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Abstract. Baryon resonance production in proton-proton collisions at a kinetic beam energy of 1.25 GeV is
investigated. The multi-diﬀerential data were measured by the HADES Collaboration. Exclusive channels
with one pion in the ﬁnal state (npπ + and ppπ 0 ) were put to extended studies based on various observables
in the framework of a one-pion exchange model and with solutions obtained within the framework of a
partial wave analysis (PWA) of the Bonn-Gatchina group. The results of the PWA conﬁrm the dominant
contribution of the Δ(1232), yet with a sizable impact of the N (1440) and non-resonant partial waves.
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1 Introduction
Nucleon-nucleon interactions provide a fundamental
knowledge about the nature of nuclear forces with a strong
impact on the construction of many dynamic models. Although the elastic N N scattering is a dominant process
at low energies, the understanding of inelastic collisions
is mandatory above the one-pion and two-pion production thresholds (for a review see [1]). One of the ﬁrst
semi-phenomenological models by Mandelstam [2] was describing the pion production by the formation of the intermediate N Δ state and a decay of the Δ into a nucleon and a pion. However, the absence of dependence
of the production amplitude on energy was in contradiction to experimental data at energies above 0.7 GeV. A
more advanced approach was realized by one-pion (OPE,
see [3–5]) or by one-boson exchange (OBE) models, developed by several groups (see i.e. [6–14]). The improved
version of the OPE model was proposed by Suslenko
and Gaisak [15], describing the experimental data in the
pp → npπ + reaction in the energy range 0.6–1.0 GeV with
an accuracy of 10–15%. The model was tested also in the
pp → ppπ 0 reaction at seven energies of the incident proton in the range 0.6–0.9 GeV with the data collected at the
PNPI [16]. Although various diﬀerential distributions are
described by the model qualitatively well, the predicted
total cross sections are lower than the reconstructed from
the experimental data. Similar conclusions were reported
in the study of the neutral pion production at proton
beam momentum 1.581 GeV/c (kinetic energy 0.9 GeV)
and 1.628 GeV/c (kinetic energy 0.9089 GeV) [17], supplemented by the recent studies of npπ + channel ([18]
and [19]) for the same beam momenta. The good data
description in the npπ + channel leads to the underestimation of the total cross section by the OPE model [15]
in the ppπ 0 channel.
Yet another OPE model, successfully describing
the data at slightly higher energies of 0.97 GeV [20],
1.48 GeV [21] and 4 GeV [22] in the pp → npπ + channel,
was introduced by Dmitriev et al. [23]. The matrix element in the model is calculated based on the direct and
exchange graphs for Δ production in pp collisions, with
the form factor in the πN N and πN Δ vertices
Λ2 − m2π
,
(1)
F (t) = π 2
Λπ − t
where Λπ is the coupling constant adjusted to the data
(i.e. Λπ = 0.63 GeV for the [20]) and t denotes the Mandelstam variable for the momentum transfer.
a
b
c
d
e
f
g
h
i
j
k

