ∧ wj). Without loss of generality it

is enough to prove the desired equality for v = v1. The form α written down in this basis gives:

α = α0 + v1 ∧ αv + w1 ∧ αw + v1 ∧ w1 ∧ αvw (3.19)

With this we can rewrite the left-hand side of the first equation:

Λ((iv1ω) ∧ α) = Λ(w1 ∧ α) = Λ(w1 ∧ α0 + w1 ∧ v1 ∧ αv)
= w1 ∧ Λ(α0) + αv + w1 ∧ v1 ∧ Λαv

while the right-hand side can be rewriten as:

iv1α+ (iv1ωC) ∧ Λα = αv + w1 ∧ αvw + w1 ∧ (Λ(α0) + v1 ∧ Λ(αv)− αvw)

= αv + w1 ∧ Λ(α0) + w1 ∧ v1 ∧ Λαv
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which ends the proof of the first identity. Note that by the use of induction and the first identity
we get:

Λk((ivωC) ∧ α) = kΛk−1(ivα) + (ivωC) ∧ Λkα (3.20)

which after expanding the taylor series in the second identity allows us to verify it term by term.

With the use of this lemma we get:

(v + iivωC) • eiωC(e
Λ
2i (α)) = eiωC(ive

Λ
2iα+ 2i((ivωC) ∧ e Λ

2iα)) =

= 2ieiωCe
Λ
2i ((ivωC) ∧ α).

Thus we have proven the formula for Uk.

Example 3.9. Let J be a generalized complex structure on a vector space V and let B be a bilinear
skew-symmetric form on V (treated in some of the formulas below as a map from V to V ∗). There
is another generalized complex structure JB on V called the B-field transform of J given by the
formula:

J B :=

[
1 0
−B 1

]
J
[

1 0
B 1

]
. (3.21)

Moreover, if L is the i-eigenspace then the i-eigenspace LB of J B is given by the formula:

LB = {v + α− ivB}. (3.22)

The canonical line UnB of J B is of the form:

UnB = eB ∧ Un. (3.23)

From this it is apparent that other UkB are given by the following formula:

UkB = eB ∧ Uk. (3.24)

We proceed with a number of results which classify generalized complex structures on any vector
space. To that end we need the following object defined for any complex vector subspace E ⊂ V ⊗C
and ε ∈ ∧2E∗:

L(E, ε) := {v + α | v ∈ E, α ∈ V ∗ ⊗ C, α|E = ivε}. (3.25)

It is easy to compute that this is in fact isotropic with respect to ( , ). It is maximal isotropic
by a simple dimension count since its dimension is equal to the dimension of E ⊕ Ann(E) (where
Ann(E) := {α ∈ V ∗⊗C | ∀v∈Eα(v) = 0}) which in turn is equal to 2n which is half the dimension
of (V ⊕ V ∗)⊗ C. The importance of this object comes from the following proposition:

Proposition 3.10. Every maximal isotropic subspace L in (V ⊕V ∗)⊗C is of the form L(E, ε) for
some subspace E ⊂ V ⊗ C and ε ∈ ∧2E∗.

Proof. First let us take E := πV⊗C(L). Since L is isotropic we have L ∩ (V ∗ ⊗ C) ⊂ Ann(E) and
due to it being maximal isotropic we get L ∩ (V ∗ ⊗ C) = Ann(E). Moreover, E∗ is canonically
isomorphic to (V ∗ ⊗ C)/Ann(E). Knowing this we can define ε : E → E∗ by the formula:

ε(v) = πV ∗⊗C(π−1
V⊗C(v) ∩ L) ∈ (V ∗ ⊗ C)/Ann(E) (3.26)

Here L ∩ (V ∗ ⊗ C) = Ann(E) guaranties that this map is well defined. Then L = L(E, ε).
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It is clear that L(E, 0) = E⊕Ann(E) and that its associated canonical line is Un = ∧kAnn(E)
where k = dim(Ann(E)). In general for L(E, ε) we have Un = eiω+B ∧k Ann(E) where iω + B is
an extension of ε to ∧k(V ∗ ⊗C) (this is done by straightforward computation and can be found in
[22]). Using this one can get the following description of generalized complex structures:

Theorem 3.11. Every generalized complex structure J of type k on V can be expressed as a B-field
transformation of the generalized complex structure on Ck⊕R2n−2k, where we consider R2n−2k with
the generalized complex structure induced by a symplectic structure.

Proof. By Propositions 3.2 and 3.10 we can consider the vector space L = L(E, ε) with canonical
line Un = eiω+B ∧k Ann(E) where iω + B is some extension of ε to V ⊗ C. Since E ∩ Ē is closed
with respect to complex conjugation it follows that E ∩ Ē = W ⊗C for some subspace W of V . We
shall prove that ω|W is nondegenerate.

Since L∩ L̄ = {0} it follows that L⊕ L̄ = (V ⊕V ∗)⊗C and hence E+ Ē = V ⊗C. If 0 6= v ∈W
and ivω = 0 then v + ivB ∈ L ∩ L̄ = {0} which is a contradiction.

Given a complement N ofW the line ∧kAnn(E) induces a complex structure on N by restricting
its generator to N . Hence we have the following decomposition:

∧2V ∗ =
⊕

p+q+r=2

∧pW ∗ ⊗ ∧q(N1,0)∗ ⊗ ∧r(N0,1)∗

so skew-symmetric 2-forms have tri-degree (p, q, r). The elements of ∧kAnn(E) = ∧k(N1,0)∗ are
precisely forms of type (0, k, 0). The form B+iω = A decomposes into six components denoted Apqr.
Out of these six components only A200, A101, A002 act non-trivially on ∧k(N1,0)∗ and so others can
be changed at will without changing the canonical line. Note that ω0 = ω|W = − i

2 (A200 − A200)
(we can treat ω0 as a form on V by specifying ω0|N = 0). Hence if we take:

B̃ =
1

2
(A200 +A200) +A101 +A101 +A002 +A002

we get eiω+B ∧k Ann(E) = eiω0+B̃ ∧k Ann(E) and so the considered generalized complex structure
is a B̃-transform of eiω0 ∧k Ann(E).

Using this theorem it is easy to see that:

Corollary 3.12. If the type of J is even/odd then:

∧even/oddV ∗ ⊗ C = U−n ⊕ U−n+2 ⊕ ...⊕ Un

Proof. By the previous theorem Un = eiωC+B ∧kAnn(E) which if k is even (resp. odd) is contained
in skew-symmetric forms of even (resp. odd) degree. Moreover, the Clifford action by an element
of L̄ reverses the parity of any form which belongs to either even or odd degree skew-symmetric
forms. Hence by the definition of Uk the Corollary holds.

3.2 Generalized complex manifolds
For any manifold M there is a natural nondegenerate pairing ( , )M on TM ⊕T ∗M defined at each
point x ∈M by:

(X1 + α1, X2 + α2)M |x :=
1

2
(α1(X2) + α2(X1))
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for Xi ∈ TxM and αi ∈ T ∗xM . Let T(TxM ⊕ T ∗xM) denote the tensor algebra of TxM ⊕ T ∗xM
and let I be the two-sided ideal in T(TxM ⊕ T ∗xM) generated by the elements of the form v ⊗ v −
(v, v)M |x1T(TxM⊕T∗xM) for v ∈ TxM ⊕ T ∗xM . The Clifford algebra:

Cl(TxM ⊕ T ∗xM, ( , )M |x) := T(TxM ⊕ T ∗xM)/I

acts on differential forms at x by:

(X + α) • β = iXβ + α ∧ β

for any form β, covector α and vector X. There is also a generalization of the Lie bracket, called
the Courant bracket, on Γ(TM ⊕ T ∗M) defined by the formula:

[X1 + α1, X2 + α2] := [X1, X2] + iX1dα2 − iX2dα1 +
1

2
d(α2(X1)− α1(X2))

This notation doesn’t create any ambiguity as this bracket restricted to the tangent space is simply
the Lie bracket. This bracket is needed for the following definition:

Definition 3.13. A generalized almost complex structure on M is an almost complex structure J
on TM⊕T ∗M orthogonal with respect to the natural pairing ( , )M (i.e. (Y1, Y2)M = (J Y1,J Y2)M
for Yi ∈ Γ(TM ⊕T ∗M)). A generalized complex structure is a generalized almost complex structure
satisfying the condition:

NJ (Y1, Y2) := [J Y1,J Y2]− J [Y1,J Y2]− J [J Y1, Y2] + J 2[Y1, Y2] = 0

for all Yi ∈ Γ(TM ⊕ T ∗M). A generalized almost complex structure which is a generalized complex
structure is also called an integrable generalized almost complex structure.

Remark 3.14. It is apparent that for any vector bundle ξ on M one has an analogue of the product
( , )M given by the formula:

(X1 + α1, X2 + α2)ξ|x :=
1

2
(α1(X2) + α2(X1))

for Xi ∈ ξx and αi ∈ ξ∗x. Hence one can define a generalized almost complex structure J on ξ in a
similar fashion as above. Namely, J is an automorphism of ξ ⊕ ξ∗ such that J 2 = −1 and which
is orthogonal with respect to ( , )ξ.

We review what the condition NJ (Y1, Y2) = 0 actually means through the subsequent theorem
and the study of a couple of natural examples:

Theorem 3.15. Let J be a generalized almost complex structure on M and let L be the associated
i-eigenbundle (its fibers Lx are the i-eigenspaces of the complexification of Jx). Then the following
conditions are equivalent:

1. J is a generalized complex structure,

2. L is involutive (i.e. [Y1, Y2] ∈ Γ(L) for Y1, Y2 ∈ Γ(L)),

3. L̄ is involutive.
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Furthermore, these conditions imply that E := πV⊗C(L) is involutive.

Proof. Let us start by proving that the second condition implies the third condition (the inverse
implication is proven analogically). Let us split Yi ∈ Γ(L) into the imaginary and real part Yi =
Ai + iBi then by involutivity of L we have:

[A1 + iB1, A2 + iB2] = [A1, A2]− [B1, B2] + i([A1, B2] + [A2, B1]) ∈ L

which implies that:

[A1 − iB1, A2 − iB2] = [A1, A2]− [B1, B2]− i([A1, B2] + [A2, B1])

belongs to L̄. Since all elements of L̄ are by definition of the form above we have the desired
implication.

Let now L and L̄ be involutive. It is sufficient to prove that NJ = 0 after complexification.
Any sections Y,X ∈ Γ(TM ⊕ T ∗M)⊗ C can be split into sections of L and L̄. It is apparent that
the equality holds NJ = 0 when restricted to L and L̄ and so it suffices to prove that it holds for
a pair of sections X ∈ Γ(L) and Y ∈ Γ(L̄). In this case we have:

NJ (X,Y ) = [X,Y ]− J [iX, Y ] + J [X,−iY ]− [iX,−iY ] = 0.

Let us now assume that NJ = 0 and let X,Y ∈ Γ(L), we thus have:

[X,Y ]− [iX, iY ] + J [iX, Y ] + J [X, iY ] = 0

which after a slight reorganization gives:

i[X,Y ] = J [X,Y ]

which means that L is involutive. Involutivity of L implies involutivity of E since the image
of the Courant bracket through the projection is simply the Lie bracket (i.e. [π(X), π(Y )] =
π([X,Y ])).

Example 3.16. Let J be an almost complex structure on M and let J be the generalized almost
complex structure induced by J (as in the previous section). Then the following conditions are
equivalent:

1. J is a complex structure,

2. J is a generalized complex structure.

Proof. If J is a generalized complex structure then L̄ is involutive and so Ē = T 1,0M is involutive
which proves that J is a complex structure.

If on the other hand J is a complex structure then for X1 +α1, X2 +α2 ∈ L = T 0,1M⊕(T 1,0M)∗

we have:
[X1 + α1, X2 + α2] = [X1, X2] + iX1

∂̄α2 + iX2
∂̄α1.

Hence [X1 + α1, X2 + α2] is an element of L and so L is involutive which proves that J is a
generalized complex structure.
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Example 3.17. Let ω be a nondegenerate 2-form onM and let J be the generalized almost complex
structure induced by ω (as in the previous section for symplectic vector spaces). Then the following
conditions are equivalent:

1. ω is closed (i.e. it is a symplectic structure),

2. J is a generalized complex structure.

Proof. Throughout the proof we denote by ω the complexification of the form ω mentioned earlier.
For X,Y ∈ TM ⊗ C we have:

[X − iiXω, Y − iiY ω] = [X,Y ]− iiXdiY ω + iiY diXω + idiY iXω

while by applying the formula:

dα(X0, ..., Xs) =

s∑
j=1

(−1)jLXjα(X0, ...Xs−1, Xs+1, ..., Xs)

+
∑

0≤i<j

(−1)i+jα([Xi, Xj ], X0, ...Xi−1, Xi+1, ..., Xj−1, Xj+1, ..., Xs)

to the forms −iiXdiY ω, iiY diXω, ω we get the following equality:

−iiY iXdω − ii[X,Y ]ω = −iiXdiY ω + iiY diXω + idiY iXω.

