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The proton-proton scattering without Coulomb force renormalization
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Abstract. We demonstrate numerically that proton-proton (pp) scattering observables can be determined di-
rectly by standard short range methods using a screened pp Coulomb force without renormalization. We nu-
merically investigate solutions of the 3-dimensional Lippmann-Schwinger (LS) equation for an exponentially
screened Coulomb potential. For the limit of large screening radii we confirm analytically predicted properties
for off-shell, half-shell and on-shell elements of the Coulomb t-matrix.

1 Introduction sional LS equation for the 3-dimensional, screened Cou-
lomb t-matrix is presented and examples of its matrix el-

Recently [1], we proposed a method to obtain pp scatteringements and_ their properties are shown in Section IV. We

observables using a screened Coulomb force in the stanSummarize in Section V.

dard framework of short range interactions. Namely, de-

spite the fact that the screening limit of the on-shell scat-

tering amplitude does not exist and acquires an oscillating2 The on-shell pp t-matrix with screened

phase factor if the screening radius goes to infinity [2-5], Coulomb potential and the pp observables

it is still possible to obtain pp observables without renor-

malization of the scattering amplitude. Let VR be the screened Coulomb potential between 2 pro-
The two-body screened Coulomb t-matrix is aninputto tons, which turns into the pure pp Coulomb potential for

study proton-deuteron processes. In a series of papers [6R, the screening radius, going to infinity. Together with the

7] related to the pd system, the screened Coulomb t-matrixstrong interaction V this determines the 2-body pp t-matrix

was used in two forms: in the partial wave decomposition via the LS equation

and in the direct 3-dimensional forrmp ’|t}(E)|p >. The

latter one is a solution of the 3-dimensional two-body LS t=V+ VR4 (V+VRGt, (1)

equation driven by the screened Coulomb potential. Us-

ing this form one takes into account the full action of the whereGg is the free propagator. That equation is solved

Coulomb force in the pd system. This allows to avoid big at thepp c.m. energyE = r%i projected on a set of partial

number of partial waves required otherwise. wave basis statép(ls) jm; tm >, with p, |, s, j andmbeing
_The df-the-energy-shell, half-shell and on-shell prop- the relative momentum, orbital angular momentum, total

erties of the screened Coulomb t-matrix have been studiedspin, total angular momentum and its magnetic quantum

analytically in the past [2-4,8-10]. These investigations, ,, mber.

however, mostly rely on insight gained for fixed number of The total isospin quantum numbers for two protons are

partial wave states. Their mathematical rigour in the sum-¢ — 1 andm, = 1. This leads to the on-the-energy-shell

mation of the partial wave sum to infinity leaves room for  matrix element

improvement. Therefore, we study numerically the scree-

ning limit of < p “|t}E)|p > for the df-, half- and on- < p(l's)j'mItip(Is)jm >= 6¢s6j jommtit (P, P) . (2)

shell matrix elements and compare obtained results with

the unscreened pure Coulomb force predictions. For theywhere the Pauli principle dictates)*s = 1 and we as-

half-the-energy-shell and for the on-the-energy-shell ele- symedsto be conserved.

ments we also checked the scale fiéets of the renormal- The full 3-dimensional antisymmetrized on-shell t-ma-

ization procedure. This allows to point the values of the trix is given as

screening range for which the screening limit is reached

with the adequate accuracy. < p’mm,jt(1 - P1o)lpmim, > (3)
This paper is organized as follows: in Section Il we dis-

cuss pp scattering observables. In Section Il the 3-dimen-where m(ny) are the individual spin magnetic quantum

numbers ang@ = pp,p’ = pp’ the initial and final relative
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The strong force can be neglected beyond a cejtain 1
and there only the screened Coulomb t-maffils present, 0 30 € 9[‘2163]20150 1800 30 €0 9[383120150 180
which is diagonal i and independent afand . Next, one em e
adds and subtracts a finite sum upitgy with t7; only and Fig. 1. (color online) The pp scattering cross sectigh)( analyz-
this completes the infinite sum ovgrcontaining oniyty. ing power §), spin correlation caicient ), and spin trans-
Thatinfinite sum is identical to the 3-dimensional antisym- fer codficient (K;) at E = 13 MeV as a function of the c.m.