Eur. Phys. J. A (2015) 51: 137

A more versatile dynamical model by Teis et al. [24]
describes the production of light mesons in proton-proton
collisions and extends it to heavy-ion collisions in the energy range of 1–2 GeV/u. The major assumptions of this
model are: i) the entire meson production proceeds via intermediate resonance excitation ii) the total cross section
amounts to the incoherent sum of all resonances contributing to a speciﬁc channel. The matrix elements for the resonance production were obtained from a ﬁt to the data
of 1π, η, ρ and 2π production cross sections in nucleonnucleon reactions. They were assumed to be constant,
except for the Δ where dependency on t was adopted
from [23]. A similar approach is also used in other resonance models, e.g. GiBUU [25,26] (with only small modiﬁcations of the Teis model [24]) and UrQMD [27].
The modelling of the angular distributions of the produced resonances allows for a more detailed comparison
with experimental data and is essential when measurements within a limited acceptance coverage are considered. For example, the OPE model of Dmitriev et al. [23]
provides anisotropic angular description of the Δ resonance in accordance with experimental data. Other important observables characterizing a source of pion production are the various angular distributions in the nucleonpion reference systems, i.e. helicity and Gottfried-Jackson
frames [28]. For instance, the angular distribution of the
Δ decay depends on the population of diﬀerent spin states
excited in the N N → N Δ process, what can be described
in terms of a 4×4 spin density matrix ρij . Integrating over
the full azimuthal range and assuming solely a one-pion
exchange, the decay angular distribution Δ → N π follows
a ∼ (1 + 3 cos2 θ) distribution, where θ is the angle of a
pion (or a nucleon) in the Δ rest frame with respect to the
beam axis (see [28]). Such a parameterization is corroborated by the experimental data [16]. However, there is not
much information on higher mass resonances, and usually
isotropic distributions are used in resonance models.
In view of the limitations of the resonance model [24],
the partial wave analysis provides a signiﬁcant advantage: it includes the coherent sum of both resonant and
non-resonant contributions within the solution based on
the simultaneous ﬁt to many experimental data samples. The extraction of contributions from diﬀerent partial waves is performed event by event and based on
the maxium-likelihood method. The angular distributions
for a given partial wave in the ﬁnal state, characterized by the spin and parity, are naturally accounted for.
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Therefore, resonant and non-resonant contributions, including interferences, can be extracted. In this work we
compare HADES results on one-pion production obtained
with calculations based on the resonance model of [24]
and of the partial wave analysis developed by the BonnGatchina group [19].
A detailed knowledge of the resonance production is
also essential for the understanding of dielectron sources
in nucleon and pion induced reaction (see [29]). In particular the Δ → N e+ e− Dalitz decay presents the next, after
the neutral pion decay, important source of lepton pairs at
beam energies around 1 GeV. The corresponding branching ratio of the decay and its dependence on the dielectron
invariant mass have not yet been measured in the exclusive process like, for example, pp → ppe+ e− . The analysis
of the hadronic channel pp → Δ+ p → ppπ 0 , presented in
this work, provides a Δ+ resonance contribution, being a
mandatory reference to deduce the branching ratio for the
dilepton decay of Δ → N e+ e− (a subject of a forthcoming
publication).
Our paper is organized as follows: Section 2 introduces
the experimental set-up, conditions under which npπ +
and ppπ 0 channels were selected and the normalization
procedure. The channels are analyzed within the resonance model ansatz assuming the excitation of Δ(1232)
and N (1440). Various diﬀerential distributions within the
HADES acceptance are presented and compared to calculations in sect. 3. The acceptance corrected diﬀerential
and total cross sections are shown in subsects. 3.1 and 3.2.
Section 4 presents the methodology of the partial wave
analysis in N N collisions and the discussion of the obtained solutions: contributing partial waves, the role of
the resonances as well as the non-resonant contributions.
Finally, the experimental data are acceptance corrected
with the PWA solution. The conclusions compare results
obtained with the two methods.

2 The HADES experiment
The experiment was performed with the High Acceptance
Di-Electron Spectrometer (HADES) [30] installed at the
GSI Helmholtzzentrum für Schwerionenforschung in Germany. A proton beam of 107 particles/s with a kinetic
energy of 1.25 GeV was incident on a liquid hydrogen target. The analysis of this experiment was described already
in [31]. In this report we extend the studies on various additional observables: angular projections of the identiﬁed
particles, invariant masses as well as the angular projections in the helicity and in the Gottfried-Jackson frames.
To study one-pion production mechanisms in the
hadronic channels, only events with one proton and one
pion (pπ + ) and two protons (pp) were identiﬁed with the
help of the missing mass technique. The collected statistic
amounts to 2.73 × 106 events with an identiﬁed π + and
0.53 × 106 events with an identiﬁed π 0 , respectively. The
background estimation was done on the base of a doublediﬀerential missing mass spectrum obtained for 20 diﬀerCM
inv
and 25 bins in MπN
. Prior
ent bins in the variable cos θπN
to the background evaluation, the two-pion contribution
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to the missing mass spectrum, not very sensitive to details of the two-pion production model, was subtracted, as
explained in [31]. The background contribution obtained
from the ﬁt procedure applied to the npπ + ﬁnal state
amounts to a few percents. In the case of the ppπ 0 sample
the background contribution yields to about ten percents.
The estimated background is used to calculate the ratio
of signal to total yields, utilized as weights (Q-factors) in
the event-by-event partial wave analysis.
All spectra presented in ﬁgs. 1 and 2 are uncorrected
distributions within the HADES acceptance. They are
normalized to the pp elastic scattering yield measured in
the same experimental run. The reference pp elastic cross
section for the proton in the polar angle range between
46◦ –135◦ in c.m.s. amounts to 3.99 ± 0.23 mb (EDDA Collaboration [32]). The normalization error is estimated to
be 8%, where 5.8% is derived from the error of the reference diﬀerential cross section and 6% is the systematic
error of the reconstruction of events with elastic scattering
(see [31] for details).

3 Results and comparison to resonance model
To describe the data from the p + p reaction, the resonance model by Teis et al. [24] was implemented in the
framework of the PLUTO event generator [33]. Then, the
full GEANT simulation and the Monte Carlo simulations
of the detector response, followed by the same analysis steps employed for the experimental data, were performed. The following hadronic channels were included:
pp → i) n + Δ++ (1232) with decay (BR = 1) Δ++ →
p + π + , ii) p + Δ+ (1232) with subsequent decays (BR =
1/3) Δ+ → n + π + and (BR = 2/3) Δ+ → p + π 0 ,
iii) p+N (1440) with decays (BR = 0.65∗2/3) N (1440) →
n + π + and (BR = 0.65 ∗ 1/3) N (1440) → p + π 0 for the
N N → N Δ(1232) reaction. The simulation employs the
model of Dmitriev et al. [23] but replaces, as in the resonance model [24], the original parameterization of the
Δ resonance total width by the one given in the Moniz
model [34]:
Γ (m) = ΓR

mR
m



q
qR

2l+1 

2
qR
+ δ2
2
q + δ2

l+1
.