By combining the two equalities we get:

[X − iiXω, Y − iiY ω] = [X,Y ]− ii[X,Y ]ω − iiY iXdω.

This proves that L is involutive if and only if ω is closed. Hence J is a generalized complex structure
if and only if ω is closed.

Example 3.18. Let B be a 2-form on M and let J be a generalized complex structure on M . Then
the following conditions are equivalent:

1. B is closed,

2. J B is a generalized complex structure.

Proof. This is done by similar computation as in the previous example.

Finally, we recall the generalized Darboux theorem (see [22]) which provides a local description
of generalized complex structures. The problem is that the type of a generalized complex structure
might not be the same for tangent spaces over different points as is illustrated by the following
example:

Example 3.19. Take M = C2 and let J be the generalized complex structure defined by the
canonical line generated by the form Φ = dz1 ∧ dz2 + z1. For z1 = 0 this is the standard complex
structure (hence the type is 2) while for z1 6= 0 we have Φ = z1e

dz1+dz2
z1 and so it is a B-transform

of a symplectic form (type 0). The proof that this is a generalized complex structure (and not just
a generalized almost complex structure) can be found in section 4.8 of [22].
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Hence we need some additional assumption on our manifold for a local description theorem to
be valid.

Definition 3.20. Let (M,J ) be a generalized complex manifold. A point x in M is called regular
of type k if there is a neighbourhood U of x such that for every y ∈ U the generalized complex
structure Jy on TyM is of type k. A point is called regular if it is regular of type k for some k. A
generalized complex manifold is called regular if all its points are regular.

We will also use the following results:

Theorem 3.21. Let (M,J ) be a regular generalized complex manifold and let ∆ be a subbundle of
TM defined by the property E ∩ Ē = ∆⊗C. Then ∆ is involutive and hence defines a foliation F .
Moreover, F is transversely holomorphic.

Proof. Since both E and Ē are involutive same is true for E ∩ Ē. Hence ∆ is involutive since
its complexification is involutive. The almost complex structure on NF is given by ∧kAnn(E) as
in the proof of Theorem 3.11. While the integrability of this structure follows from involutivity
of Ē = N1,0F ⊕ (TF ⊗ C). More precisely, the involutivity of E implies that Dfi(E) ⊂ TT is
involutive for each i and since it is i-eigenbundle of the transverse complex structure it follows that
J is a complex structure (where by Dfi we denote the derivative of fi, T is a transverse manifold
and fi are as in definition 2.2).

As in the vector space case it is useful to describe the generalized complex structure as L(E, ε)
which can be done due to the following Theorem:

Theorem 3.22. Let E ⊂ TM ⊗ C be a subbundle and let ε ∈ Γ(∧2E∗). Then L(E, ε) defines
a generalized complex structure if and only if E is involutive and ε is closed with respect to the
operator dE defined by i∗ ◦ d = dE ◦ i∗ where i is the inclusion of E into TM ⊗ C.

Proof. Let ε̃ ∈ Ω2(M,C) be an extension of ε. Take X + α, Y + β ∈ Γ(L(E, ε)) and let Z + γ =
[X + α, Y + β]. If L(E, ε) is involutive then Z ∈ Γ(E) showing that E is involutive. Let us now
consider the difference:

γ|E − iZε = i∗(LXβ − LY α−
1

2
d(iXβ − iY α))− i[X,Y ]i

∗ε̃

= iXdEi
∗α− iY dEi∗β +

1

2
d(iX iY ε− iY iXε)− i∗LX iY ε̃+ i∗iY LX ε̃

= iXdEi
∗α− iY dEi∗β + dEiX iY ε− i∗(iXdiY ε̃+ diX iY ε̃− iY diX ε̃− iY iXdε̃)

= iY iXdEε.

The difference on the left hand side must vanish and so dEε = 0. To get the converse we reverse
the argument.

With this we are ready to state and prove the following Theorem:

Theorem 3.23. Any regular point x in a generalized complex manifold (M,J ) has a neighbourhood
U which is isomorphic to a B-field transform of the product structure on Ck×R2n−2k (where R2n−2k

is considered with the generalized complex structure induced by the standard symplectic form).
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Proof. Let us choose a neighbourhood U of the regular point x along with local coordinates
{x1, ..., x2n−2k, z1, ..., zk} where xi are leafwise coordinates and zi are transverse complex coor-
dinates given by the foliation from Theorem 3.21. We express the generalized complex structure
J |U by L(E, ε) as in Theorem 3.22. By choosing an extension B + iω ∈ Ω•(M,C) of ε we may
express the canonical line bundle Un of L(E, ε) through the formula:

Un = eB+iω∧kAnn(E).

Furthermore, if i : E → TM is the inclusion then we have:

i∗d(B + iω) = dEi
∗(B + iω) = dEε = 0

which implies that d(B + iω) ∈ Γ(∧3Ann(E)). The proof of the Darboux Theorem for a family
of symplectic structures (cf. [27]) gives a leaf preserving diffeomorphism f taking ω restricted
to any leaf to the standard symplectic form on R2n−2k in the choosen coordinates. Note that this
diffeomorphism does not change the complex structure on the normal bundle since {zi} are constant
along the leafs. From now on we consider f∗B + if∗ω = A.

Note that differential forms on U have tri-degree (p, q, r) given by the decomposition of Ω•(M,C)
into spaces of the form:

∧p(E ∩ Ē)⊗ ∧q(N1,0F)∗ ⊗ ∧r(N0,1F)∗

with respect to which the exterior derivative decomposes into:

d = dω + ∂ + ∂̄.

Then A decomposes into six components Apqr three of which act trivially on ∧kAnn(E) (namely,
A110, A011, A020) and hence we are able to modify them as we see fit. Note also that idf∗ω =
d(A200−A200) = 0 since f∗ω is the standard form on R2n−2k. Since d(B + iω) ∈ Γ(∧3Ann(E)) we
get the following equations:

∂̄A002 = 0

∂̄A101 + dωA
002 = 0

∂̄A200 + dωA
101 = 0

dωA
200 = 0.

We will now modify A so that f∗Un = eA ∧k Ann(E) remains unchanged. We replace it by
Ã = B̃+ 1

2 (A200−A200) where B̃ is a closed real two form. This would end the proof since it would
show that f∗Un = eB̃+if∗ω ∧k Ann(E). A general form of B̃ such that the canonical line bundle
remains unchanged is:

B̃ =
1

2
(A200 +A200) +A101 +A101 +A002 +A002 + C

where C is a real form of degree (0, 1, 1). Requiring that B̃ is closed imposes the following restrictions
on C:

(dB̃)012 = ∂A002 + ∂̄C = 0

(dB̃)111 = dωC + ∂A101 + ∂A101 = 0.
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The question now is whether we find a form C satisfying these conditions.
Since A002 is ∂̄-closed we obtain by Dolbeault lemma the existence of a (0,0,1) form α such that

A002 = ∂̄α. Then the first constraint can be equivalently written as ∂̄(C − ∂α) = 0 which has a
general solution:

C = ∂α+ ∂α+ i∂∂̄γ

for any real function γ.
It suffices to show that γ can be chosen so that the second restraining condition is met. The

expression ∂̄A101+dωA
002 = 0 is equivalent to ∂̄(A101−dωα) = 0 which implies thatA101 = dωα+∂̄β

for some (1, 0, 0)-form β. The second constraint can be then written as:

−idω∂∂̄γ = ∂∂̄(β − β̄)

which can be solved if and only if the right hand side is dω-closed. Since ∂̄A200 + dωA
101 = 0 we

have ∂̄(A200 − dωβ) = 0, showing that A200 = dωβ + δ, where δ is a ∂̄-closed (2, 0, 0)-form. Hence

dω∂∂̄(β − β̄) = ∂∂̄(A200 −A200)

and the right hand side vanishes since (A200 − A200) = 2if∗ω is closed. Hence γ can be chosen so
that the restraining conditions are satisfied.

3.3 ddJ -lemma
The purpose of this section is to introduce the operator dJ , which corresponds to dc in the complex
case and to dΛ in the symplectic case, and recall some of its properties (cf. [22], [8]). We start with
the following crucial result:

Theorem 3.24. (Theorem 4.23 in [22]) Let (M,J ) be a generalized almost complex manifold and
put:

∂ = πk+1 ◦ d : Γ(Uk)→ Γ(Uk+1)

∂̄ = πk−1 ◦ d : Γ(Uk)→ Γ(Uk−1)

where πk : Ω(M,C) → Γ(Uk) is the projection. Then J is a generalized complex structure if and
only if d = ∂ + ∂̄.

Proof. For A = X + α,B = Y + β ∈ Γ(L) and any differential form ρ we have:

A •B • dρ = (iX + α∧)(iY + β∧)dρ

= iX iY dρ+ (iXβ) ∧ dρ− β ∧ iXdρ+ α ∧ iY dρ+ α ∧ β ∧ dρ
= diX iY ρ+ iY diXρ− iXdiY ρ+ i[X,Y ]ρ+ (iXβ) ∧ dρ
−β ∧ iXdρ+ α ∧ iY dρ+ α ∧ β ∧ dρ

= d((iY + β∧)(iX + α∧)ρ) + (iY + β∧)d((iX + α∧)ρ)

−(iX + α∧)d((iY + β∧)ρ) + [X + α, Y + β] • ρ

−1

2
(d(iY α+ iXβ)) ∧ ρ

= d(B •A • ρ) +B • d(A • ρ)−A • d(B • ρ) + [A,B] • ρ
−(d(A,B)M ) ∧ ρ.
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Recall that the Clifford multiplication by L or L̄ is of degree 1 or −1 respectively in the grading
induced by Uk. By induction: let us first consider ρ ∈ Γ(Un). Then for any A,B ∈ Γ(L) the
previous equation implies that:

A •B • dρ = [A,B] • ρ.

Now if L is involutive then the right hand side is zero and so dΓ(Un) ⊂ Γ(Un ⊕ Un−1). However,
since d has degree 1 in the standard grading Corollary 3.12 prevents dρ from having a Un component
and so dΓ(Un) ⊂ Γ(Un−1). On the other hand if dΓ(Un) ⊂ Γ(Un−1) then the left hand side is zero
and so [A,B] ∈ Γ(L) implying that the bracket is involutive. Let us now assume that d = ∂ + ∂̄ on
U i for all k < i ≤ n and take ρ ∈ Uk. Then for A and B as before we get:

A •B • dρ = d(B •A • ρ) +B • d(A • ρ)−A • d(B • ρ) + [A,B] • ρ.

By the induction assumption on the right hand side each term belongs to Γ(Uk+3 ⊕ Uk+1) and so
dρ ∈ Γ(Uk+1 ⊕ Uk−1).

With this result we can define a fourth operator dJ = i(∂̄ − ∂). It is easy to check that these
operators have the following properties:

∂∂ = ∂̄∂̄ = dJ dJ = ∂∂̄ + ∂̄∂ = 0.

Moreover, the operator dJ can be written in two alternate forms:

dJ = J−1dJ dJ = dJ − J d

where in the first equality the action of J on forms is defined by specifying that Uk are contained
in the ik-eigenbundles of the action (Lie group action), while in the other equality the action is
defined by specifying that Uk are the ik-eigenbundles of the action (Lie algebra action; see [8] for
more details and motivation). We proceed now to explain the relation between the operators dJ ,
dΛ and dc. Let us first note that if J comes from a complex structure we have:

Uk =
⊕
p−q=k

(∧p(T 1,0M)∗ ⊕ ∧q(T 0,1M)∗)

it is apparent that ∂ and ∂̄ operators given by the complex structure and the generalized complex
structure coincide and hence we have dJ = dc, since they are both equal to −i(∂̄ − ∂).

When J is the generalized complex structure defined by a symplectic structure the following
proposition holds:

Proposition 3.25. Let (M,ω) be a symplectic manifold. Then the Lie algebra action of J on
forms is given by Jα = −(ω ∧ α+ Λα).

Proof. We prove this for homogeneous forms with respect to the Uk grading through the use of
induction. The case α ∈ Un is a matter of local computation in Darboux coordinates. Let us now
assume that the proposition is true for forms in Uk and let us take α ∈ Uk−1. Then α is of the
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form (X + iiXω) • β for some β ∈ Uk. Now we can compute (using Lemma 3.8):

−ω ∧ ((X + iiXω) • β) + Λ((X + iiXω) • β) = −ω ∧ i(iXω) ∧ β − ΛiXβ

−iΛ((iXω) ∧ α)− ω ∧ iXα
= −i(iXω) ∧ ω ∧ β − iXΛβ − iiXα
−i(iXω) ∧ Λα+ (iXω) ∧ α− iiX(ω ∧ α)

= −i(X + iiXω) • α− (X + iiXω) • ((ω ∧+Λ)β)

= i(k − 1)α

which ends the proof.

