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Abstract We solve three-nucleon (3N) Faddeev equations with nucleon–nucleon (NN) and three-nucleon
forces (3NF) derived consistently in the framework of chiral perturbation theory, taking the semilocal
coordinate-space regularized chiral N4LO NN potential supplemented by the chiral N2LO 3NF regularized
in the same way. Based on these solutions the nucleon–deuteron (Nd) elastic scattering and deuteron breakup
reactions are studied. We checked that the elastic Nd scattering cross section can be used as an alternative
observable to the doublet neutron–deuteron (nd) scattering length to fix, together with the 3H binding energy,
the strengths of the contact terms of the N2LO 3NF. We investigated the predicted 3NF effects in 3N continuum
reactions putting an emphasis on the Ay puzzle in low energy nd elastic scattering and on cross sections in
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the symmetrical-space-star and quasi-free-scattering breakup configurations. We found that the N2LO 3NF
provides effects comparable to those of standard, (semi-)phenomenological 2π-exchange Tucson-Melbourne
3NF.

1 Introduction

Since their advent numerically exact three-nucleon continuum Faddeev calculations of the elastic Nd scattering
and deuteron breakup reactions have become a powerful tool to test modern models of the nuclear forces. After
establishing a clear underbinding of 3H and 3He and revealing that this underbinding can be removed by adding
a 3NF to a 3N Hamiltonian, the question about the importance of a 3NF has become one of the main topics
of 3N system studies. With availability of a new generation of (semi-)phenomenological nucleon–nucleon
interactions such as AV18 [1], CDBonn [2], Nijm1 and Nijm2 [3], which describe existing NN data with
very high precision, these investigations received a new impetus. Comparison of theoretical predictions based
on such potentials with precise Nd elastic scattering and breakup data in a wide range of incoming nucleon
energies enabled to find out clear-cut discrepancies between theory and data allowing thus to reveal regions
of large 3NF’s effects. However, the models of 3NF’s used in these studies [4], mainly of the 2π-exchange
character, such as Tucson-Melbourne (TM99) [5] and Urbana IX [6], which are derived independently from
the applied NN interactions, prevented arriving at unambiguous conclusions. For numerous observables these
two models of 3NF’s combined with the same NN potential led to different predictions, not supported by
existing data [4], indicating that these models lack some important contributions.

With the advent of chiral perturbation theory (ChPT) approach it became possible to construct consistent
two- and many-body nuclear forces which incorporate all possible contributions up to a given order of chiral
expansion. High precision NN interactions up to the fifth order of chiral expansion (N4LO) have been developed
which describe very precisely NN data below the pion production threshold [7–9]. In these first versions of chiral
forces a nonlocal regularization in momentum space was applied to remove large-momentum contributions by
employing a multiplicative factor e−(p2/Λ2)n with some value of a cut-off regulator parameter Λ [8,9]. Such
a regularization led, for small values of Λ, to a deterioration of the long-range behaviour of the NN potential
and to problems when applying these forces to Nd elastic scattering at higher energies [10]. To avoid these
problems a new method of regularization was proposed in [11,12]. It made use of a local regularization of
the pion exchange contributions. The resulting semilocal coordinate-space regularized (SCS) chiral potentials
contain the long-range part of the NN force predicted in a parameter-free way. First applications of these NN
potentials to elastic Nd scattering and to the nucleon induced deuteron breakup reaction were described in
[13,14]. Semilocal momentum-space regularized chiral potentials at fifth order are presented in Ref. [15].

Starting from N2LO a 3NF appears in a 3N Hamiltonian [16]. Before applying such a Hamiltonian to
structure and reaction calculations one must fix two free parameters of this N2LO 3NF, namely the strength
parameters cD and cE of the leading 1π-contact and the three-nucleon-contact terms, respectively. In the present
study we explore and compare two different approaches to fix these parameters by looking at predictions for
the binding energy of 3H and one additional 3N observable, obtained with N4LO NN potential supplemented
by a N2LO 3NF regularized in the same way. In the first approach as an additional observable the doublet
nd scattering length is used while in the second case the elastic Nd scattering cross sections are applied. We
investigate also 3NF effects predicted with such a combination of 2N and 3N forces for different 3N continuum
observables and compare them to the results obtained with the standard (semi-)phenomenological 2N and 3N
interactions. In our previous investigations with SCS chiral forces [13,14,17] we estimated the truncation
errors of the chiral expansion following the algorithm formulated in Ref. [11]. In the present paper we do not
show truncation errors and refer to Ref. [17] where the theoretical uncertainties for complete N2LO calculation,
with N2LO NN and N2LO 3NF combination, are shown.