(2)

mR and ΓR are the pole mass and the width of a resonance R, m is the current resonance mass, q and qR are
the three-momenta of the pion in the reference frame of a
resonance with mass m and mR , l is the angular momentum of the emitted pion (l = 1 for the Δ). The quantity δ
is a parameter in the cut-oﬀ function which, in the case of
Δ resonance, equals to δ = 0.3 GeV/c [35]. Such a parameterization which suppresses the high-mass tail of the resonance, is compatible with the description of the HADES
data at a higher energy [29]. The parameterization of the
one-pion decay width for the Roper resonance is deﬁned in
the similar manner (see [24] for details). The ﬁnal state interaction (FSI) between the outcoming nucleons was also
modeled according to the Jost parameterization [36].
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Fig. 1. (Color online) Various projections for the npπ + channel: uncorrected data points (black) within the HADES acceptance
with systematic and statistical vertical error bars, normalized to the number of pp elastic scattering (Nel ). Histograms: total PWA
solution folded within the HADES acceptance and eﬃciency (solid black) and normalized to the respective yields of experimental
data, the Δ(1232) contribution (short-dashed red) and the N (1440) contribution (long-dashed blue). Dotted histogram (black):
modiﬁed resonance model. The grey hatched area in each panel shows the distribution in the case of isotropically simulated
particles. Angular distribution of (a) π + , (b) p and (c) n in c.m.s. reference frame. Invariant mass of (d) pπ + , (e) nπ + and
(f) pn. Helicity distribution of (g) π + in pπ + reference frame, (h) π + in nπ + reference frame and (i) n in pn reference frame.
Angular distribution of (j) π + in pπ + GJ reference frame, (k) π + in nπ + GJ reference frame and (l) n in pn GJ reference frame.

The production cross sections for the intermediate resonances were also taken from the model [24], except for the
Roper resonance, where a slightly larger cross section was
used, based on a Lagrangian model [37]. Decay branching
ratios to one and two pions at resonance pole masses are
taken from the PDG review [38]. Isospin relations lead to
the following ratios between cross sections:

σpp→npπ+ = 5σpp→ppπ0 ,

(3)

for the Δ resonance with the isospin I = 32 , and
σpp→ppπ0 = 2σpp→npπ+ ,

(4)

for the N (1440) (Roper) resonance with the isospin I = 12 .
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Fig. 2. (Color online) Various projections for the ppπ 0 channel. Uncorrected data points (black) within the HADES acceptance
with systematic and statistical error bars, normalized to the number of pp elastic scattering (Nel ). Histograms: total PWA
solution (solid black), the Δ(1232) contribution (short-dashed red) and the N (1440) contribution (long-dashed blue). Dotted
histogram (black): modiﬁed resonance model. The grey hatched area in each panel shows the distribution in the case of
isotropically simulated particles. Angular distribution of (a) π 0 and (b) p in c.m.s. reference frame. Invariant mass of (c) pπ 0
and (d) pp. Helicity distribution of (e) π 0 in pπ 0 reference frame and (f) p in pp reference frame. Angular distribution of (g) π 0
in pπ 0 GJ reference frame and (h) p in pp GJ reference frame.
Table 1. Cross sections for the p(1.25 GeV) + p reaction and one-pion ﬁnal states with the intermediate baryon resonance
excitation: σRES for the resonance model [24], σPWA for the partial wave ﬁt.
Final state

Intermediate process

σRES (mb)

σPWA (mb)

npπ +

pp → nΔ++ (1232)
pp → pΔ+ (1232)
pp → pN (1440)
Total:

16.90
1.89
0.54
19.35

11.1 ± 0.4
1.2 ± 0.2
1.7 ± 0.2
16.34 ± 0.8

ppπ 0

pp → pΔ+ (1232)
pp → pN (1440)
Total:

3.76
0.27
4.03

2.96 ± 0.07
0.86 ± 0.06
4.2 ± 0.15

The cross sections are listed in table 1 (column σRES );
the subsequent contributions to the total cross section
were added incoherently. It is worth mentioning that the
changes aﬀect only the angular distributions of the Δ →
πN decay at large c.m.s. angles, keeping the cross section
untouched. The calculations with the OPE model [23] remain still valid for most applications and are utilized successfully in modern resonance models (e.g. GiBUU [25]).
3.1 npπ + channel
The description of the intermediate Δ++ resonance in
the pp → npπ + channel within the OPE model [23] required the adjustment of the cut-oﬀ parameter Λπ in
eq. (1) for the vertex form factor. The HADES data favour
Λπ = 0.75 GeV (see [31]). Further improvement could be
achieved with the empirical parameterization of the anCM
inv
gular distribution cos θpπ
+ as a function of Mpπ + . It allows to describe the anisotropic production of the resonance as a function of the invariant mass, in agreement