With this it is easy to see that:

(dJ = dJ − J d)α = d(−ω ∧ α− Λα) + ω ∧ dα+ Λdα = Λdα− dΛα = dΛα.

We shall continue the study of the above special cases in the subsequent chapter. Now we proceed
to the study of the ddJ -lemma following [8].

Definition 3.26. We say that a generalized complex manifold (M,J ) satisfies the ddJ -lemma if:

Im(d) ∩Ker(dJ ) = Ker(d) ∩ Im(dJ ) = Im(ddJ ).

Via simple computation one can verify that the above definition is equivalent to the following
definition:

Definition 3.27. We say that a generalized complex manifold (M,J ) satisfies the ∂∂̄-lemma if:

Im(∂) ∩Ker(∂̄) = Ker(∂) ∩ Im(∂̄) = Im(∂∂̄).

We omit the proofs of the following results as they are special cases of our own theorems
presented later on (the original proofs can be found in [8]).

Proposition 3.28. Let (M,J ) be a generalized complex manifold. Then the following conditions
are equivalent:

1. Im(ddJ ) = Im(dJ ) ∩Ker(d)

2. Im(ddJ ) = Im(d) ∩Ker(dJ ).

Theorem 3.29. Let (M,J ) be a generalized complex manifold. (M,J ) satisfies the ddJ -lemma
iff the inclusion

i : (Ker(dJ ), d)→ (Ω•(M,C), d)

induces an isomorphism in cohomology.

We show the correlation between the ddJ -lemma and the existence of a decomposition in coho-
mology induced by the subbundles Uk. To this end we introduce the canonical spectral sequence
of (M,J ) as the spectral sequence associated to the double complex:

(Kp,q := Γ(Up−q), ∂̄ : K•,• → K•,•+1, ∂ : K•,• → K•+1,•)

given by the filtration induced by the first degree p (i.e such that the first page is the cohomology
of the double complex with respect to ∂).
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Theorem 3.30. Let (M,J ) be a generalized complex manifold. The following conditions are equiv-
alent:

1. M satisfies the ddJ -lemma

2. The canonical spectral sequence degenerates at the first page and the subbundles Uk induce a
decomposition in cohomology.
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Chapter 4

Transverse generalized complex
structures

We are now going to generalize the findings from the last section to transverse geometry. Hence we
are going to study the properties of transverse generalized complex structures. The first subsection
contains some basic informations and definitions. In the second subsection we focus on cohomolog-
ical properties of such structures (mainly on the ddJ -lemma). The remainder of the section treats
some of the more notable applications of this language.

4.1 Definitions and Examples
We present some results and basic definitions from [36] and [31].

Definition 4.1. A transverse generalized complex structure on (M,F) is a generalized complex
structure on T which is invariant under the action of the holonomy pseudogroup. A foliated gen-
eralized complex structure is a generalized almost complex structure on the normal bundle constant
along the leaves (i.e LXJ = 0 for X ∈ Γ(TF)) and integrable with respect to the Courant bracket
modulo TF (i.e. NJ = 0 on basic forms and foliated vector fields in a small neighbourhood around
any point x ∈M).

Proposition 4.2. Foliated and transverse generalized complex structures are in a one to one cor-
respondence.

Proof. This was proven in [36] for transverse generalized almost complex structures. The fact
that this correspondence induces a correspondence between integrable structures is an immediate
corollary from the local correspondence of vector fields and forms on the transverse manifold and
foliated vector fields and basic forms in a small neighbourhood around any point x ∈M .

We will not distinguish between the two notions from now on.

Remark 4.3. The codimension of F has to be even due to the orthogonality condition (X,Y ) =
(JX,J Y ) (cf. [22]).

We will now slightly reformulate one of the main results of [36]:

29
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Theorem 4.4. A transverse generalized complex structure on F is uniquely determined by a foliated
subbundle L of (NF ⊕ N∗F) ⊗ C which is involutive with respect to the Courant bracket modulo
TF (i.e. in a small neighbourhood Vx around any point x ∈ M we have [X,Y ] ∈ Γ(L|Vx

) for any
X,Y ∈ Γ(L|Vx

) which are constant along the leaves), maximal isotropic with respect to the induced
natural pairing on (NF ⊕ N∗F) ⊗ C and satisfies L ∩ L̄ = 0. A subbundle satisfying the above
conditions also determines a unique generalized complex structure.

Proof. Given a transverse generalized complex structure J one takes the i-eigenbundle of J on the
transversal T. Since this bundle is invariant under the action of the holonomy pseudogroup it defines
a foliated bundle on M. By Proposition 3.2 and Theorem 3.15 this bundle satisfies the properties
stated in the theorem. Given a bundle L satisfying the properties stated in the theorem it defines
an invariant subbundle of (TT ⊗T ∗T ) with analogous properties. This defines a transverse complex
structure (again using Proposition 3.2 and Theorem 3.15).

The integer k = 2q−dimC(πNxF⊗C(Lx)) is called the type of the transverse generalized complex
structure at point x ∈ M (where πNxF⊗C is the projection onto NxF ⊗ C). A point x is called
regular if there is a neighbourhood of x consisting of points at which the transverse generalized
complex structure has type equal to its type at x. Let B be a basic closed 2-form on (M,F). If
J is a generalized transverse complex structure, then we can define another transverse generalized
complex structure by:

J Bx :=

[
1 0
−Bx 1

]
Jx
[

1 0
Bx 1

]
for any point x ∈M (in the above we treat Bx as a linear map between the normal and conormal
space at x). We call J B a B-field transform of J . We will now state a foliated version of the
generalized Darboux Theorem from [22].

Theorem 4.5. Let (M,F) be a manifold endowed with a transversely generalized complex foliation
of dimension p = n− 2q and let x be a regular point of type k with respect to this structure. Then x
has a neighbourhood restricted to which J is equivalent, via a diffeomorphism, to a B-field transform
of the standard generalized complex structure on Rp × Ck × R2q−2k (for some basic closed 2-form
B).

Proof. We can take any connected component of the transverse manifold containing an image of x.
By Theorem 3.23 the image of x has a neighbourhood V for which the restriction of the generalized
complex structure of the transverse manifold is equivalent via diffeomorphism to a B-field transform
of the standard structure on Ck × R2q−2k (for some closed form B). This generalized complex
structure can be naturally extended to a foliated structure on Rp × V , which is diffeomorphic to a
neighbourhood of x (after the aforementioned extension B becomes basic). This structure gives the
same structure as the original one on V , which means they are equivalent (via diffeomorphism).

We are now going to construct two non-trivial examples of transversely generalized complex
foliations. Some examples of interest were given in [36]. Simple examples include transversely
holomorphic and transversely symplectic foliations (and their B-field transforms). To construct our
first example we are going to recall a foliated nilmanifold presented in [11].

We start by taking the group of upper-triangular complex matrices N and letHs be the subgroup
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of N consisting of the matrices of the form: 1 x1 + i(y1 + sy′1) x3 + sx′3 + i(y3 + sy′3)
0 1 x2 + iy2

0 0 1


for s ∈ R\Q and xj , x′j , yj , y′j ∈ Z. The group Hs can be also considered as the Z9 subgroup of R9

with the following group operation:

(x1, ..., x9)�(a1, ..., a9) := (a1 + x1, ..., a5 + x5, a6 + x6 + a1x4 − a2x5,

a7 + x7 − a3x5, a8 + x8 + a1x5 + a2x4, a9 + x9 + a3x4)

There is also a submersion u : (R9,�)→ N given by:

u(x1, ..., x9) := (x1 + i(x2 + sx3), x4 + ix5, x6 + sx7 + i(x8 + sx9)).

This submersion is the identity when restricted to Hs. Furthermore, its fibers constitute an Hs-
invariant foliation on R9, which in turn gives a foliation F on M := R9/Hs. We can define a
transverse structure on (M,F) by definining an Hs-invariant structure on N . Since the standard
complex structure on N is Hs-invariant and the form dx2 ∧ dy2 (where dzj = dxj + idyj) is Hs-
invariant, the generalized complex structure in the chosen basis ∂

∂xj
, ∂
∂yj

, dxj , dyj of TN ⊕T ∗N (for
j = 1, 2, 3) defined as:

J =



0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 1 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0
0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 −1 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0


is also Hs-invariant. Integrability of this structure is obvious since this is the standard generalized
complex structure on C2 × R2.

We start the construction of our second example by taking the product I×T6 of the unit interval
and the 6-torus. Let F be the foliation with leaves of the form I × {z} for z ∈ T6. We also take
the matrix A written in real coordinates as:

A :=


1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 1
0 0 0 0 0 1
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This matrix induces a diffeomorphism A : T6 → T6 (which we denote by the same letter). We define
the manifold M := (I × T6)/ ∼ where ∼ is a relation defined by (0, x) ∼ (1, A(x)). The foliation
F induces a foliation on M (denoted also by F). To construct the transverse generalized complex
structure on (M,F) let us first note that the transverse manifold of F is T6 and the holonomy
pseudogroup is generated by A. It is apparent that A preserves the generalized complex structure
on T6 given by the standard complex structure on the first two copies of T2 and the symplectic
structure on the third torus. Hence this generalized complex structure on the transverse manifold
induces a transverse generalized complex structure on (M,F).

Remark 4.6. The foliation presented above is not Riemannian.

Proof. A Riemannian foliation on a compact manifold has to have finitely dimensional basic coho-
mology. Hence to prove our remark we shall show that the basic cohomology of (M,F) has infinite
dimension in degree 6. Let us first note that if we take three irrational numbers q1, q2, q3 which
are linearly independent over Q and any real numbers s1, s2, s3 we get that for any n ∈ Z a basic
function f must satisfy f(s1 +nq1, s2 +nq2, q1, q2, s3 +nq3, q3) = f(s1, s2, q1, q2, s3, q3). So the orbit
of (s1, s2, q1, q2, s3, q3) is dense in (x1, x2, q1, q2, x5, q3). It means that f must be constant along
such T3. Therefore basic functions are independent on the first two coordinates and the last but
one coordinate. Hence the basic function of the foliation F correspond to smooth functions over a
3-torus. Using this we can compute that basic 5-forms are of the form:

fdx1dx2dx3dx4dx6 + gdx2dx3dx4dx5dx6 + hdx1dx3dx4dx5dx6

for f, g, h ∈ C∞(T3). This implies that the image of d in Ω6(M/F) is trivial. Which in turn shows
that:

H6(M/F) = C∞(T3)

since dx1dx2dx3dx4dx5dx6 is invariant.

With this we have constructed two non-trivial examples of transverse generalized complex foli-
ations (one of which is non-Riemannian). The constructions above can be used to produce many
more examples of this type.

4.2 Basic ddJ -lemma

In this section we present the generalization of the results from [8] and [9] to the transverse setting.
Given a foliation F (of codimension 2q) endowed with a transversely generalized complex structure
there is a complex line subbundle Uq of the exterior algebra bundle

⊕
i≥0

∧iT ∗T uniquely determined

by the generalized complex structure (by Proposition 3.3). More precisely, for any point x ∈ T it
is uniquely determined by the property:

Lx = {(X + α) ∈ (TT ⊕ T ∗T )⊗ C | (X + α) • Φx = 0},

where Φx is some generator of Uqx . At each point x ∈ T this subbundle induces a decomposition of
forms by:

Uq−kx := (∧kL̄x) • Φx.
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Each bundle U j is a foliated subbundle of
⊕
i≥0

∧iT ∗T since L and L̄ are both foliated. This decom-

position induces a decomposition of the operator d:

d = ∂ + ∂̄; ∂ : Γ(U j)→ Γ(U j+1); ∂̄ : Γ(U j)→ Γ(U j−1).

Since each of the bundles U j is foliated the projections πj : Ω•(T,C)→ Γ(U j) take forms invariant
under the action of the holonomy pseudogroup to forms invariant under the action of the holonomy
pseudogroup. Hence the same is true for the operators ∂ and ∂̄. This allows us to consider these
operators on basic forms. Furthermore, we can define the operator dJ := i(∂̄ − ∂). From now on
by d, dJ , ∂, ∂̄ we will always mean these operators restricted to basic forms. We shall also denote
by Γb(U

j) the set of basic forms contained in U j .

Definition 4.7. We say that a foliation satisfies the basic ddJ -lemma if:

Im(ddJ ) = Im(d) ∩Ker(dJ ) = Ker(d) ∩ Im(dJ ).

Remark 4.8. This is equivalent to the basic ∂∂̄-lemma i.e.

Im(∂∂̄) = Im(∂) ∩Ker(∂̄) = Ker(∂) ∩ Im(∂̄).