The paper is organized as follows: in Sect. 2 we briefly describe how we solve 3N bound and scattering
Faddeev equations. Also two methods of fixing cD and cE parameters are presented together with results
obtained when applying them. A discussion of results for Nd elastic scattering follows in Sect. 3 and for
chosen complete breakup configurations in Sect. 4. We summarize and conclude in Sect. 5.

2 Theoretical Formalism and Determination of cD and cE

Neutron–deuteron (nd) scattering with nucleons interacting through a two-body interaction vNN and a 3NF
V123 = V (1) + V (2) + V (3), is described in terms of a breakup operator T satisfying the Faddeev-type integral
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equation [18–20]

T |φ〉 = t P|φ〉 + (1 + tG0)V
(1)(1 + P)|φ〉 + t PG0T |φ〉

+ (1 + tG0)V
(1)(1 + P)G0T |φ〉. (1)

The two-nucleon t-matrix t is the solution of the Lippmann–Schwinger equation with the interaction vNN . V (1)

is the part of a 3NF which is symmetric under the interchange of nucleons 2 and 3. The permutation operator
P = P12P23 + P13P23 is given in terms of the transposition operators, Pi j , which interchange nucleons i and
j . The incoming state |φ〉 = |q0〉|φd〉 describes the free nd motion with the relative momentum q0 and |φd〉
is the deuteron wave function. Finally, G0 is the resolvent of the three-body center of mass kinetic energy.
The amplitude for elastic scattering leading to the corresponding two-body final state |φ′〉 with the relative
momentum q′

0 is then given by [19,20]

〈φ′|U |φ〉 = 〈φ′|PG−1
0 |φ〉 + 〈φ′|PT |φ〉 + 〈φ′|V (1)(1 + P)|φ〉

+ 〈φ′|V (1)(1 + P)G0T |φ〉, (2)

while for the breakup reaction one has

〈φ′
0|U0|φ〉 = 〈φ′

0|(1 + P)T |φ〉, (3)

where |φ′
0〉 is the free three-body breakup channel state.

As a NN interaction we took the semi-locally regularized N4LO chiral potential of Refs. [11,12] with the
regulator R = 0.9 fm alone or combined with the chiral N2LO 3NF, regularized with the same regulator [16,21].
We additionally regularized matrix elements of that 3NF by multiplying it with a nonlocal regulator f (p, q) =
exp{−(p2 + 3

4q
2)3/Λ6} with a large cut-off value Λ = 1000 MeV. This additional regulator is applied to

the 3NF matrix elements only for technical reasons. Namely, the practical calculations of the matrix elements
of the local 3NF involve the evaluation of convolution integrals whose calculation becomes numerically
unstable at very large momenta. The value of the cutoff scale Λ is chosen sufficiently large so that low-energy
physics is not affected by this additional regulator. In fact, we have checked explicitly that the effects of
this regulator for the chosen cutoff value are negligible in three-body bound state and scattering calculations.
Since we will compare 3N scattering predictions to proton–deuteron (pd) data as a neutron–neutron (nn)
force we took the proton–proton (pp) version of that particular NN interaction (with the Coulomb force
subtracted).