with the observations of the former proton-proton experiments [39]. The comparison of the improved model with
data is shown in ﬁg. 1, where various projections of the
uncorrected data and the Monte Carlo simulation (dotted histogram), within the HADES acceptance, are presented. We show single particle angular distributions in
the center of mass (c.m.s.), helicity and Gottfried-Jackson
(GJ) frames and two-particle invariant mass spectra. The
calculations with the resonance model are compared to the
data using the normalization explained above, while the
results obtained with a partial wave analysis (explained in
sect. 4) and phase space distributions are normalized to
the yield of the data.
Thanks to a good solid angle coverage and a good
model description, the data could be corrected for the
reconstruction ineﬃciencies and the detector acceptance,
each distribution with the respective one-dimensional correction function. The correction function is constructed,
for a given distribution, as ratio of the model yield in 4π
and the yield within the HADES acceptance, including all
detection and reconstruction ineﬃciencies obtained using
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the full analysis chain. The integrated correction factor in
the npπ + channel varies in the range 20–40, depending on
the distribution. The extracted cross section for the npπ +
channel, in agreement with [31], amounts to 17.0 ± 2.2
(systematic error) mb, with a negligible statistical error.
The systematic error includes: 5% error due to the particle identiﬁcation (selection cuts and the missing mass cut)
and the background subtraction, 10% error due to the correction and model uncertainty and 8% is the normalization
error (errors are added quadratically). The background
subtraction error was deduced by varying of a polynomial
function used together with a Gauss function to ﬁt the
missing mass spectrum. The model error was estimated
from the diﬀerences in the integrated yields of the various
distributions obtained after acceptance corrections.
3.2 ppπ 0 channel
The identiﬁcation of two protons in the HADES spectrometer results in a reduced acceptance for the ppπ 0 reaction
channel. As pointed out in [31], the resonance model [24]
does not reproduce satisfactorily our measured observables in the ppπ 0 channel. To improve the description, the
aforementioned parameterization of the resonance angular
distribution, deduced from the npπ + channel analysis, was
applied for the Δ+ production. Although some angular
projections still unravel slight discrepancies between the
data and the model, the overall description is quite good
(see ﬁg. 2) and allows for the correction of the data for the
reconstruction ineﬃciencies and detector acceptance, with
the model-driven extrapolation, in an analogous way as it
was done for the npπ + channel. The integrated correction factor in the ppπ 0 channel varies in the range 15–25,
depending on the distribution. The deduced total cross
section amounts to 3.87 ± 0.60 mb. Due to the smaller, as
compared to the npπ + channel, acceptance coverage, the
systematic error related to the acceptance corrections is
12% (estimated as in the previous case), the background
subtraction error is similar and amounts to 6%.
Taking into account the isotopic relations between the
ﬁnal state channels, one gets the total cross section for
the Δ+ production equal to either 4.98 ± 0.72 mb (deduced from the npπ + channel, where the Δ++ contribution is 14.86±2.19 mb) or 5.42±0.69 mb (deduced from the
ppπ 0 channel). The expected ratio σΔ++ /σΔ+ is 3, which
is satisﬁed within the errors in both cases: 2.98 ± 0.61
or 2.74 ± 0.53, respectively. One should notice that the
N (1440) contribution is negligible in the resonance model
approach.

4 Partial wave analysis results
The above modiﬁed resonance model describes fairly well
the angular and mass distributions and can be used for
the acceptance correction of the data. However, the introduced modiﬁcation of the angular distributions of the Δ
resonance does not provide insight into the production
mechanism. Moreover, the non-resonant contribution is
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completely neglected and N (1440) contribution is treated
in a very simpliﬁed manner.
The successful analysis in the framework of the BonnGatchina PWA was already demonstrated in the case of
p + p data measured at PNPI at lower energies (see [18]
and [19]) and for the pKΛ ﬁnal state [40] in the case of p+p
data at a kinetic beam energy of 3.5 GeV measured with
HADES. In this approach, the total reaction amplitude A
is described as a sum of partial wave amplitudes with the
corresponding angular dependencies:
A=



in
Aα
tr (s)Qμ1 ...μJ (SLJ)A2b (j, S2 L2 J2 )(sj )

α
 
×Qﬁn
μ1 ...μJ (j, S2 L2 J2 S L J).