Proof. We first prove that Im(ddJ ) = Im(∂∂̄). This is a consequence of the following computation:

ddJ = i(∂∂̄ + ∂̄∂̄ − ∂∂ − ∂̄∂) = 2i∂∂̄

We now prove that the ∂∂̄-lemma implies the ddJ -lemma. It is apparent that the inclusions
Im(ddJ ) ⊂ Im(d) ∩ Ker(dJ ) and Im(ddJ ) ⊂ Ker(d) ∩ Im(dJ ) hold. It suffices to prove that
∂∂̄-lemma implies Im(ddJ ) ⊃ Im(d) ∩Ker(dJ ) as the inclusion Im(ddJ ) ⊃ Ker(d) ∩ Im(dJ ) is
proven similarly. Take α ∈ Im(d) ∩Ker(dJ ) and let α = dβ. This implies that:

α = ∂β + ∂̄β and dJα = −2i∂∂̄β = 2i∂̄∂β = 0

This implies that α ∈ Ker(∂̄). Another conclusion from the above equalities is that ∂̄β ∈ Ker(∂)∩
Im(∂̄) = Im(∂∂̄) and so we have the form γ such that ∂̄β = ∂∂̄γ. With this we see that:

α = ∂β + ∂∂̄γ ∈ Im(∂)

So α ∈ Im(∂)∩Ker(∂̄) = Im(∂∂̄) = Im(ddJ ) which proves the desired implication. The fact that
the ddJ -lemma implies the ∂∂̄-lemma can be proved in the same way when one uses the following
equalities:

∂ =
d+ idJ

2
and ∂̄ =

d− idJ

2

which are easily derived from the definitions of dJ , ∂ and ∂̄.

Throughout this section we are going to describe some conditions equivalent to the basic ddJ -
lemma in the spirit of [8].

Theorem 4.9. Let F be a transversely generalized complex foliation on a manifold M. F satisfies
the basic ddJ -lemma iff the inclusion

i : (Ker(dJ ), d)→ (Ω•(M/F ,C), d)

induces an isomorphism in cohomology.
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Proof. First, let us assume that F satisfies the basic ddJ -lemma. We denote the homomorphism
induced in cohomology by:

i∗ : H•(Ker(dJ ), d)→ H•(M/F ,C).

To prove that this map is injective we shall show that its kernel is trivial. We take α ∈ Ker(dJ ) ∩
Im(d) (this are the representatives of the kernel of i∗). By the basic ddJ -lemma there exists a basic
form β such that α = ddJ β. This means that α is an image of a dJ -closed basic form. Hence the
cohomology class of such a form is 0 in (Ker(dJ ), d). This proves injectivity.

To prove surjectivity we are going to show that for each d-closed basic form α there is a dJ -
closed basic form representing the same cohomology class. We define the form β = dJα. Obviously,
this form is d-closed and dJ -exact (since d and dJ commute). Hence by the basic ddJ -lemma there
exists a basic form γ satisfying β = ddJ γ. Our dJ -closed representative is the form α− dγ.

On the other hand, if i is a quasi-isomorphism we take a form α such that ddJα = 0, i.e.,
dJα ∈ Im(dJ )∩Ker(d). This means that dα represents the trivial class in H•(M/F ,C) and hence
the trivial class in H•(Ker(dJ ), d) (due to i∗ being an isomorphism). In other words, there exists
β ∈ Ker(dJ ) such that dα = dβ. Using the fact that i∗ is an isomorphism we know that [α − β]
has a dJ -closed representative γ, i.e., α − β = γ + dω. After applying dJ to this equality we get
dJα = dJ dω. This proves that Im(dJ d) = Im(dJ ) ∩Ker(d). The subsequent lemma finishes the
proof.

Lemma 4.10. Let (M,F) be a foliated manifold endowed with a transverse generalized complex
structure J . Then the following conditions are equivalent:

1. Im(ddJ ) = Im(dJ ) ∩Ker(d)

2. Im(ddJ ) = Im(d) ∩Ker(dJ ).

Proof. We shall prove only the implication "1. =⇒ 2." as the proof of the converse is analogous.
Firstly let us note that the Lie group action of J on Ω•(M/F ,C) takes invariant forms on the
transverse manifold into invariant forms, because the bundles Uk are complex and foliated. The
equation dJ = J−1dJ holds on the transverse manifold and hence also holds for basic forms. Using
this formula it is easy to see that if α ∈ Im(d) ∩Ker(dJ ) then Jα ∈ Im(dJ ) ∩Ker(d). Due to 1.
we have:

α = −J ddJ β = −J dJ−1dJ β = ddJ (−J β).

Hence α ∈ Im(ddJ ).

Theorem 4.11. Let F be a transversely generalized complex foliation on a manifold M. F satisfies
the basic ddJ -lemma iff the projection:

p : (Ω•(M/F ,C), dJ )→ (Ω•(M/F ,C)/Im(d), dJ )

induces an isomorphism in cohomology (here we consider Ω•(M/F) as a Z2-graded algebra with the
gradation given by the parity of the degree of forms).

Proof. As in the previous theorem we denote by:

p∗ : H•(Ω•(M/F ,C), dJ )→ H•(Ω•(M/F ,C)/Im(d), dJ )
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the homomorphism induced in cohomology by p. First let us prove that injectivity of p∗ is equivalent
to Im(d)∩Ker(dJ ) = Im(d)∩Im(dJ ). The class [α] is in the kernel of p∗ if and only if α ∈ Ker(dJ )
and α = dJβ + dγ for some forms β and γ. Hence we get:

{α ∈ Ω•(M/F ,C) | p∗[α] = 0} = Ker(dJ ) ∩ (Im(d) + Im(dJ ))

= Im(dJ ) +Ker(dJ ) ∩ Im(d).

From which it is apparent that Ker(p∗) = 0 if and only if Im(dJ ) ⊃ Ker(dJ ) ∩ Im(d). It is
equivalent to Im(dJ )∩Im(d) ⊃ Ker(dJ )∩Im(d) which in turn is equivalent to Im(dJ )∩Im(d) =
Ker(dJ ) ∩ Im(d) since Im(dJ ) ∩ Im(d) ⊂ Ker(dJ ) ∩ Im(d) is always true.

It remains to prove that surjectivity is equivalent to Im(ddJ ) = Im(d) ∩ Im(dJ ). A form α
represents a cohomology class of (Ω•(M/F ,C)/Im(d), dJ ) iff dJα ∈ Im(d). Surjectivity of p∗ is
obviously equivalent to the existence of a dJ -closed form in every class of (Ω•(M/F ,C)/Im(d), dJ ).
Let us first assume that the equality Im(ddJ ) = Im(d)∩ Im(dJ ) holds and take α as above. Then
dJα ∈ Im(d) ∩ Im(dJ ) and so using the assumed equality we get dJα = ddJ γ for some form γ
which after rearranging gives dJ (α + dγ) = 0 and so α + dγ is our desired representative. On the
other hand, if every class has a dJ -closed representative then for each α as above there exists a
form β such that dJ (α+ dβ) = 0 and so dJα = ddJ β implying the desired equality.

This together with the previous lemma ends the proof.

Remark 4.12. The Z2-grading is necessary in the statement of the theorem as dJ may not respect
the standard grading.

In particular, the above theorem implies a similar result for manifolds (when we view a general-
ized complex manifold as a manifold with a transversely generalized complex foliation of dimension
0). This approach gives a generalization of the important result 1.3. from [28] to the generalized
complex setting (to be more precise this approach applied to both theorems 4.9 and 4.11 achieve
the following result):

Theorem 4.13. Let M be a generalized complex manifold. Then the following conditions are
equivalent:

1. M satisfies the ∂∂̄-lemma.

2. The projection p : (Ω•(M,C), dJ ) → (Ω•(M,C)/Im(d), dJ ) induces an isomorphism in co-
homology.

3. The inclusion i : (Ker(dJ ), d)→ (Ω•(M,C), d) induces an isomorphism in cohomology.

We shall end this section by showing the correlation between the basic ddJ -lemma and the
existence of a decomposition in cohomology induced by the subbundles Uk. To this end we introduce
the canonical spectral sequence as the spectral sequence associated to the double complex:

(Kp,q := Γb(U
p−q), ∂̄ : K•,• → K•,•+1, ∂ : K•,• → K•+1,•)

given by the filtration induced by the first degree p (i.e, such that the first page is the cohomology
of the double complex with respect to ∂; see Section 5.1).

Theorem 4.14. Let F be a transversely generalized complex foliation on a manifold M. The fol-
lowing conditions are equivalent:
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1. F satisfies the basic ddJ -lemma.

2. The canonical spectral sequence degenerates at the first page and the subbundles Uk induce a
decomposition in cohomology.

Proof. We only need to prove that the basic ddJ -lemma implies that the bundles Uk induce a
decomposition in cohomology. Other required implications are a consequence of Theorem 5.2 applied
to our case. Any given cohomology class has a representative α which is dJ -closed (by Theorem
4.9). This means that α is both ∂-closed and ∂̄-closed. Hence all αk := πk(α) are ∂-closed and
∂̄-closed and consequently d-closed. Furthermore, if the chosen class is zero, then the form α is
exact and dJ -closed. By the basic ddJ -lemma α = ddJ β for some form β. Since the degree of ddJ
is zero with respect to the grading given by Uk this implies that αk = ddJ βk. Hence each αk is
exact.

4.3 Application to transversely symplectic foliations
In this section we are going to describe the transverse symplectic structure and the basic ddΛ-lemma
in the language of transverse generalized complex structures. Everything in this section except for
the final theorem is a simple consequence of analogous statements on the transverse manifold.
Given a transversely symplectic foliation (M,F , ω) we can define a transverse generalized complex
structure on F :

J :=

[
0 −Λ
ω 0

]
.

One can define a transverse symplectic star operator ∗s by defining it on the transverse manifold.
With the help of the symplectic star we can define the following important operators:

L(α) := ω ∧ α Λ(α) := ∗sL ∗s (α) dΛα := Λd(α)− dΛ(α) = (−1)k+1 ∗s d ∗s (α)

for a basic form α. The operator dΛ coincides with dJ due to the fact that their analouges coincide
on the transverse manifold. Using the established notation we can describe Uk with the help of the
operators above:

Ukx = {eiωe Λ
2iα | α ∈ Ωkx(T,C)}.

We can also compute ∂ and ∂̄:

∂eiωe
Λ
2iα = eiωe

Λ
2i dα ∂̄eiωe

Λ
2iα = −eiωe Λ

2i dΛα.

Before moving on with the application of the results from the previous section to the symplectic
case we would like to take some time to prove that the canonical spectral sequence for a transversely
symplectic foliation degenerates at the first page (cf. [32]). This proof is made for complex valued
forms, but due to the universal coefficients theorem the degeneration of the spectral sequences at
the first page for complex and real valued forms are equivalent. The idea used there is to change
the gradation on the space of forms, show that this change induces a spectral sequence equivalent
in some regard to the original one, and then prove that this new spectral sequence degenerates at
the first page. We can apply the discussion in Example 3.7 to the fibers of the normal bundle NF .
Furthermore, the isomorphism eiωe

Λ
2i : N∗F ⊗ C → Uq−k applied fiberwise sends basic forms into

basic forms since ω is basic. We shall show that the inverses of eiω and e
Λ
2i also send basic forms
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to basic forms. Let us assume that α is a non-basic k-form on the normal bundle. The degree k
component of eiωα is equal to α. Which means that eiωα is non-basic as well. This proves that
the inverse of eiω sends basic forms to basic forms. The proof for e

Λ
2i is similar. We conclude that

eiωe
Λ
2i is an isomorphism on basic forms.

Theorem 4.15. For any complex valued basic form α the following equality holds:

d(eiωe
Λ
2iα) = eiωe

Λ
2i (dα− 1

2i
dΛα).

Proof. By the definition of dΛ the equality dΛ = Λd − dΛ holds. Hence by induction and the fact
that dΛ and Λ commute, we get the equality:

dΛk = Λkd+ kΛk−1dΛ.

This allows us to make the following computation for any complex valued basic k-form α:

d(eiωe
Λ
2iα) = eiωd(e

Λ
2iα) = eiω

∞∑
j=0

d(
Λk

(2i)kk!
α) =

= eiω
∞∑
j=0

(
Λk

(2i)kk!
dα− Λk−1

(2i)k(k − 1)!
dΛα) = eiωe

Λ
2i (dα− 1

2i
dΛα).

We state a few consequences of the previous theorem which will finish the construction of our
alternate spectral sequence:

d = ∂ + ∂̄

∂(eiωe
Λ
2iα) = −eiωe Λ

2i
1

2i
dΛα

∂̄(eiωe
Λ
2iα) = eiωe

Λ
2i dα.

Having made this preparation we can proceed to the proof of our desired result:

Theorem 4.16. Let M be a manifold endowed with a transversely symplectic foliation F with basic
symplectic form ω. Then both spectral sequences of the double complex Ki,j

1 := (Ωi−j(M/F), d, dΛ)
degenerate at the first page and is isomorphic to the canonical spectral sequence of the generalized
complex structure induced by the symplectic structure (hence this spectral sequence degenerates at
the first page as well).