metric screened Coulomb t-matrix. Thus (4) turns into scattering angle calculated with the screened Coulomb force and
the CD Bonn nucleon-nucleon potential [13], which is kept for

< p M M5|t(1 — Pr2)lpmumy >= Sy myGmym, < P '|t§|p > the partial waves up tp < 3. The screened results are foe 4

R 11 and diferent values of the screening radiRsR = 20 fm (dot-
= OmmOmm, <Pl —p >+ Z(EES’ m; m,mg) ted line),R = 60 fm (dashed-dotted lineR = 120 fm (dashed
) line), andR = 180 fm (solid line). The thick dots are the Vincent-
11 s s Phatak’s exact results.
(535S mlmzms)z Z >y
j=0 m=—jI'=[j-gI=lj-5 _
I’si MY, (D7) (5 (p, p) = 61t (L + (=)'* In Fig. 1 we show for several pp observables the con-
( Jl M ) Inj(pA) (ti(p.P) =o)L+ () vergence with respect & for n = 4 atE'® = 13 MeV.
Z( sj, mms, M)Y;r, (P) - ®) The resulting limiting values agree very well with the ex-
m act standard predictions obtained using the Vincent-Phatak
The limit of that expression does not exist far—  method [12]. For this energy the screening limit for ob-
o [3,4]. Then each term in (5) acquires the same infinitely Servables is achieved &t= 120 fm.
oscillating phase factog??=(P)| wheredg(p) depends on In Fig. 2 we demonstrate for the same observables the

the type of the screening used. If one is interested in phasdndependence on the valuervét suficiently large R-value.
shifts it is unavoidable to keep track of this oscillating fac- Adain the agreement with the results of the Vincent-Phatak
tor which in that context runs under the name renormaliza- method is seen. The deviation with respect to the latter pre-
tion [5]. However, if one is interested in the pp observables, dictions and values af = 1,2,3 and 4 and screening ra-
the cross section and spin observables, where the on-shefliusR = 120 fm is below 1%.
t-matrix appears together with its complex conjugate, the
oscillating factor drops out. Note thd#:(p) is independent
of spin magnetic quantum numbers. 3 The 3-dimensional Lippmann-Schwinger
Thus, the pp observables based on the strong and the
screened Coulomb force can be calculated without renor- equation
malization using standard short range methods. Only the
values of the paramet&at which the observables getin- Let us regard the LS equation for two protons interacting
dependent oR have to be established. only with the screened Coulomb potendél. The t-matrix
In this work we use the exponential type of screening element< p “[tR(E = I )|p >= t}(p,p,x=p- P E)
which depends on two parameters, the screening r&lius  fulfills for given energy E the equation [14]
and the powen:

R( _ = 1 a2
VR(r) — fe—(%)n ) (6) tc(p > P, X) vc(p P, X, 1)+f dp p
¢ r

1
1
n Ry~ ” 2 R/ A7 2
At a given valuen, which we take froom = 1 up to j:ldx ve(P', P ,X,X)iE : _t (P", p.X") (8)
4, the pure Coulomb potential is restored Ror> co. The Mo

phase factor for the exponential screening reads [11]

le —

with
Pr(p) = —nlIn(2pR) — y/n| (7) on
Rp',p,xX,X) = f d
wherey = 0.5772.. . is the Euler number arvqi_ the ve(P. P ) 0 ¢
Sommerfeld parameter. VR(p', p. Xx+ V1 - x2V1 - x2cosp) . 9)
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Fig. 2. (color online) The convergence of the pp scattering cross
section G—g), analyzing power 4,), spin correlation cd#cient
(C,,), and spin transfer cdigcient (K;’/) at E'palD = 13 MeV as a
function of the c.m. scattering angle calculated with the screened
Coulomb force and the CD Bonn nucleon-nucleon potential [13],
which is kept for the partial waves up fo< 3. The screening
radius isR = 120 fm andn = 1 (dotted line),n = 2 (dashed-
dotted line),n = 3 (dashed line), and = 4 (solid line). The
curves forn = 1 ton = 4 all overlap on the scale of the figure.
The exact Vincent-Phatak result is given by thick dots.