(5)

Here S, L and J are the spin, the orbital momentum and
the total angular momentum of the initial N N system,
S2 , L2 and J2 denote spin, orbital momentum and total
angular momentum of the two-particle system in the ﬁnal
state, and S  and L are spin and orbital momentum between this two-particle system and the spectator particle
with index j, e.g. π(1), p(2), n(3). The invariant mass of
the two-body system is determined by sj = (P − qj )2 ,
where qj is the four-momentum of the spectator and P is
the total momentum of the reaction. The operators Qin
and Qﬁn are tensors of the rank J constructed for each
event from the momenta of the initial and ﬁnal state particles. Their convolution provides the angular dependence
of the amplitude; the explicit form is given in [41]. For
the transition amplitude Aα
tr from the initial N N to the
N N π system, we introduced the multi-index α that summarizes all quantum numbers described above. The differential cross section calculated from this amplitude is
maximized for the data events with the event-by-event
maximum-likelihood method, thus taking into account all
correlations in the multidimensional phase space.
The likelihood function is normalized by the Monte
Carlo integral calculated with events generated according to the phase space distribution passed through the
simulated detector response and signal reconstruction. It
means that the distribution of these events weighted by
the cross section from the found solution should closely
reproduce, within the HADES acceptance, the distribution of the experimental data. The solution provides also
a possibility to extrapolate the cross section to the region
with low experimental eﬃciency and therefore to perform
the acceptance correction of the data.
The resonance production in the πN channel is parameterized by relativistic Breit-Wigner amplitudes. For the
Δ and Roper states we introduce the following parameterization (j = 2, 3):
A2b (j, β)(sπN ) =

MR2

R
gπN
,
− sπN − iMR ΓR

(6)

where the multi-index β stands for SπN , LπN , JπN . The
resonance total width is equal to the sum of partial widths,
R
coupling is connected with the πN partial
and the gπN
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width by
2L
1
kπN
R 2 2kπN
.
MR ΓπN = (gπN
) √
2
sπN 16π F (kπN , LπN , r)

Table 2. The ﬁtted data sets (number of events Ndata ).
√
Reaction
s (MeV) Ndata
σtot (mb) Reference

(7)

Here, the quantity kπN is the relative momentum of the
2
,
pion and nucleon in the πN rest frame, and F (kπN
LπN , r) denotes the Blatt-Weiskopf form factor with interaction radius r [42].
Equation (7) deﬁnes the energy dependence of the resonance partial width. The initial values of masses and total
widths of the resonances were taken from the review of
the Particle Data Group [38] and adjusted in the course
of the ﬁt procedure. The interaction radius r was ﬁxed
at 0.8 fm. The total width of the Δ state is completely
deﬁned by the decay into the πN system with LπN = 1
(SπN = 12 , JπN = 32 ). This form of Blatt-Weiskopf parameterization is also used in the Manley and Saleski partial
wave analysis ﬁt [43]. The diﬀerence of the cut-oﬀ function, as compared to the Moniz parameterization eq. (2),
is not so pronounced at the energy of 1.25 GeV, but becomes important at higher energies [29]. In the case of
the Roper resonance, the πN partial width contributes
about 65% to the total width of the state. In general, the
partial widths deﬁned by the two pion-nucleon channel
should have a complicated energy dependence. Possible
parameterizations of the Roper resonance do not change
the solutions very much, as to be discussed below.
The non-resonant contributions in the N N scattering
channel are parameterized by a modiﬁed scattering length
approximation expression (j = 1):

pp → π 0 pp

2066 50000 0.10 ± 0.03

[46]

pp → π 0 pp

2157

542 2.07 ± 0.09

[16]

pp → π pp

2178

615 2.85 ± 0.13

[16]

pp → π pp

2200

882 3.31 ± 0.19

[16]

pp → π 0 pp

2217

993 3.70 ± 0.14

[16]

pp → π pp

2234

914 3.73 ± 0.15

[16]

pp → π pp

2251

996 3.96 ± 0.15

[16]

pp → π pp

2269

1315 4.20 ± 0.15

[16]

pp → π 0 pp

2284

903 4.19 ± 0.17

[17]

pp → π pp

2300

688 4.48 ± 0.20

[19]

pp → π pp

2319

1086 4.50 ± 0.17

[17]

pp → π 0 pp

2422 60000 3.87 ± 0.55

HADES

pp → π + pn

2285

4153

17.8 ± 0.4

[18]

pp → π pn

2300

2912

17.6 ± 0.6

[19]

pp → π pn

2422 60000

17.0 ± 2.2

HADES

0
0

0
0
0

0
0

+
+

, (8)