Proof. As we have mentioned before equivalently we can prove that the spectral sequence induced
by the double complex associated to complex valued basic forms degenerates at the first page (due
to the universal coefficients theorem). This in turn is equivalent to the degeneration at the first
page of the spectral sequences induced by the complex Ki,j

2 := (U i−j , ∂, ∂̄) (by Theorem 4.15).
We shall prove that the sequence with ∂̄-cohomology on its first page degenerates at the first page
(since the proof for the second spectral sequence is identical). Since this sequence is periodic (i.e.
in this case Ki,j = Ki+1,j+1) and d = ∂ + ∂̄ we know that this sequence converges to the basic
cohomology of F (with the even\odd gradation). However, using the Theorem 4.15 we know that
its first page is isomorphic to the basic cohomology of F . This proves that the spectral sequences
of K•,•2 degenerate at the first page. Hence the same is true for the sequences induced by K•,•1 .
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With this theorem we get the following result as a corollary from the discussion in the previous
section:

Theorem 4.17. With notation as above the following conditions are equivalent:

1. F satisfies the basic ddΛ-lemma.

2. i : (Ker(dΛ), d)→ (Ω•(M/F), d) induces an isomorphism in cohomology.

3. The subbundles Uk induce a decomposition in cohomology.

4. p : (Ω•(M/F ,C), dΛ)→ (Ω•(M/F ,C)/Im(d), dΛ) induces an isomorphism in cohomology.

Furthermore, each of them implies that the Lefschetz map

Lk : Hq−k(M/F)→ Hq+k(M/F)

is surjective.

Proof. The first three conditions are equivalent due to the discussion in the previous section and the
fact that for a symplectic manifold the canonical spectral sequence always degenerates at the first
page due to Theorem 4.16. Since dΛ is of degree −1 we can repeat the proof of Theorem 4.11 with
the Z-grading to prove that 1. and 4. are equivalent. Condition 2. implies that every cohomology
class has dΛ-closed representative. This property is equivalent to the surjectivity of the Lefschetz
map as was shown in [6].

Note that the surjectivity of the Lefschetz map does not imply the basic ddΛ-lemma in general.
A simple counterexample is R2 with the standard symplectic structure and the unique foliation of
dimension 0.

A stronger version of this theorem can be proven for transversely symplectic, homologically
orientable, Riemannian foliations on compact manifolds (see Corollary 4.19). The following dis-
cussion introduces notation and technical details for the proof of Corollary 4.19. Note that, for
a transversely symplectic Riemannian foliation there is a transverse almost complex structure J
which relates the symplectic form and the Riemannian metric by the formula:

ω(X1, X2) =< JX1, X2 >

and satisfying
< X1, X2 >=< JX1, JX2 >

for any sections X1 and X2 of the normal bundle. One can use the operator J to define an operator
(also denoted by J) on differential forms given by

Jα(X1, ..., Xn) = α(JX1, ..., JXn)

and use it (along with the scalar product defined in Section 2.2) to create a non-degenerate pairing
(also denoted ω) on basic forms:

ω(α, β) =< Jα, β > .

Remark 4.18. We note that in the manifold case (see [35]) this corresponds to the pairing on
forms given by

∫
M
α ∧ ∗sβ. However, in order to omit the frame bundle construction from Section

2.2 we use the above more convenient formula.
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Given a complex vector subspace V ⊂ Ω(M/F ,C) we will call the space:

V ω := {α ∈ Ω(M/F ,C) | ∀β∈V ω(α, β) = 0}

the symplectic complement of V (this is a slight abuse of notation as (Ω(M/F ,C), ω) is not a
symplectic vector space and the space V ω need not to be the complement of V ). This operation
has the following properties:

1. Given V ⊂W ⊂ Ω(M/F ,C) we have V ω ⊃Wω.

2. Given two closed subspaces V and W of Ω(M/F ,C) we get (V ∩ W )ω = V ω + Wω and
V ω ∩Wω = (V +W )ω.

If T is a continuous linear operator on Ω(M/F ,C) an operator T ′ satisfying for any differential
forms α and β the equality:

ω(T α, β) = ω(α, T ′β)

is called the symplectic adjoint of T . Note that when both the image and kernel of T and T ′

are closed (with respect to the topology induced by the Riemannian metric) then the following
properties hold:

Im(T ) = Ker(T ′)ω Im(T )ω = Ker(T ′) Im(T ′) = Ker(T )ω Im(T ′)ω = Ker(T )

These properties are proven in a fashion similar to analogous properties of orthogonal complements
and adjoints with respect to the scalar product. The above discussion allows us to prove the
following result:

Corollary 4.19. Let F be a transversely symplectic, homologically orientable, Riemannian foliation
on a compact manifold M . Then the following conditions are equivalent:

1. F satisfies the basic ddΛ-lemma.

2. i : (Ker(dΛ), d)→ (Ω•(M/F), d) induces an isomorphism in cohomology.

3. The subbundles Uk induce a decomposition in cohomology.

4. p : (Ω•(M/F ,C), dΛ)→ (Ω•(M/F ,C)/Im(d), dΛ) induces an isomorphism in cohomology.

5. The Lefschetz map Lk : Hq−k(M/F) → Hq+k(M/F) is surjective (or equivalently bijective
by the foliated version of Poincaré Duality).

6. Every d-closed form has a dΛ-closed representative.

Proof. Since the equivalence of 5. and 6. was proven in [6] it suffices to prove that 6. implies 1. To
that end let us first observe that due to additional assumptions made dΛ is in fact the symplectic
adjoint of d. Indeed, in this case the symplectic form can be written in terms of the transverse
metric and a transverse almost complex structure in the standard way. Furthermore, the symplectic
star operator can be written in terms of the Hodge star operator and the complex structure in the
standard way. Hence for any k-form β and (k − 1)-form α we have:

ω(dα, β) = < Jdα, β >=< α, (−1)k+1 ∗ d ∗ Jβ >
= < Jα, (−1)k+1J ∗ dJ ∗ β >= ω(α, dΛβ)
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where J is an automorphism induced on the basic forms, by the transverse complex structure and
ω is a non-degenerate pairing induced by the transverse symplectic structure. With this proven we
can write condition 6. as Ker(d) ⊂ Im(d) + Ker(dΛ) which (using the discussion preceding this
corollary) after passing to the symplectic complement gives Im(dΛ) ⊃ Ker(dΛ) ∩ Im(d) which in
turn after intersecting with Im(d) gives the equality Ker(dΛ) ∩ Im(d) = Im(dΛ) ∩ Im(d). From
this point the equivalence is proven verbatim as in [28] which we recall for the readers convenience.

We shall prove by induction that for a basic k-form α such that α = dγ = dΛβ there exists a
basic k-form τ such that dΛdτ = α. This is trivially true for k = 2q (where 2q is the codimension of
F). We prove thie for k = 2q− 1. In this case dβ = 0 and so using condition 6. we get β = β0 + dτ
for β0 ∈ Ker(dΛ) and some 2q − 1 form τ . Hence α = dΛdτ .

We shall prove that if our claim is valid for k = j + 2 then it is also valid for k = j. Put
α′ := dβ ∈ Ker(dΛ). Now since Ker(dΛ)∩ Im(d) = Im(dΛ)∩ Im(d) we get the existence of a basic
(j + 3)-form µ such that α = dβ = dΛµ. Using the induction hypothesis we get the existence of τ ′
such that ddΛτ ′ = α′. This in particular means that d(β − dΛτ ′ = 0) and so by again using the
condition 6. we get that:

β = β0 + dτ + dΛτ ′

with β0 ∈ Ker(dΛ) and so by applying dΛ to both sides of this equality we get α = dΛdτ .

4.4 Transversely Kähler foliations
In this section we will prove the ∂∂̄-lemma and ddΛ-lemma for transversely Kähler foliations. As
a consequence of this the Frölicher-type equalities provide an obstruction (which is relatively easy
to compute) to the existence of a transversely Kähler structure on a given foliation. We will start
with the ∂∂̄-lemma. The following theorem was formulated in [12].

Theorem 4.20. Let F be a homologically orientable transversely Kähler foliation on a compact
manifold M. Then F satisfies the ∂∂̄-lemma.

Proof. Let α ∈ Ωp,q(M/F) be a ∂-closed, ∂̄-closed and d-exact form. We define 3 transversely
elliptic operators:

∆ := dd∗ + d∗d

∆∂ := ∂∂∗ + ∂∗∂

∆∂̄ := ∂̄∂̄∗ + ∂̄∗∂̄.

With the help of this operators one can state and prove the Hodge decomposition for basic and basic
Dolbeault cohomology. Furthermore, in the transversely Kähler case the kernels of these operators
are equal (cf. [16]). Since α is d-exact, it is orthogonal to the space of ∆-harmonic forms. Hence it
is also orthogonal to the space of ∆∂-harmonic forms. Since α is also ∂-closed, it has to be ∂-exact
as well (by the Hodge decomposition for basic Dolbeault cohomology). Let β be a basic form such
that α = ∂β. By applying the Hodge decomposition again we get β = h + ∂̄η + ∂̄∗ξ, where h is
∆∂̄-harmonic (h is also ∆∂-harmonic). It suffices to prove that ∂̄∗ξ is ∆∂-harmonic. Since α is
∂̄-closed, we get ∂̄∂̄∗∂ξ = 0 (we use here the identity ∂∂̄∗ + ∂̄∗∂ = 0 proven for Kähler foliations in
[16]). Using the scalar product associated to the transverse Riemannian metric we get:

||∂̄∗∂ξ||2 =< ∂ξ, ∂̄∂̄∗∂ξ >= 0.

This means that α = ∂∂̄η.
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Let us now prove the ddΛ-lemma for transversely Kähler homologically orientable foliations:

Theorem 4.21. Let F be a transversely Kähler homologically orientable foliation on a compact
manifold M. Then the following statements are true:

1. F satisfies the basic ddΛ-lemma.

2. i : (Ker(dΛ), d)→ (Ω•(M/F), d) induces an isomorphism in cohomology.

3. The subbundles Uk induce a decomposition in cohomology.

4. p : (Ω•(M/F ,C), dΛ)→ (Ω•(M/F ,C)/Im(d), dΛ) induces an isomorphism in cohomology.

5. The Lefschetz map Lk : Hq−k(M/F) → Hq+k(M/F) is surjective (or equivalently bijective
by the foliated version of Poincaré Duality).

6. Every d-closed form has a dΛ-closed representative.

Proof. The fifth condition is satisfied under our assumptions (cf. [16]). The rest follows from
Corollary 4.19.
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Chapter 5

Transverse Frölicher type inequalities

The purpose of this section is to generalize the Frölicher type inequalities (proved in [4, 5]) to basic
cohomology (as was done in [32]). These inequalities provide a computable way of verifying whether
a given foliation satisfies the basic ∂∂̄-lemma or the ddΛ-lemma by comparing the dimensions of
certain special cohomology theoreis with the dimension of the basic cohomology. We also provide
results from [14] which in a sense extend the relations given in the formerly mentioned inequalities
to the foliations with infinitely dimensional basic cohomology.

5.1 General Frölicher type inequalities

Let (K•,•, d′, d′′) be a double cochain complex of modules with d′ : K•,• → K•+1,• and d′′ : K•,• →
K•,•+1, and let D := d′ + d′′ be its total coboundary operator. We say that K•,• satisfies the
d′d′′-lemma iff:

Ker(d′) ∩Ker(d′′) ∩ Im(D) = Im(d′d′′).

The first theorem stated here will give us a couple of conditions equivalent to satysfying the d′d′′-
lemma.

Theorem 5.1. ([15], Lemma 5.15) Let K•,• be a bounded double complex (i.e. such that for each
n ∈ N almost all Ki,j with i+j = n are zero) with notation as above. Then the following conditions
are equivalent:

• K•,• satisfies the d′d′′-lemma.

• Ker(d′′) ∩ Im(d′) = Im(d′d′′) and Ker(d′) ∩ Im(d′′) = Im(d′d′′).

• Ker(d′) ∩Ker(d′′) ∩ (Im(d′) + Im(d′′)) = Im(d′d′′).

• Im(d′) + Im(d′′) +Ker(D) = Ker(d′d′′).

• Im(d′′) +Ker(d′) = Ker(d′d′′) and Im(d′) +Ker(d′′) = Ker(d′d′′).

• Im(d′) + Im(d′′) + (Ker(d′) ∩Ker(d′′)) = Ker(d′d′′).

43
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For any double chain complex there exist two filtrations of the associated total chain complex
(Totk(K•,•) :=

⊕
r+s=k

Kr,s) given by:

′F p(Totk(K•,•)) :=
⊕
r+s=k
r≥p

Kr,s ′′F q(Totk(K•,•)) :=
⊕
r+s=k
s≥q

Kr,s.

This filtrations induce two spectral sequences ′Ep,qr and ′′Ep,qr in the standard way (cf. [7]). This
spectral sequences satisfy:

′Ep,q0 = Kp,q ′Ep,q1 = Hq
d′′(K

p,•) ′Ep,q2 = Hp
d′(H

q
d′′(K

•,•))
′′Ep,q0 = Kp,q ′′Ep,q1 = Hq

d′(K
•,p) ′′Ep,q2 = Hp

d′′(H
q
d′(K

•,•)).