The nuclear Hamiltonian with a 3NF at N2LO is fixed by specifying the values of the LECs cD and cE which
parametrize the strengths of the leading 1π-contact and the three-nucleon-contact terms. To determine them
we follow the approach of Ref. [16] and use the experimental triton binding energy E(3H) and an additional
3N observable sensitive to the action of the 3NF as two quantities from which cD and cE are obtained. The
procedure can be divided into two steps. First, the dependence of E(3H) on cE for a given value of cD is
determined. The requirement to reproduce the experimental value of the triton binding energy yields a set of
pairs (cD, cE ). To find this set we compute the 3H wave function using the method described in [22], where
the full triton wave function |Ψ 〉 = (1 + P)|ψ〉 is given in terms of its Faddeev component |ψ〉, which fulfills
the Faddeev equation

|ψ〉 = G0t P|ψ〉 + (1 + G0t)G0V
(1)(1 + P)|ψ〉. (4)

When solving Eq. (4) we used nn and neutron–proton (np) versions of the N4LO chiral potential with the
regulator R = 0.9 fm. In Fig. 1 (upper part) the dashed (black) line shows the (cD, cE ) values which reproduce
the experimental binding energy of 3H.

These (cD, cE ) values are then used in the calculations of the second observable, which allows us to
find out the (cD, cE ) pair describing both observables simultaneously. Using the triton binding energy and
the nd doublet scattering length yields one possibility to fix the parameters in the 3NF but probably not the
optimal one due to the strong correlation between these two observables [17,23]. The doublet scattering length
2and is calculated using the (cD ,cE ) pairs from the upper part of Fig. 1. To this end, we solve the Faddeev
equation (1) for the auxiliary state T |φ〉 at zero incoming energy [24] with the same interactions as for 3H. The
requirement to reproduce, in addition to the binding energy of 3H, also the nd doublet scattering length leads
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Fig. 1 Upper part: a correlation function for the strengths cD and cE of the N2LO 3NF contact terms. The 3H experimental
binding energy is reproduced by combining the N4LO SCS chiral NN potential with a N2LO 3NF whose strengths cD and cE
lie on the dashed line. In the lower part the corresponding doublet nd scattering lengths 2and are shown by the dashed line. The
dotted line is the experimental value 2aexpnd = 0.645(7) fm [25]. The regulator R = 0.9 fm has been used

to the values cD = 7.51 ± 0.10 and cE = 1.79 ± 0.05 for the used combination of N4LO NN and N2LO 3N
forces. The uncertainties of cD and cE result from the experimental uncertainty of the doublet nd scattering
length [25].

We refer the reader to Refs. [19,20,26] for a general overview of 3N scattering and for more details on
the practical implementation of the Faddeev equations. In order to provide convergent predictions we solved
Eq. (1) taking into account all partial wave states with the total 2N angular momentum j ≤ jmax = 5 and the
total 3N angular momentum J ≤ Jmax = 25/2. The 3NF was included for J ≤ 7/2.

It is important to address the question of uniqueness of our approach to determine the constants cD and cE .
To this end, we checked how taking instead of 2and a different Nd observable, namely the elastic Nd scattering
cross section, would influence the determination of cD and cE . The low-energy elastic nd and pd scattering
cross section is an observable which is well described by standard theory without the inclusion of 3NF’s
[27]. It turns out that when increasing the incoming nucleon laboratory energy, starting from ≈ 60 MeV, clear
discrepancies between theory and data develop and pure NN potential predictions underestimate the data in the
region of the cross section minimum up to backward scattering angles [28]. Thus it seems reasonable that the
cross section in that angular range could be used to determine the constants cD and cE . Since at larger energies
higher orders of chiral expansion become important and a 3NF gets additional contributions, the procedure
should be applied at energies where the discrepancies start to appear. Therefore we used three precise pd data
sets taken by different groups, one at E = 65 MeV from Ref. [29], second at E = 70 MeV from Ref. [30], and
third at E = 135 MeV from Ref. [30], and performed χ2 fits of theory to data using four (cD ,cE ) pairs from
Fig. 1: (4.0,−0.270), (6.0,−1.094), (8.0,−2.032), and (10.0,−3.108). The resulting values of cD together
with their errors are given in the right part of Fig. 2. In the left part theoretical predictions for the cross section as
well as the data themselves are shown. It should be noted that at 70 MeV and 135 MeV in addition to statistical
errors of data reported in [30] also a systematic error of 2% [30] have been taken into account when calculating
χ2. Since the resulting optimal value of cD slightly depends on the angular range of data used for calculating
χ2, we provide in the right part also the information on that range. The values of cD found at 65 MeV and
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Fig. 2 The nd elastic scattering cross section at the incoming neutron laboratory energies E = 65, 70, and 135 MeV. In the left part
the solid (red) lines are predictions of the N4LO SCS NN potential with the regulator R = 0.9 fm. Combining that NN potential
with N2LO 3NF with four different (cD, cE ) pairs of the strengths from the corelation line of Fig. 1 leads to results represented by
different lines: dashed-dotted (magenta) (4.0, − 0.270), dotted (maroon) (6.0, − 1.094), solid (cyan) (8.0, − 2.032), and double-
dotted-dashed (red) (10.0, − 3.108). The (black) circles are pd data from Ref. [29] at E = 65 MeV, from Ref. [30] at E = 70 MeV,
and from Ref. [30] at E = 135 MeV. In the right part the χ2 fits to the experimental data, in the angular region indicated at each
energy, based on these four pairs of (cD, cE ) values, are shown by dashed (green) line together with the resulting optimal value
of the strength cD