To describe √simultaneously the √
data in the energy
range between s = 2.06 GeV and s = 2.42 GeV, we
introduce in the transition amplitudes a dependence on
the total energy of the initial N N system in the same
form as in [18, 19]. Thus, the production of resonant and
non-resonant two-body states was ﬁtted by
√ α
aα
s a3 iaα2
1 +
(s)
=
e ,
(9)
Aα
tr
s − sα
0

where kN N is the nucleon-nucleon relative momentum
calculated in the N N rest system, LN N is the orbital
momentum of the N N system, rβ is the eﬀective range
and aβ is the scattering length of the system (β =
SN N , LN N , JN N ). For the S-waves, eq. (8) corresponds
to the scattering-length approximation formula suggested
in [44,45]. The pn scattering length and eﬀective range are
ﬁxed for the S-waves at a(2S+1 LJ ) = a(1 S0 ) = −23.7 fm,
r(1 S0 ) = 2.8 fm and a(3 S1 ) = 5.3 fm and r(3 S1 ) = 1.8 fm.
We started the analysis of the HADES data from the
solution found in [18], describing low-energy data very
well. The ﬁrst ﬁt produced a satisfactory description of
the data, except of very forward neutron and very backward proton angles in c.m.s. of the pp → npπ + reaction.
Moreover, we found large interferences between partial
waves with Roper production and partial wave with nonresonant production of the N N system. To stabilize the
solution we included in the ﬁt also the lower energy data
ﬁtted in [18]. The ﬁtted data base is given in table 2. Number of events Ndata used in the PWA is lower than the full
available statistics in the case of [46] (154972 events) and
in the case of the HADES data (for the full statistics see
sect. 2).

α
α
α
where aα
1 , a2 , a3 and s0 are real numbers, and the poles at
s = sα
0 are located in the region of left-hand side singularities of the partial wave amplitudes. Indeed, in most of the
ﬁts, the only ﬁtted function was the transition amplitude
Aα
tr (s). In the case of transition from initial N N state to
a two-body state with stable particles, this function is a
complex number at a ﬁxed initial energy. In the case of
the transition to the two-body subsystem (a resonance or
non-resonant rescattering and a spectator) the transition
amplitude has contributions from logarithmic singularities deﬁned by the three-particle rescattering. Therefore,
it should have a logarithmic dependence on the energy
of the intermediate systems. However, this dependence is
not important for the production of such a relatively narrow state, as the Δ(1232) resonance. In the case of the
Roper resonance we did not ﬁnd a large diﬀerence between ﬁts, where i) the Roper total width was parameterized with the same energy dependence as the πN channel
only or ii) ﬁts with a more complicated parameterization
of the width with the following decay branching ratios: πN
(60%), Δπ (20%) and N (ππ)S -wave (20%) (see [47]). We
also made ﬁts with free masses and widths of the Δ and
Roper states. For Δ(1232) the parameters hardly changed
from the PDG values [38], and for the Roper resonance
we only observed problems with convergence of the ﬁt but

A2b (j, β)(sN N ) =

√
rβ aβ sN N
2L +1

2 a +
1 − 12 rβ kN
N β

iaβ kN Nβ
2
F (kN
,r ,LN N )
N β
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no notable improvement of the description of the data.
Extensive tests did not show any need for a more complicated energy dependence for the non-resonant amplitudes,
either. All these solutions were included for our estimate
of systematic errors.
Various solutions with the maximum total angular momentum J = 3 or J = 4 were considered. At ﬁrst, we
have performed the data base ﬁt (see table 2) with partial waves with total angular momentum up to J = 3,
since only these partial waves were found to be important
for the description of the lower (than HADES) energy
data [18]. As in the case of the analysis of the HADES
data alone such a ﬁt describes rather well the pp → ppπ 0
single state but shows some problems in the description
of the pp → npπ + reaction. In more details, the forward
region of the neutron angular distribution calculated in
c.m.s. of the reaction was underestimated by the ﬁt. Let
us mention that this angular region is completely covered
by the HADES geometrical acceptance. As a consequence
of such a description we obtained a rather small total cross
section for the pp → npπ + reaction.
The very sharp behavior of the cross section at forward neutron angles (see ﬁg. 1(c)) is reproduced well by
the resonance model. This model includes an inﬁnite number of partial waves based on one-pion exchange and, indeed, we should expect the largest contribution from high
momentum waves at extreme angles. To check this idea
we introduced in the Bonn-Gatchina analysis the partial
waves with total angular momentum J = 4 decaying into
the ΔN intermediate state. A similar investigation was
performed in [18]. It was found that partial waves with
the total angular momentum equal to four can contribute
up to
√ 6% to the total cross section at highest energy (data
set s = 2.3 GeV) but cannot be unambiguously identiﬁed. The present analysis produces a rather stable solution
which deﬁnes the contribution from J = 4√partial waves.
It is found to be on the level of 5% at s = 2.3 GeV
in agreement with [18] and it reaches 15% at the HADES
energies. Indeed, the ﬁt with high spin partial waves reproduces rather well the forward angular distribution of the
neutron in c.m.s. of the reaction (see ﬁgs. 1(c) and 3(c)).
If partial waves with even higher J = 5 are added to the
ﬁtting program we do not get an improvement of the solution but lose the convergence.
The comparison of the measured data and Monte Carlo
events passed through the detector is shown in ﬁgs. 1
and 2. The PWA solution describes the data better than
the one obtained with the modiﬁed resonance model and
can be used for the acceptance correction of the HADES
data. The acceptance corrected distributions are shown in
ﬁgs. 3 and 4. The statistical errors are taken from the data,
and model uncertainty errors are calculated from the set of
solution described above (see the discussion below). Both
statistical and model errors were added quadratically and
are shown as a grey band.
Figure 5 shows the energy dependence of the pion
production cross section (npπ + upper panel, ppπ 0 lower
panel) and its decomposition into contributions of
Δ(1232), N (1440) (left) and incoming pp partial waves
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Table 3. Contributions of the initial partial waves to the single
√
pion production reaction pp → ppπ 0 and pp → npπ + at s =
2.42 GeV.
Total [%]