We solve Eq. (8) by discretizing all variables, generat-
ing the Neumann series and applying Pade summation.

For screening parameter= 1 the leading term in (8)
can be calculated analytically

/ 4 e2 ’ ;o 1
(P, P, X, X) = ;((p2+p2—2p pxx+@)2

—4p?pP(1-XH)(1-¥¥)) 1. (10)
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Fig. 3. The real (up) and imaginary (down) parts of the
t(g, gp, cosP)) for the scattering anglé = 45° at E=13 MeV.
The screening parameters areR0 fm and &4.

The real part of has a steep maximum at small momenta
atg = 45°, which evolves to a hump lying along diago-
nal p’ = p for smaller angles. The spiky structure seen for
the smallest angle comes only from the graphical repre-
sentation on the finite grid g, p’-points. The increasing

Forn > 1 thisis no more possible and a two-dimensionalrange of the hump shows that an action of the screened

numerical integration is required to get the leading term

21 00 :
v?(pl$ p’ X,’ X) = % jo‘ d¢j0‘ drwe_(%)n (11)

whereq = \/p2 + P2 - 2pp (X x+ V1-x2V1-x2cosp).
The detailed description, how we handle numerically this
highly oscillating integral can be found in [7].

4 The screened Coulomb t-matrix
properties

4.1 The off-shell elements

In this Subsection the three-dimensional t-matfx, p, x =
cos@)) will be shown as a two-dimensional function of
momentgp andp’ at a given scattering angle

In Figs. 3 and 4 the real and imaginary parts of the
t-matrix for n=4, R=120 fm and E13 MeV are shown at
0 = 45 and 5, respectively. These two values are cho-

forces becomes more and more important for bigger mo-
menta when moving to the smaller scattering angles. The
imaginary part of the t-matrix has a minimum at the on-
shell pointp = p’ = k(~ 0.396fnT* for E=13 MeV). Its
absolute value is about three orders of magnitude smaller
than the maximum oRe(t). The minimum ofIm(t) be-
comes deeper and narrower with decreasing angle.

The pure @&-shell Coulomb t-matrix is analytically gi-
ven by [2,10]:

k2 &€ 1+1(x
iR > e S 12
<p Itc(mp)lp > 52 0 p)? (12)
where
1 . .ox+1
1) =+ RR@iml+ig . — _11)
. . X-—

- 2F1(1, 11, 1+ 117, _X+ 1)] , (13)

X2 =1+ % ard ,F is the hypergeometric func-

tion. Thus we are able to compare results of solving Eq.(8)
with prediction (12) and check for which value of the scree-
ning radius the screening limit is achieved. This is pre-

sen as representatives of intermediate and forward anglessented in Fig. 5, where both parts of th&shell screened

05014-p.3
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Fig. 4. The same as in Fig. 3 but fér= 5°.

Coulomb t-matrixtX(p, p’, ) at E',f‘b = 13 MeV and fixed

p andx values are shown as a functiongfand compared
with pure Coulomb result. The smé&tvaluesR = 20 fm
andR = 60 fm are inskicient, especially for the imaginary
part, to reach the pure CoulomKi-ghell values. However
for bigger R-values, aboveR ~ 100 fm, tR(p, p’, X) ap-
proaches the screening limit. At this energy for= k =
0.396 fnT! one reaches the half-shell point where a discon-
tinuity of t matrix exists. In this ranges @ bigger values

of Rare needed.