70 MeV are compatible and agree within their arror bars. They are clearly smaller than the corresponding cD
value obtained at 135 MeV. That difference originates from the growing importance of higher chiral order
contributions to a 3NF with an increasing energy, which is effectively reflected in a larger value of cD at
135 MeV. This shows that in order to apply elastic Nd scattering cross section to fix the strengths cD and cE
one should avoid too high energies. Using the correlation line from the upper part of Fig. 1 one gets for pairs
of (cD, cE ) values and their errors (5.79 ± 0.33,−1.00 ± 0.14) at 65 MeV and (6.09 ± 0.23,−1.13 ± 0.10)
at 70 MeV.

It is interesting to note that at these three energies the elastic scattering cross section is reasonably well
described when including the N2LO 3NF. Our results also show that replacing 2and by the cross section leads to
a smaller by ≈ 1.5 value of the cD strength what probably is connected with the fact that 2and is an observable
correlated with the 3H binding energy. Due to the lack of this correlation and a richer set of cross section data,
the second approach to fix strengths of N2LO 3NF contact terms seems to be preferable and can be done by
also including the estimated truncation errors [17].
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Fig. 3 The nd elastic scattering cross section at the incoming neutron laboratory energy E = 250 MeV. In the left part predictions
of (semi-)phenomenological NN potentials (AV18, CD Bonn, Nijm1 and Nijm2) are shown by dark (red) band. Results obtained
when these NN potentials are used together with the TM99 3NF are shown by a light (magenta) band. The dashed (black) line is
the result of using a combination of the AV18 potential with the Urbana IX 3NF. In the right part the different lines are predictions
of the N4LO SCS NN potential with the regulator R = 0.9 fm alone or combined with N2LO 3NF for four different (cD, cE )
strength pairs of the contact terms. For explanation of these lines see Fig. 2. In left and right parts the (black) dots are pd data
from Ref. [38] and (green) x-ces are nd data from Ref. [39]

3 Results for Elastic Scattering

The good description of Nd elastic scattering cross section data up to about 130 MeV when the N2LO 3NF
is included in calculations resembles effects found with (semi-)phenomenological 2N and 3N forces [4,28].
Namely adding the TM99 or Urbana IX 3NF to (semi-)phenomenological NN potentials removed discrep-
ancies between theory based on NN potentials only and the data, found in that energy region. At larger
energies it turned out, however, that the inclusion of the 2π-exchange 3N force models is unable to explain
the growing discrepancies between data and theory as is exemplified in the left part of Fig. 3 for elastic Nd
scattering at 250 MeV. A similar pattern of discrepancies is found when instead of (semi-)phenomenological
interactions chiral SCS forces are used, as shown in the right part of Fig. 3. The astonishing similarity of (semi-
)phenomenological and chiral predictions can be traced back to the fact that the basic mechanism underlying
these 3NF’s is the 2π-exchange.

At low energies of the incoming neutron, the most interesting observable is the analyzing power Ay
for nd elastic scattering with polarized neutrons in the initial state. Theoretical predictions of (semi-
)phenomenological high-precision NN potentials fail to explain the experimental data for Ay . The data are
underestimated by ∼ 30% in the region of the Ay maximum which occurs at the c.m. angles Θc.m. ≈ 125o.
Combining (semi-)phenomenological NN potentials with the 2π-exchange TM99 3NF model, removes approx-
imately only half of the discrepancy to the data. That effect is, however, model dependent. If instead of the
TM99 the Urbana IX 3NF is used, practically no effects on Ay are found (see Fig. 4).