Furthermore, if K•,• is a first (or third) quadrant double complex, then both associated spectral
sequences converge to the total cohomology of the complex K•,•.

Theorem 5.2. ([15], Proposition 5.17) Let K•,• be a bounded double complex of vector space. The
d′d′′-lemma holds for K•,• if and only if the two spectral sequences associated to K•,• degener-
ate at the first page and are k-opposite for k ∈ N (i.e., ′F p(Totk(K•,•)) ⊕ ′′F q(Totk(K•,•)) ∼=
Hk
D(Tot(K•,•)) for p+ q − 1 = k).

We proceed to state two main theorems from the paper [4] concerning the Frölicher-type in-
equality for graded and bigraded vector spaces. We will use these abstract theorems to establish
the Frölicher type inequalities for transversely holomorphic and transversely symplectic foliations
(the non-foliated case was treated in [3] and [4]). We will also present a proposition in similar spirit
to [14] and some of its consequences. Let us start with a bigraded K-vector space V •,• endowed
with two endomorphisms d′ and d′′ with order (d′1, d

′
2) and (d′′1 , d

′′
2) respectively (and let us denote

as before D = d′ + d′′). Furthermore, let us assume that this endomorphisms satisfy the condition:

(d′)2 = (d′′)2 = d′d′′ + d′′d′ = 0. (5.1)

Let V • =
⊕

p+q=•
V p,q denote the standard graded vector space asociated with V •,•. We define the

following cohomology of V •,•:

H•D(V •) := Ker(D)
Im(D) H•,•d′ (V •,•) := Ker(d′)

Im(d′)

H•,•A (V •,•) := Ker(d′d′′)
Im(d′)+Im(d′′) H•,•BC(V •,•) := Ker(d′)∩Ker(d′′)

Im(d′d′′) .

We call them the total, d′, Aeppli and Bott-Chern cohomology, respectively. One can also define
this cohomology groups in the graded case (i.e. for a graded vector space V • endowed with two
coboundary operators d′ and d′′ which satisfy equation 5.1).

Theorem 5.3. Let V •,• be as above. Suppose that:

dimK(H•d′′(V
•)) + dimK(H•d′(V

•)) <∞.

Then for every j ∈ Z the following inequality holds:

dimK(Hj
BC(V •)) + dimK(Hj

A(V •)) ≥ dimK(Hj
d′(V

•)) + dimK(Hj
d′′(V

•)).

Furthermore, the equality holds iff V •,• satisfies the d′d′′-lemma.
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In order to state this theorem in the graded case we need one additional construction. Given
a graded vector space V •, endowed with two endomorphisms d′ and d′′ of order |d′| and |d′′|,
respectively, satisfying (5.1) we define the associated bigraded vector space by:

Doubp,q(V •) := V |d
′|p+|d′′|q.

We can also extend d′ and d′′ to this bigraded vector space in such a way that their orders are (1, 0)
and (0, 1) respectively. With this we can now state the second main theorem of this subsection:

Theorem 5.4. Let (V •, d′, d′′) be as above and let GCD(|d′|, |d′′|) = 1 and:

dimK(H•d′(V
•)) + dimK(H•d′′(V

•)) <∞.

Then for every j ∈ Z the following inequality holds:

dimK(Hj
BC(V •)) + dimK(Hj

A(V •)) ≥ dimK(Hj
d′(V

•)) + dimK(Hj
d′′(V

•)). (5.2)

Moreover, the following two conditions are equivalent:

1. The equality in (5.2) holds and the spectral sequences associated to the double complex Doub•,•(V •)
degenerate at the first page.

2. V • satisfies the d′d′′-lemma.

We finish this section by giving an interesting algebraic lemma from [14] which was omitted
in [4], most likely due to limited use in the manifold case, however in the foliated case this result
becomes far more potent as infinitely dimensional cohomology are encountered more often. Let I1,
I2, I12, K1, K2, K12 be vector spaces satisfying

I12 ⊂ I1, I2 I1 ⊂ K1 I2 ⊂ K2 K1,K2 ⊂ K12.

Then the following lemma holds:

Lemma 5.5. If K1
/
I1 or K2

/
I2 have infinite dimension then (K1 ∩K2)

/
I12

or K12

/
(I1 + I2)

has infinite dimension as well.

Proof. Without loss of generality let us assume that K1
/
I1 is infinite dimensional. There are two

sequences

(K1 ∩ I2)
/
I12

K1
/
I1

K12

/
(I1 + I2)

(K1 ∩K2)
/
I12

K1
/
I1

K12

/
(I1 +K2) .

f ′ g′

f” g”

It is easy to see that these sequences are exact in the middle term (since the appropriate kernel and
image are classes represented by elements of (K1 ∩ I2)). If both (K1 ∩K2)

/
I12 and K12

/
(I1 + I2)

have finite dimension, then so do (K1 ∩ I2)
/
I12

and K12

/
(I1 +K2) since they are smaller. But

then the middle term has finite dimension by exactness, a contradiction.
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This lemma in the context given above gives rise to the following theorems:

Theorem 5.6. If (V •, d′, d′′) is as above and such that Hk
D(V •) is infinite dimensional then

Hk
BC(V •) or Hk

A(V •) is infinite dimensional as well.

Proof. In the lemma take:

K1 = Ker(d′) K2 = Ker(d′′) K12 = Ker(d′d′′)

I1 = Im(d′) I2 = Im(d′′) I12 = Im(d′d′′)

Theorem 5.7. If (V •,•, d′, d′′) is as above and such that Hk
D(V •) is infinite dimensional then

Hk
BC(V •) or Hk

A(V •) is infinite dimensional as well.

Proof. In the lemma take:

K1 = Ker(d′) K2 = Ker(d′′) K12 = Ker(d′d′′)

I1 = Im(d′) I2 = Im(d′′) I12 = Im(d′d′′)

5.2 Transversely holomorphic case

In this section we present the main results of [14, 32] concerning transversely holomorphic foliations.
Let M be a manifold of dimension n = p + 2q, endowed with a Hermitian foliation F of complex
codimension q. Using the basic Dolbeault double complex we can define the basic Bott-Chern
cohomology of F :

H•,•BC(M/F) :=
Ker(∂) ∩Ker(∂̄)

Im(∂∂̄)

where the operators ∂ and ∂̄ are defined as the components of order (1,0) and (0,1) of the operator
d restricted to the basic forms (as mentioned earlier). To prove the Decomposition Theorem for
basic Bott-Chern cohomology we define the operator:

∆BC := (∂∂̄)(∂∂̄)∗ + (∂∂̄)∗(∂∂̄) + (∂̄∗∂)(∂̄∗∂)∗ + (∂̄∗∂)∗(∂̄∗∂) + ∂̄∗∂̄ + ∂∗∂

which we will use in a Decomposition Theorem for Bott-Chern cohomology.

Proposition 5.8. The operator ∆BC is transversely elliptic and self-adjoint.
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Proof. Being self-adjoint is easy to see using the definition of ∆BC . To prove ellipticity, we will
show that the principal symbol of this operator coincides, on the transverse manifold, with the
principal symbol of the manifold version of ∆BC , which is elliptic as proven in [34]. The formula
2.2 allows us to write the operator δ adjoint to d as:

δα = (−1)(n−p)(k+1)+1(∗d ∗ α− ∗Pκ ∧ ∗α)

where α is a complex valued basic k-form and Pκ is a basic 1-form. By splitting Pκ into forms κ1

and κ2 of type (1,0) and (0,1) respectively, we get the following formula:

∂∗α = (−1)(n−p)(k+1)+1(∗∂ ∗ α− ∗κ1 ∧ ∗α) ∂̄∗α = (−1)(n−p)(k+1)+1(∗∂̄ ∗ α− ∗κ2 ∧ ∗α).

Since ∗κ1 ∧ ∗ and ∗κ2 ∧ ∗ are 0-order differential operators, they do not contribute to the principal
symbol of ∆BC . Hence the principal symbol of ∆BC is the same as the principal symbol of:

∂∂̄∂̄′∂′ + ∂̄′∂′∂∂̄ + ∂̄′∂∂′∂̄ + ∂′∂̄∂̄′∂

where:
∂′ = (−1)(n−p)(k+1)+1 ∗ ∂ ∗ and ∂̄′ = (−1)(n−p)(k+1)+1 ∗ ∂̄∗

which in turn has the same principal symbol as the manifold version of ∆BC on the transverse
manifold.

Theorem 5.9. (Decomposition of the basic Bott-Chern cohomology) If M is a compact manifold,
endowed with a Hermitian foliation F , then we have the following decomposition:

Ω•,•(M/F ,C) = Ker(∆BC)⊕ Im(∂∂̄)⊕ (Im(∂∗) + Im(∂̄∗)).

In particular,
H•,•BC(M/F) ∼= Ker(∆BC)

and the dimension of H•,•BC(M/F) is finite.

Proof. Let <,> be the Hermitian product, induced on Ω•,•(M/F) by the Hermitian metric. Then
by linearity, and the definition of adjoint operators we have the following equality for any α ∈
Ω•,•(M/F)

< α,∆BCα >= ||∂̄∗∂∗α||2 + ||∂∂̄α||2 + ||∂∗∂̄α||2 + ||∂̄∗∂α||2 + ||∂̄α||2 + ||∂α||2.

Hence it is evident that

α ∈ Ker(∆BC) ⇐⇒ (∂α = 0, ∂̄α = 0, ∂̄∗∂∗α = 0).

In other words,
Ker(∆BC) = Ker(∂) ∩Ker(∂̄) ∩Ker(∂̄∗∂∗).

By computing its orthogonal complement, we get the first part of the theorem. To prove the
isomorphism, two observation are required. Firstly, Ker(∆BC) ⊂ Ker(∂) ∩ Ker(∂̄). Secondly,
Ker(∂) ∩ Ker(∂̄) and (Im(∂∗) + Im(∂̄∗)) have trivial intersection. Finally, H•,•BC(M/F) is finite
dimensional, because it is isomorphic to the kernel of a self-adjoint transversely elliptic differential
operator.
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We define the basic Aeppli cohomology of F to be:

H•,•A (M/F) :=
Ker(∂∂̄)

Im(∂) + Im(∂̄)
.

We define a basic differential operator, needed for the Decomposition Theorem for the basic Aeppli
cohomology of F :

∆A := ∂∂∗ + ∂̄∂̄∗ + (∂∂̄)∗(∂∂̄) + (∂∂̄)(∂∂̄)∗ + (∂̄∂∗)∗(∂̄∂∗) + (∂̄∂∗)(∂̄∂∗)∗

Proposition 5.10. ∆A is a self-adjoint, transversely elliptic operator.

Proof. This proposition is proven in the exact same way as the analogous proposition for ∆BC .

Theorem 5.11. (Decomposition of the basic Aeppli cohomology) Let M be a compact manifold,
endowed with a Hermitian foliation F . Then we have the following decomposition:

Ω•,•(M/F ,C) = Ker(∆A)⊕ (Im(∂) + Im(∂̄))⊕ Im((∂∂̄)∗).

In particular, there is an isomorphism,

H•,•A (M/F) ∼= Ker(∆A)

and the dimension of H•,•A (M/F) is finite.

Proof. By calculations similar as in the Bott-Chern case we get the following equality:

Ker(∆A) = Ker(∂∗) ∩Ker(∂̄∗) ∩Ker(∂∂̄)

Computing the orthogonal complement of Ker(∆A), finishes the first part of the proof. The iso-
morphism is the consequence of two basic facts. Firstly, Ker(∆A) ⊂ Ker(∂∂̄). Secondly, Ker(∂∂̄)
and Im((∂∂̄)∗) have trivial intersection. Finally, H•,•A (M/F) is finitely dimensional, because it is
isomorphic to the kernel of a self-adjoint, transversely elliptic differential operator.

Finally, we will prove a duality theorem for basic Bott-Chern and Aeppli cohomology. How-
ever, for the theorem to work, we need the following remark concerning Hermitian, homologically
orientable foliations:

Remark 5.12. The above condition guaranties that the following equalities hold for basic r-forms:

∂∗ = (−1)q(r+1)+1 ∗ ∂ ∗ ∂̄∗ = (−1)q(r+1)+1 ∗ ∂̄∗

where ∗ is the transverse ∗-operator (cf. [16]). For general foliations this does not have to be true
(c.f. [29], appendix B, example 2.3).

Corollary 5.13. If M is a compact manifold endowed with a Hermitian, homologically orientable
foliation F of complex codimension q, then the transverse star operator induces an isomorphism:

Hi,j
BC(M/F)→ Hq−i,q−j

A (M/F)
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Proof. From the proofs of the Decomposition Theorems, we know that

u ∈ Ker(∆BC) ⇐⇒ ∂u = ∂̄u = (∂∂̄)∗u = 0

⇐⇒ ∂∗(∗u) = ∂̄∗(∗u) = ∂∂̄(∗u) = 0

⇐⇒ (∗u) ∈ Ker(∆A)

which proves the duality thanks to the isomorphisms described in the Decomposition Theorems.