4.2 The half-shell elements

Let us turn now to the half-shell pure Coulomb t-matrix,
which is analytically given by [15].

ki

22

p/2 _ k2

9 "

(

2 _
<p '|tf§(k—)|k >— Cope® (14)
My

whereq = p ’'—k is the momentum transfery = I'(1+in)

is the pure Coulomb phase shift aﬁ@ = % is the
Coulomb penetrability. The direct comparison of this limit
and the screened Coulomb half-shell t-matrix
13 MeVis shownin Figs. 6 and 7 for the real and the imag-
inary part oft, respectively. On both figures, in upper row,
discrepancy due to the oscillating factef=® [3-5] is
seen. The renormalization bfmatrix moves the screened
half-shell t-matrix directly to its pure Coulomb limit (see
lower row of Figs. 6 and 7). Especially the imaginary part
of the half-shell screened t-matrix is etfed by renormal-
ization. The screening radii aboRt= 60 fm are generally

05014-p.4
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Fig. 5. (color online) Limiting behaviour of the real (upper) and
the imaginary (lower) parts of thefethe-energy-shell screened t-
matrixt¥(p, p’, X) at EZ° = 13 MeV, p = 0.36 fmr?, and6 = 45°

as a function of thgg momentum fom = 4 and diferent values
of the screening radiuR: R = 20 fm (dotted line) R = 60 fm
(dashed-dotted lineR = 120 fm (dashed lineR = 180 fm (thin
solid line), R = 500 fm (thick solid line). The pure Coulomb
off-shell result of Eq.(13) is given by thick dots. The half-shell
situation is reached g’ = k = \/myEcm = 0.3% fmL. In the
inset a discontinuity develops ff approache& from below or
above.

suficient to reach the pure Coulomb t-matrix. Although,
for smaller angles one has to go to even biggsr

4.3 The on-shell elements

The on-shell elements of the screened Coulomb t-matrix,
obtained from Eq.(8) af'g‘b = 13 MeV are givenin Figs. 8
(the real part) and 9 (the imaginary part). In the upper rows
the results before renormalization are shown. In addition to
them also the pure Coulomb amplitude is shown and rep-
resented by a thick solid line. A necessity for renormaliza-
tion is clearly seen, especially for the imaginary part.of
For the on-shell elements the renormalizatiort-afatrix

is done using the oscillating factef =¥ [3-5]. Then the
screened on-the-energy-shell t-matrix elements approach
in the limit R - o the Coulomb scattering amplitude
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Fig. 6. (color online) The real part of the half-the-energy-shell
screened t-matrixR(k, p, X) before (upper row) and after (lower
row) the renormalization. The proton lab. energ¥is 13 MeV,
andd = 45°. The screening potential was taken with= 4 and
different values of the screening radiBsR = 20 fm (dotted
line), R = 60 fm (dashed-dotted linelg = 120 fm (dashed line),
R = 180 fm (solid line) andR = 500 fm (thick solid line) The
pure Coulomb half-shell result of Eq.(14) is given by thick dots.

0.3

Ac(0) [5,16]

t?(k, K, X)lrenormalized = _Zi(pR(k)t?(k, k, X)
2 AC(H) 2 mpeZ e—inln(sin2%)

—_ —— =
mp, (21)2  mp(2r)? 4k?

. (15)
sin§

Applying this procedure indeed shifts unrenormalized
t-matrix to the pure Coulomb result. This is exemplified in
the lower rows of Figs. 8 and 9. At this energg® =
13 MeV) the screening range = 120 fm is sufficient to
obtain screening limit at most scattering angles, only for
very small ones the bigger values®fre required.

5 Summary

We solved numerically the 3-dimensional LS equation for

a screened Coulomb t-matrix with the exponential screen-
ing using diferent values of screening parameters. The re-

sulting t-matrix taken on-shell together with a finite num-
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Fig. 7. (color online) The same as in Fig. 6 but for imaginary part
of the half-the-energy-shell t-matrix.

O

screened Coulomb force and the nuclear force leads to cor-
rect pp observables. No renormalization is required in that
case.

We also investigated numerically the screened 3-dimen-
sional Coulomb t-matrix. The limits of theffeshell, half-
shell and on-shell screened t-matrices were compared to
the pure Coulomb values, which are known analytically.
Our study confirms analytical results for the pure Coulomb
force and allows to give the values of screening radii for
which the screening limit is achieved. The resulting 3-di-
mensional screened Coulomb t-matrix is the important com-
ponent of three-body calculations [6, 7] involving Coulomb
interaction.
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