Consistency of chiral two- and three-nucleon forces promises to shed some light on the origin of this
discrepancy. When instead of the (semi-)phenomenological forces chiral N4LO NN interactions are used, the
predictions for Ay show the same behaviour. In particular a clear discrepancy between theory and data survives
in the region of the Ay maximum (dashed (red) lines in the right part of Fig. 4).

Combining the N4LO SCS chiral potential with the N2LO 3NF does not explain the low-energy Ay-
puzzle. In Fig. 4 we show by (magenta) bands the results for Ay based on four pairs of the cD and cE values,
which reproduce the triton binding energy. It turns out that adding the N2LO 3NF only slightly improves the
description of Ay . The effects found support that of the TM99 3NF, however, they are a factor of ≈ 2 smaller
in magnitude. The (magenta) band of predictions with N2LO 3NF included is very narrow in spite of the fact
that the range of cD values (cD = 4.0−10.0) (and the corresponding range of cE ) is quite large. This implies
that low energy Ay is insensitive to both contact terms of the N2LO 3NF. In fact, this observable is very well
known to be very sensitive only to 3Pj NN force components [31] while contact terms act predominantly in
the S-waves. The small effect of N2LO 3NF found for Ay may suggest that the Ay puzzle is a problem of the
poor knowledge about low-energy 3Pj NN force components and not of 3NF effects. On the other hand, the
theoretical uncertainty due to the truncation error of the chiral expansion for the N2LO NN and N2LO 3NF
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Fig. 4 The nd elastic scattering neutron analyzing power Ay at the incoming neutron laboratory energies E = 5, 10, and
14.1 MeV. The predictions of (semi-)phenomenological NN potentials alone or combined with the TM99 and the Urbana IX
3NF’s are shown in the left column by different bands and lines as explained in Fig. 3. In the right column the dashed (red) lines
are predictions of the N4LO SCS NN potential with the regulator R = 0.9 fm. The bands (magenta) cover predictions obtained
with that N4LO NN potential combined with the N2LO 3NF for four (cD, cE ) pairs of strengths of its contact terms as explained
in the caption of Fig. 2. The (blue) dots are nd data from Ref. [40] at E = 5 MeV, from Ref. [41] at E = 10 MeV, and from
Ref. [42] at E = 14.1 MeV

combination was found to be comparable in magnitude with the observed deviation between Ay predicitions
and data [17]. Thus, before drawing final conclusions, N3LO, and maybe even N4LO, 3NF effects for Ay must
be investigated.

With increasing incoming nucleon energy, Ay should start to become dependent on contact terms and reveal
sensitivity to cD and cE values. Indeed, as can be seen in the right part of Fig. 5 at higher energies the (magenta)
band becomes broader, and beyond an intermediate region of energies around 60 MeV, where predicted effects
of N2LO 3NF are very small and a good description of Ay data is obtained, large discrepancies between pure
2N theory and data start to develop. Again the pattern of discrepancies found for Ay at these energies with
chiral forces qualitatively resembles that obtained with (semi-)phenomenological interactions as shown in the
left part of Fig. 5. A similar behaviour is revealed also for numerous other spin observables [4]. In addition it
is the region of higher energies, where higher chiral order terms start to play an important role and short-range
components of the 3N force contribute, which presents a challenge for future applications of a N3LO 3NF.

4 Results for Breakup

Among numerous kinematically complete configurations of the Nd breakup reaction the so-called symmetric
space star (SST) and quasi-free scattering (QFS) configurations have attracted a special attention. The cross
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Fig. 5 The nd elastic scattering neutron analyzing power Ay at the incoming neutron laboratory energies E = 65, 135, and
200 MeV. In the left column predictions of (semi-)phenomenological NN potentials alone or combined with the TM99 and the
Urbana IX 3NF’s are shown while in the right column predictions of the N4LO SCS NN potential with the regulator R = 0.9 fm
alone or combined with the N2LO 3NF for four (cD, cE ) pairs of strengths of the contact terms. For explanation of bands and
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At E = 135 MeV the (black) dots are pd data from Ref. [44]. At E = 200 MeV the (black) dots are pd data from Ref. [45]

sections for these geometries are very stable with respect to the underlying dynamics and are dominated by
the S-waves [32].