Δ(1232)N [%]
pp → ppπ

N (1440)p [%]

0

1

S0

1.8 ± 0.7

<1

1.8 ± 0.7

3

P0

6.8 ± 1.0

1.5 ± 0.5

5.5 ± 1.0

3

P1

21.0 ± 4.4

2.0 ± 1.0

12 ± 2.0

3

P2

29.5 ± 3.5

30.5 ± 4.0

2.3 ± 1.0

D2

4.9 ± 1.0

4.2 ± 1.0

<1

1

3

F2

11.8 ± 2.0

6.5 ± 1.0

<1

3

F3

2.0 ± 2.0

2.0 ± 2.0

<1

3

F4

12.0 ± 3.5

12.0 ± 3.0

<1

1

G4

4.0 ± 1.0

4.0 ± 1.0

<1

3

H4

5.5 ± 1.0

5.5 ± 1.0

<1

pp → pnπ +
1

S0

3.5 ± 0.8

<1

2.2 ± 0.7

3

P0

4.0 ± 1.5

1.0 ± 0.5

1.7 ± 0.4

3

P1

14.0 ± 6.0

2.0 ± 1.0

6.7 ± 1.0

3

P2

33.5 ± 3.0

29.5 ± 3.0

1.0 ± 0.5

D2

11.8 ± 1.5

8.8 ± 1.3

<1

8.0 ± 1.0

6.5 ± 0.8

<1

1

3

F2

3

F3

2.0 ± 2.0

2.0 ± 2.0

<1

3

F4

11.5 ± 2.5

11.5 ± 2.5

<1

1

G4

5.0 ± 1.0

5.0 ± 1.0

<1

3

H4

5.5 ± 1.0

5.5 ± 1.0

<1

(right). As expected, the cross section is dominated by
the contributions from the partial waves with the Δ(1232)
resonance produced in the intermediate state. In the combined analysis of the data the partial waves with Roper
production contributes about 20% to the pp → ppπ 0 cross
section and on the level of 12% to the pp → npπ + cross
section. The calculated contribution of the non-resonant
terms amounts to 22–25% in the npπ + channel and 8–10%
in the ppπ 0 channel.
Let us point out that the ﬁt to the HADES data alone
is optimized with a smaller Roper contributions: it was
found to be around 10% for pp → ppπ 0 and 6% for the
pp → pnπ + cross sections which is compatible with the
modiﬁed resonance model results. Contrary to that model
which includes an inﬁnite number of the partial waves,
the Bonn-Gatchina approach describes the data with a
restricted number of partial waves (truncated method). It
is based on an observation for the dominance of partial
waves with low orbital momenta near production threshold. Thus, at the HADES energies, the amplitudes with
production of a Roper state are included only with orbital
momenta L = 0, 1 between Roper and the spectator nucleon. Let us mention that the stability of the obtained
solutions is tested by including in the ﬁt partial waves
with higher orbital momentum and checking that these
contributions are small.
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Fig. 3. (Color online) npπ + channel: data points after acceptance corrections (black dots) based on the partial wave analysis
solution. Data points in the areas of very low acceptance are omitted. Uncertainties originating from the various PWA solutions
(as explained in the text) and statistical errors are visualized as grey band. Normalization error is not indicated. Histograms:
total PWA solution (solid black), the Δ(1232) contribution (short-dashed red) and the N (1440) contribution (long-dashed blue).
Acceptance and eﬃciency corrected angular distribution of (a) π + , (b) p and (c) n in c.m.s. reference frame. Acceptance and
eﬃciency corrected invariant mass of (d) pπ + , (e) nπ + and (f) pn. Acceptance and eﬃciency corrected helicity distribution of (g)
π + in pπ + reference frame, (h) π + in nπ + reference frame and (i) n in pn reference frame. Acceptance and eﬃciency corrected
angular distribution of (j) π + in pπ + GJ reference frame, (k) π + in nπ + GJ reference frame and (l) n in pn GJ reference frame.