Remark 5.14. The definition of Bott-Chern and Aeppli cohomology theories are valid for trans-
versely holomorphic foliations. However, all the theorems up until now strongly depend on the
transverse Hermitian structure.

Let us continue with our main result concerning the basic Bott-Chern and Aeppli cohomologies:

Theorem 5.15. (Basic Frölicher-type inequality) Let M be a manifold endowed with a transversely
holomorphic foliation F of complex codimension q. Let us assume that the basic Dolbeault coho-
mology of F are finitely dimensional. Then, for every k ∈ N, the following inequality holds:∑

i+j=k

(dimC(Hi,j
BC(M/F)) + dimC(Hi,j

A (M/F))) ≥ 2dimC(Hk(M/F ,C)).

Furthermore, the equality holds for every k ∈ N, iff F satisfies the ∂∂̄-lemma (i.e., its basic Dolbeault
double complex satisfies the ∂∂̄-lemma).

Proof. By applying Theorem 5.3 to our case we get the following inequality:

dimC(Hj
BC(M/F)) + dimC(Hj

A(M/F)) ≥ dimC(Hj
∂(M/F)) + dimC(Hj

∂̄
(M/F)).

So all that is left to prove is that the right hand side is bigger than the doubled complex dimension of
the basic cohomology of F . Let us consider the spectral sequences associated to the basic Dolbeault
double complex. The first page of this spectral sequences are the basic ∂ and ∂̄ cohomology of F ,
while their final page in both cases is the basic cohomology. This leads us to the conclusion:

dimC(
⊕
i+j=k

Hi,j

∂̄
(M/F)) ≥ dimC(H∗(M/F ,C)).

and
dimC(

⊕
i+j=k

Hi,j
∂ (M/F)) ≥ dimC(H∗(M/F ,C))

This finishes the proof of the inequality. Now if the equality in the theorem holds then in particular
the equality in Theorem 5.3 holds, which is equivalent to the ∂∂̄-lemma. If on the other hand
the ∂∂̄-lemma holds then the spectral sequences associated to the basic Dolbeault double complex
degenerate at the first page (this is the consequence of Theorem 5.2). This fact together with
Theorem 5.3 gives us the desired equality.

We will now treat the special case when F is a Hermitian foliation on a closed manifold M. As
it was proven in [16] the basic Dolbeault cohomology has finite dimension in this case. Hence we
get the following corollary:
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Corollary 5.16. Let F be a Hermitian foliation on a closed manifold M. Then for all k ∈ N the
following inequality holds:∑

i+j=k

(dimC(Hi,j
BC(M/F)) + dimC(Hi,j

A (M/F))) ≥ 2dimC(Hk(M/F ,C)).

Furthermore, the equality holds for every k ∈ N, iff F satisfies the ∂∂̄-lemma (i.e., it’s basic
Dolbeault double complex satisfies the ∂∂̄-lemma).

Finally we present a Theorem from [14] in a similar spirit which is a direct consequence of
Lemma 5.5 applied to our case.

Theorem 5.17. If F is a transversely holomorphic foliation for which Hi,j

∂̄
(M/F) is infinite di-

mensional then Hi,j
BC(M/F) or Hi,j

A (M/F) is infinite dimensional as well.

Corollary 5.18. If F is a transversely holomorphic foliation such that Hk(M/F) has infinite di-
mension, then for some (i, j) satisfying i+j = k, Hi,j

BC(M/F) or Hi,j
A (M/F) has infinite dimension.

Proof. By the previous theorem, it is sufficient to prove that Dolbeault cohomology has infinite
dimension for some (i, j) with i+ j = k. This is obvious since the basic Frölicher spectral sequence
converges to the basic cohomology of F and so the dimensions of the entries on the first page must
be greater that those in the limit.

5.3 Transversely symplectic case
Throughout this section let F be a transversely symplectic foliation of codimension 2q on a manifold
M with basic symplectic form ω. We can use this operator to define cohomology theories similar
to those presented in the previous chapter:

H•dΛ(M/F) :=
Ker(dΛ)

Im(dΛ)
,

H•d+dΛ(M/F) :=
Ker(d+ dΛ)

Im(ddΛ)
,

H•ddΛ(M/F) :=
Ker(ddΛ)

Im(d) + Im(dΛ)
.

As was the case with Bott-Chern and Aeppli cohomoligies the d + dΛ and ddΛ cohomologies of a
transversely symplectic Riemannian foliation on a compact manifold turn out to be finitely dimen-
sional (this fact was proven in [13] in a fashion similar to its analogue from the previous section).
Using Theorem 4.16 and Theorem 5.4 we obtain the following theorem:

Theorem 5.19. Let M be a manifold endowed with a transversely symplectic foliation F of codi-
mension 2q with transverse symplectic form ω. If the basic cohomology of F have finite dimension
then the following inequality holds for any j ∈ N:

dim(Hj
d+dΛ(M/F)) + dim(Hj

ddΛ(M/F)) ≥ dim(Hj(M/F)) + dim(H2q−j(M/F)).

Furthermore, the equality holds if and only if F satisifies the ddΛ-lemma (i.e., the complex of basic
forms satisfies the ddΛ-lemma).
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As in the complex case the theorem is greatly simplified in the case of Riemannian foliations:

Corollary 5.20. Let M be a compact manifold endowed with a transversely symplectic, Riemannian,
homologically orientable foliation F of codimension 2q with transverse symplectic form ω. The
following inequality holds for any j ∈ N:

dim(Hj
d+dΛ(M/F)) + dim(Hj

ddΛ(M/F)) ≥ 2dim(Hj(M/F))

Furthermore, the equality holds if and only if F satisifies the ddΛ-lemma.

Proof. In this case we already know that the basic cohomology of F is finitely dimensional (proven
in e.g.[16]). Since the foliation is homologically orientable, the j-th and (2q−j)-th basic cohomology
are isomorphic (proven in [18]).

Finally we present a theorem from [14] in a similar spirit which is a direct consequence of Lemma
5.5 applied to the symplectic setting.

Theorem 5.21. If F is a transversely symplectic foliation for which Hk(M/F) is infinitely dimen-
sional then Hk

d+dΛ(M/F) or Hk
ddΛ(M/F) is infinitely dimensional as well.



52 CHAPTER 5. TRANSVERSE FRÖLICHER TYPE INEQUALITIES



Chapter 6

Examples

In this chapter we present some examples of interest. We start with an example (presented in [21])
of a transversely symplectic foliation with infinitely dimensional d + dΛ- and ddΛ-cohomology (as
was computed in [14]). After that we construct the example from [14] of a transversely holomorphic
foliation with infinitely dimensional basic Bott-Chern and Aeppli cohomology. We finish the chapter
by applying the Frölicher-type inequalities to verify the ∂∂̄-lemma and the ddΛ-lemma for some of
the examples presented in [11].

6.1 Examples of foliations with infinitely dimensional special
cohomologies

Consider (as in [21]) a map of the 2-torus T2 given by the matrix A = [ 1 1
0 1 ]. We form a suspension

of this map, (M,FA): a codimension two foliation on T2 × [0, 1]
/

(t, 0) ∼ (At, 1) . The plaques of
this foliation are the lines {t0} × [0, 1] and T2 can be taken as the transverse manifold, with the
infinite cyclic group generated by A as the holonomy pseudogroup. Since detA = 1, this foliation
is transversely symplectic with the standard symplectic form dx ∧ dy on T2.

We determine the basic complex. Any basic function f must satisfy f(x, y) = f(x + y, y).
Taking an irrational y0 and any x0 we see that f does not depend on the first coordinate, since
it is constant on {(x0 + ny0, y0)}, dense in {(x, y0)}. Therefore the basic functions correspond to
smooth functions on a circle

Ω0(M/FA) ∼= {f(y) | f ∈ C∞(S1)}.

In a similar fashion we see that

Ω1(M/FA) ∼= {f(y)dy | f ∈ C∞(S1)},
Ω2(M/FA) ∼= {f(y)dx ∧ dy | f ∈ C∞(S1)}.

It is then easy to see that the basic cohomology is

1. H0(M/FA) ∼= H1(M/FA) = R.

53



54 CHAPTER 6. EXAMPLES

2. H2(M/FA) ∼= C∞(S1).

We note that this precludes FA from being Riemannian.
We compute H•d+dΛ(M/FA) and H•ddΛ(M/FA). Observe that ddΛ = −dΛd = 0 because in

degree 2 and 0 it factors through the trivial spaces Ω3(M/FA) and Ω−1(M/FA), respectively, and
in degree 1 ddΛf(y)dy = −dΛdf(y)dy = 0 (or because ∗s = id on Ω1(M/FA)). Consequently

1. H0
d+dΛ(M/FA) ∼= H2

d+dΛ(M/FA) = R

2. H1
d+dΛ(M/FA) ∼= C∞(S1)

and

1. H0
ddΛ(M/FA) ∼= H2

ddΛ(M/FA) = C∞(S1)

2. H1
ddΛ(M/FA) = R.

To provide a transversely holomorphic foliation exhibiting a similar behaviour we mimic the
construction presented above. We take the map of the 4-torus T4 induced by the matrix A =[

1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

]
. As before, we form a suspension of this map, (M,FA): a codimension four foliation

on T4 × [0, 1]
/

(t, 0) ∼ (At, 1) . Since A is in Gl(2,C) ⊂ Gl(4,R), this foliation is transversely
holomorphic with the complex structure induced from T4.

On the transverse manifold T4 we will use real coordinates (x1, y1, x2, y2) (better suited for the
suspension) and then switch to complex coordinates (w, z) = (x1 + iy1, x2 + iy2) (better suited for
the bigradation of the complex forms). We will describe the A-invariant forms, computing only the
2-forms explicitly as an example. The operators ∂, ∂̄ and ∂∂̄ will prove to be not too complicated
and we will proceed to compute basic de Rham, Dolbeault, Aepli and Bott-Chern cohomologies.

As in the previous example we can easily see the invariant complex functions to depend only on
the last two real coordinates, or on the complex coordinate z. Hence Ω0(M/FA,C) ∼= C∞(T2,C).

An A-invariant complex 2-form on the 4-torus is a section of ∧2T ∗
(
T4
)
, therefore a skew-

symmetric matrix

α(x1,y1,x2,y2) =

[
0 f1(x1,y1,x2,y2) f2(x1,y1,x2,y2) f3(x1,y1,x2,y2)

−f1(x1,y1,x2,y2) 0 f4(x1,y1,x2,y2) f5(x1,y1,x2,y2)
−f2(x1,y1,x2,y2) −f4(x1,y1,x2,y2) 0 f6(x1,y1,x2,y2)
−f3(x1,y1,x2,y2) −f5(x1,y1,x2,y2) −f6(x1,y1,x2,y2) 0

]
.

Since it is invariant, it satisfies

α(x1,y1,x2,y2) = AtαA(x1,y1,x2,y2)A

that amounts to f1 = 0 and f3 = f4, and all the functions being A-invariant. This gives

Ω2(M/FA,C) ={f2(x2, y2)dx1 ∧ dx2}
⊕ {f3(x2, y2) (dx1 ∧ dy2 + dy1 ∧ dx2)}
⊕ {f5(x2, y2)dy1 ∧ dy2}
⊕ {f6(x2, y2)dx2 ∧ dy2}
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which we will now rewrite in the complex coordinates

Ω2(M/FA,C) ={b(z)dw ∧ dz}
⊕ {c(z) (dw ∧ dz̄ + dw̄ ∧ dz)}
⊕ {e(z)dw̄ ∧ dz̄}
⊕ {f(z)dz ∧ dz̄}

Note that any complex function of the complex coordinate is to be smooth, not holomorphic. We
present all the invariant forms with the complex bigradation Ω•,•(M/FA,C), indicating where the
differentials are obviously trivial. We use a generic letter g for functions in degrees other than 2,
since the labelling will play no role there.

2 {e(z)dw̄ ∧ dz̄} {g(z)dz ∧ dw̄ ∧ dz̄} {g(z)dw ∧ dz ∧ dw̄ ∧ dz̄}

1 {g(z)dz̄} {f(z)dz ∧ dz̄} ⊕ {c(z) (dw ∧ dz̄ + dw̄ ∧ dz)} {g(z)dw ∧ dz ∧ dz̄}

0 {g(z)} {g(z)dz} {b(z)dw ∧ dz}

0 1 2

0 0

0

0

The curvy arrows are meant to indicate that dΩ1(M/FA) is contained in the {f(z)dz∧dz̄} term
of Ω1,1(M/FA) and dΩ1,1(M/FA) = d{c(z) (dw ∧ dz̄ + dw̄ ∧ dz)}. Note that the diagram shows
that ∂∂̄ can be non-zero only on the 0-forms. We compute the basic cohomology over C. Some of
the spaces involved can be described in terms of cohomology of the complex torus T2 – parts of
the diagram above clearly repeat parts of Ω•,•(T2,C) – which is not complicated since the torus is
Kähler.