In Fig. 6, we compare predictions of the N4LO SCS chiral potential to the SST cross section data at
two incoming nucleon energies E = 13 MeV and 65 MeV. Given the good agreement at 65 MeV with the
experimental data of Ref. [33] as visualized in the right panel of Fig. 6, there is not much room for 3NF effects
for this observable. Indeed, adding N2LO 3NF only slightly increases the cross section which practically does
not depend on the strengths of that 3NF contact terms. At 13 MeV, the nd and pd breakup data are far away from
the theory. The nd data set shows a significant disagreement with our theoretical results. The pd data set shown
in Fig. 6 is supported by other SST pd breakup measurements [34] in a similar energy range. The calculations
of the pd breakup with inclusion of the pp Coulomb force [35] revealed only very small Coulomb force effects
for this configuration. Since, at that energy, the SST configuration is practically dominated by the S-wave NN
force components, the big difference between pd and nd data seems to indicate significant charge-symmetry
breaking in the 1S0 NN partial wave. We expect difficulties with explaining the large difference between the nd
and pd data sets by the inclusion of a 3NF without introducing large charge symmetry breaking interactions.
Furthermore, the discrepancy between the theory and experimental pd data is puzzling. The inclusion of the
chiral N2LO 3NF does not affect the results for the SST configuration cross sections at this energy at all,
leaving a big discrepancy to both nd and pd data.
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lines: solid (blue) (4.0, −0.270), dotted (red) (6.0, −1.094), double-dotted-dashed (blue) (8.0, −2.032), and dashed (maroon)
(10.0, −3.108). At E = 13 MeV the (blue) circles are nd data from Ref. [46] and the (red) x-ces are pd data from Ref. [47]. At
E = 65 MeV the (red) x-ces are pd data from Ref. [33]
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Fig. 7 The nd breakup five-fold differential cross section in the QFS complete geometry at the incoming neutron laboratory
energies E = 13 MeV and E = 65 MeV, shown as a function of arc-length of the S-curve. Lines are the same as in Fig. 6. The
(red) x-ces are pd data from Ref. [47] at E = 13 MeV and from Ref. [48] at E = 65 MeV

For the pp QFS geometry, we show in Fig. 7 the predictions based on the N4LO chiral potentials at
E = 13 MeV and 65 MeV, together with the available pd breakup data. The theoretical predictions agree well
with the pd breakup data and for that configuration practically no effects of the N2LO 3NF are present.

5 Summary and Conclusions

We applied the semilocal coordinate-space regularized N4LO chiral NN potential combined with the N2LO
3NF, regularized in the same way, to reactions in the 3N continuum. We checked that using elastic Nd scattering
cross section data as an additional (to the 3H binding energy) 3N observable provides an efficient tool to fix the
strengths cD and cE of the N2LO 3NF contact terms. However, the application of this tool should be restricted
to the region of the incoming nucleon laboratory energies around ≈ 60 MeV, where 3NF effects start to appear
in the cross section.

The application of that particular combination of NN and 3N forces provides at higher energies effects
for the elastic scattering cross section which are very similar to those obtained with (semi-)phenomenological
interactions. For the low-energy nucleon analyzing power Ay the application of consistent chiral forces supports
predictions of the TM99 3NF, however, the resulting effects are smaller in magnitude by a factor of ≈ 2. Thus
the N2LO 3NF is unable to explain the low-energy Ay puzzle. That 3NF is also incapable of explaining
discrepancies between data and theory for 13 MeV SST complete breakup configuration. At higher energies



19 Page 10 of 11 H. Witała et al.

and for numerous elastic scattering spin observables a complex pattern of discrepancies to data was found,
similar to that revealed in previous investigations with (semi-)phenomenological NN and 3N forces. The
chiral results are sensitive to the magnitude of contact terms. It points to a growing importance of short-range
components of a 3NF at higher energies and calls for an application of the N3LO 3NF, in which numerous
new components contribute [36,37].
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