The contributions of the diﬀerent initial partial waves
to the HADES data as well as contributions of the partial
waves with Δ and Roper production are listed in table 3.
The errors in table 3 are deﬁned from the set of solutions
which include the combined ﬁt of the whole data base, the
ﬁt of the HADES data alone and ﬁts with contributions
from higher spin states (J = 4). In some of the ﬁts we

found notable interferences between non-resonant contributions in the N N channel and Roper production. In the
case of a large correlation we suppressed the non-resonant
contributions and reﬁtted the data. If the deterioration of
the likelihood value was less than 1000 (∼ 11%) for the
ppπ 0 channel and less than 1500 (∼ 4%) for the pnπ +
channel and the ﬁt did not show large systematic devia-
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Fig. 4. (Color online) Various projections for the ppπ 0 channel: data points after acceptance corrections (black dots) based on
the partial wave analysis solution. Data points in the areas of very low acceptance are omitted. Uncertainties originating from
the various PWA solutions (as explained in the text) and statistical errors are visualized as grey band. Normalization error
is not indicated. Histograms: total PWA solution (solid black), the Δ(1232) contribution (short-dashed red) and the N (1440)
contribution (long-dashed blue). Angular distribution of (a) π 0 and (b) p in c.m.s. reference frame. Invariant mass of (c) pπ 0
and (d) pp. Helicity distribution of (e) π 0 in pπ 0 reference frame and (f) p in pp reference frame. Angular distribution of (g) π 0
in pπ 0 GJ reference frame and (h) p in pp GJ reference frame.

tions in a particular distribution, it was also included in
the error analysis. The uncertainties of both, initial partial
waves and ﬁnal state diﬀerential projections, span from
the minimum to the maximum values obtained from the
accepted set of the PWA solutions.
The same systematic approach was used for the calculation of errors for the total cross section obtained from
the integration of the PWA solutions in the full solid angle. It was found to be 4.2 ± 0.15 mb for the pp → ppπ 0
reaction and 16.34 ± 0.8 mb for the pp → pnπ + reaction
and the quoted errors are treated as the model uncertainty (see table 1 (column σPWA )). The correction of
experimental data with the obtained PWA solution provides very similar cross section values: 4.1 ± 0.46 mb and
16.26 ± 1.96 mb, respectively. The errors, added quadratically, include: 5–6% due to background subtraction and
particle identiﬁcation, 3–5% the PWA model correction
uncertainty and 8% due to normalization. Both cross sections agree well within errors with the cross sections obtained with the modiﬁed resonance model approach. However the contribution of the partial waves with Δ production is smaller and there is a notable contribution from
the non-resonant terms. These terms provide a rather stable common contribution but show a rather large variation between initial partial waves. The total cross section
obtained in the partial wave analysis of all ﬁtted data together with main contributions are shown in ﬁg. 5 (right).
The contributions from leading partial waves have a peak
in the region slightly below 2.3 GeV. This peak is created
due to a compromise between decreasing partial wave amplitudes and three-body phase volume which grows rapidly
near the pion production threshold. A similar behavior
was observed in the isospin I = 0 sector [48]. It would

be interesting to check whether such phenomenon can explain a resonance-like behavior of the pn → dπ + π − total
cross cross section observed in [49].

5 Summary and conclusion
The HADES data of the pion production reactions in
proton-proton collision were analyzed with a modiﬁed
OPE model and with the Bonn-Gatchina partial wave
analysis method. A detailed study of various observables
indicates that the partial wave solution provides not only
a better control of the underlying physics but also a better description of experimental data (ﬁgs. 1 and 2). In
the ppπ 0 channel the discrepancies between PWA and the
modiﬁed OPE model are visible in all spectra. Hence, the
obtained PWA solution suits better to perform a full phase
space acceptance correction of the measured data (ﬁgs. 3
and 4).
The contribution of initial waves to the reactions cross
section is deﬁned as well as the contributions of partial
waves with Δ(1232) and Roper production in the intermediate
state. The analysis shows that at given energy of
√
s = 2.42 GeV the dominant contribution is deﬁned by
the production of Δ(1232) in the intermediate state. This
is visible not only in the proton-pion invariant mass distributions but also in the related helicity distributions.
Furthermore, the pion angular distributions in the GJ
frame shows a strong anisotropy, as expected from the
Δ decay. The PWA solution attributes 75% of the total
cross section to Δ in the pp → npπ + channel and 70%
to Δ+ in the pp → ppπ 0 channel. Since no notable inﬂuence of the non-resonant partial waves was observed for
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Fig. 5. (Color online) The description of the total cross section (data points with systematic error bars) in the combined
analysis. Total partial wave solution (black curve) and contribution of Δ(1232) (red) and N (1440) (blue) resonance in the PWA
description (left), contributions of initial partial waves (right). Shaded bands reﬂect systematic uncertainties. Top panels: npπ +
channel. Bottom panels: ppπ 0 channel.

the Δ(1232) contribution, one can repartition the cross
section for the pp → ppπ 0 reaction, obtaining the value
2.96 ± 0.22 (syst.) ± 0.24 (norm.) mb for the Δ resonance. The partial waves including the Roper production
can contribute up to 20% for pp → ppπ 0 and up to 12%
for pp → npπ + .
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