1. H0(M/FA) ∼= H0(T2) = C;

2. H1(M/FA) ∼= H1(T2) = C2;

3. H2(M/FA) ∼= V ⊕ H2(T2) = V ⊕ C, where V is an infinite dimensional space {{(b, c, e) ∈
(C∞(T2,C))3 | ∂̄b − ∂c = ∂̄c − ∂e = 0} easily seen to be infinite dimensional (e.g. the
familly {ersin(2πy2)sin(2πy3)cos(2πy2)cos(2πy3)}r∈R gives infinitely many candidates for c and
by taking any b and e such that ∂̄b − ∂c = ∂̄c − ∂e = 0 we get infinitely many cycles which
represent different generators of H2(M/FA)); none of these closed forms is exact since the
image dΩ1(M/FA) ⊂ {f(z)dz ∧ dz̄}; the term H2(T2) follows from this inclusion;

4. H3(M/FA) ∼=
(
H2(T2)

)2
= C2 since the dw and dw̄ factors do not interfere in any way;
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5. H4(M/FA) ∼= C∞(T2,C) since the image dΩ3(M/FA) is trivial.

We present the three complex cohomologies in diagrams explaining their entries below each one.

2 C∞(T2,C) C C∞(T2,C)

1 C C⊕ C C

0 C C C

0 1 2

1. H0,0

∂̄
(M/FA) is represented by constant functions;

2. H1,0

∂̄
(M/FA) and H2,0

∂̄
(M/FA) are represented by the holomorphic functions;

3. H1,1

∂̄
(M/FA) splits as H1,1

∂̄
(T2) and the holomorphic functions;

4. H0,1

∂̄
(M/FA) is again represented by the holomorphic functions – note that ∂̄{g(z)} is iso-

morphic to the space of all functions divided by the holomorphic ones; the same reasoning
applies to H2,1

∂̄
(M/FA) and H1,2

∂̄
(M/FA);

5. the remaining spaces are C∞(T2,C) since the relevant differentials are all trivial;

2 C C∞(T2,C) C∞(T2,C)

1 C C⊕ C C∞(T2,C)

0 C C C

0 1 2
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1. H0,0
BC(M/FA) is represented by the constant functions;

2. H1,0
BC(M/FA), H0,1

BC(M/FA) are represented by the holomorphic and antiholomorphic func-
tions, respectively;

3. The same is true for H2,0
BC(M/FA) and H0,2

BC(M/FA);

4. H1,1
BC(M/FA) is H1,1

BC(T2) plus the constant functions coming from the second summand in
Ω1,1(M/FA);

5. H2,1
BC(M/FA) = H1,2

BC(M/FA) = H2,2
BC(M/FA) = C∞(T2,C) since each of the ∂, ∂̄, and ∂∂̄ is

trivial in these cases;

2 C∞(T2,C) C C∞(T2,C)

1 C C⊕ C∞(T2,C) C

0 C C C∞(T2,C)

0 1 2

1. H0,0
A (M/FA) is represented by constant functions;

2. H1,0
A (M/FA) = H1,0

A (T2) and H0,1
A (M/FA) = H0,1

A (T2);

3. H2,0
A (M/FA) and H0,2

A (M/FA) are all the relevant forms, since the differentials are all zero
in these cases;

4. H1,1
A (M/FA) splits into H1,1

BC(T2) = H2(T2) plus C∞(T2,C) since the ∂∂̄ is trivial;

5. H2,1
A (M/FA) = H1,2

A (M/FA) is again H1,2
A (T2) = H2,1

A (T2);

6. H2,2
A (M/FA) = C∞(T2,C) since all the differentials are trivial.

We close this section by summarising some interesting properties of the given examples.

Remark 6.1. The transversely symplectic example highlights that the infinite dimension of sym-
plectic cohomology in dimension k may stem (by Proposition 5.21) from the infinite dimension of
the de Rham basic cohomology in degree k (H2

ddΛ(M/FA)), or in degree 2n−k, via Poincaré duality
(H0

ddΛ(M/FA)), or it can be indeed unprovoked by any of these (H1
d+dΛ(M/FA)).
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Remark 6.2. The transversely holomorphic example exhibits infinite dimensional basic de Rham,
Dolbeault, Bott-Chern and Aeppli cohomologies. The basic Aeppli cohomology is infinite dimensional
in bidegrees (2, 0), (1, 1), (0, 2), and (2, 2). In bidegree (1, 1) both the basic Dolbeault cohomology and
its adjoint counterpart (the basic ∂-cohomology) are finite dimensional. This shows that also the
basic Aeppli cohomology can be infinite dimensional without help from basic Dolbeault cohomology
and Proposition 5.17. The same thing happens for the basic Bott-Chern cohomology in bidegrees
(2, 1) and (1, 2). We also note that while infinite dimension of H1,1

A (M/FA) could be perhaps linked
to the infinite dimension of H2(M/FA), it is not the case for either H2,1

BC(M/FA) or H1,2
BC(M/FA),

since H3(M/FA) is finite dimensional.

Remark 6.3. The example proves that Poincaré duality between Bott-Chern and Aeppli cohomology
may fail in the absence of the Riemannian metric. We also point out that for the same reason the
Dolbeault cohomology of the example does not exhibit Serre duality.

Remark 6.4. It is also worth pointing out that the basic de Rham cohomology of this example is
infinite dimensional in degrees 2 and 4, but reverts to finite dimension in degree 3. To the extent
of our knowledge such an example have not been described before.

Remark 6.5. The property of reverting to finite dimension is important for the further devel-
opments in this field. The richest geometry in the transversely symplectic setting is the Kähler
structure, and short of that – the hard Lefshetz property, that

Hn−k(M/FA) Hn+k(M/FA)∧ωk

is an epimorphism. It is a theorem that this property forces the map

H•d+dΛ(M/FA) 3 [α] 7→ [α] ∈ H•(M/FA)

to be epimorphic as well, cf. [6], [35]. It is natural to ask for examples where the infinite dimen-
sion of the former is derived from infinite dimension of the latter via the hard Lefschetz property.
However, it is well known that H0(M/FA) and H1(M/FA) are always finite dimensional and there
is no known example of infinite dimensional basic cohomology without the infinite dimension in the
top degree.

6.2 Applications of Basic Frölicher type inequalities

In this section we are going to verify the ddΛ-lemma and the ∂∂̄-lemma for some of the foliations
presented in [11]. We will compute just enough cohomologies to prove or disprove these lemmas.

Let N be the Lie group of real matrices of the form:
1 x t z
0 1 0 y
0 0 1 0
0 0 0 1
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To simplify the notation we shall denote such a matrix by (x, y, z, t) in this subsection. We fix an
irrational number s and define a subgroup of N (denoted by Γ) of matrices of the form:

1 x1 + sx2 t z1 + sz2

0 1 0 y
0 0 1 0
0 0 0 1


where x1, x2.y, z1, z2, t are integers. We consider the left action of Γ on N . Let us consider a third
Lie group U := (R6,�), with the group operation:

(a1, a2, b, c1, c2, d)�(x1, x2, y, z1, z2, t) =

= (a1 + x1, a2 + x2, b+ y, c1 + z1 + a1y, c2 + z2 + a2y, d+ t).

The group Γ is isomorphic to (Z6,�). Furthermore, there is a submersion u : U → N given by the
formula:

u(x1, x2, y, z1, z2, t)→ (x1 + sx2, y, z1 + sz2, t).

The foliation on U given by the fibers of this submersion is (Z6,�)-equivariant. Hence it descends
to a foliation F on U/(Z6,�). The basic forms of F correspond to Γ-invariant forms on N .
Furthermore, this foliation is transversely symplectic due to the invariant, closed, nondegenerate
form:

ω := dx ∧ (dz − xdy) + dy ∧ dt.

Let us make some observations:

Remark 6.6. The orbits of the group Γ are dense in the x and z directions and have period one in
the other two directions. Hence basic functions of this foliation coincide with the smooth functions
on a torus (depending only on y and t).

Remark 6.7. By taking dx, dy, dz − xdy, dt as the orthonormal basis we define a transverse Rie-
mannian metric on our foliation. This means that all the basic cohomology groups are finitely
dimensional and hence we can apply the Frölicher-type inequality to determine if this foliation sat-
isfies the ddΛ-lemma. We rename the chosen basis of one forms to α1, α2, α3, α4.

We will show that the appropriate version of the Frölicher-type inequality fails for second basic
cohomology. Let:

α :=
∑
i<j≤4

fijαi ∧ αj

be an arbitrary 2-form. By straightforward computation one can see that in the basic, d+ dΛ and
ddΛ cohomology, the parts f13α1 ∧ α3 and f24α2 ∧ α4 both generate a copy of R in cohomology
and have no other influence on the cohomology. Hence in further computation we can omit them.
Without these parts the vector spaces Ker(d) and Ker(d) ∩Ker(dΛ) become equal. However, by
computing the appropriate images we can see that α1 ∧ α2 belongs to the image of d and does not
belong to the image of ddΛ. This means that the dimension of the second (d + dΛ)-cohomology
is greater than the dimension of the second basic cohomology. The argument is similar for the
ddΛ-cohomology. Here the images can be proven equal (modulo the part generated by f13α1 ∧ α3
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and f24α2 ∧ α4). However, the form α3 ∧ α4 belongs to the kernel of ddΛ and does not belong to
the kernel of d. This proves the inequality:

dim(H2
d+dΛ(M/F)) + dim(H2

ddΛ(M/F)) > 2dim(H2(M/F)).

In particular, the ddΛ-lemma does not hold for this foliation.
We present our next example. Let N be the Lie group of upper-triangular matrices in GL(3,C),

and let Γ be its subgroup consisting of the matrices of the form:1 z1 + sz′1 z3 + sz′3
0 1 z2

0 0 1


where zi, z′i are Gauss integers (denoted Z[i]) and s is a fixed irrational number. We again consider
the left action of Γ on N and take the quotient with respect to this action. As in the previous
example we consider another Lie group U := (C5,�) with group operation:

(u1, ..., u5)�(z1, ..., z2) = (z1 + u1, z2 + u2, z3 + u3, z4 + u4 + u1z3, z5 + u5 + u2z3).

It is evident that Γ is isomorphic to ((Z[i])5,�) and as before there is a submersion u : U → N
given by:

u(z1, ..., z5) = (z1 + sz2, z3, z4 + sz5).

This submersion defines a foliation F on M := U/((Z[i])5,�).

Remark 6.8. By choosing the invariant orthonormal basis of 1-forms:

dz1, dz2, dz3 − z1dz2, dz̄1, dz̄2, dz̄3 − z̄1dz̄2

we define a transverse Riemannian metric on this foliation. It is easy to compute that this foliation
is homologically orientable. Hence we can use the Frölicher-type inequality to determine whether
this foliation satisfies the ∂∂̄-lemma.

Remark 6.9. As in the previous example the basic functions of this foliation depend only on the
z2 variable and are the same as the smooth functions on a torus.

The equality in the Frölicher-type inequality fails for the first basic cohomology. By making
some straightforward computation we get:

dimC(H1(M/F ,C)) = 4

dimC(H1,0
BC(M/F)) = dimC(H0,1

BC(M/F)) = 2

dimC(H1,0
A (M/F)) = dimC(H0,1

A (M/F)) = 3

which proves that this foliation does not satisfy the ∂∂̄-lemma.
In our final example let N be the Lie group consisting of complex matrices of the form:1 z̄1 z2

0 1 z1

0 0 1
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and let Γ be its subgroup consisting of matrices of the form:1 z̄1 + sz̄1
′ z2 + sz′2 + s2z′′2

0 1 z1 + sz′1
0 0 1


where z1, z

′
1, z2, z

′
2, z
′′
2 are Gauss integers and s is a fixed irrational number. Let’s consider the group

U := (C5,�) with group operation:

(u1, ..., u5)�(z1, ...z5) =

= (u1 + z1, u2 + z2, u3 + z3 + ū1z1, u4 + z4 + ū1z2 + ū2z1, u5 + z5 + ū2z2).

It is clear that Γ is isomorphic to ((Z[i])5,�) and as before there is a ((Z[i])5,�)-equivariant
submersion u : U → N given by:

u(z1, ..., z5) = (z1 + sz2, z3 + sz4 + s2z5).

This submersion defines a non-Káhler foliation F onM := U/((Z[i])5,�) (cf. [11]). It is easy to see
that the only basic functions on this foliated manifold are constant. By taking the invariant basis
of forms (dz1, dz2 + z̄1dz1, dz̄1, dz̄2 + z1dz̄1) one can compute that all the complex Frölicher-type
equalities hold and hence this foliation satisfies the ∂∂̄-lemma.

Remark 6.10. This foliation also has a transversely symplectic structure but the equality in the
symplectic Frölicher-type inequality fails in the second cohomology.
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