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We study the motion of domain walls in 1+1, 2+1 and briefly 3+1 d relativistic φ6 model with three 
equal vacua in the presence of radiation. We show that even small fluctuations can trigger a chain reac-
tion leading to vanishing of the domain walls. Only one vacuum remains stable and domains containing 
other vacua vanish. We explain this phenomenon in terms of radiation pressure (both positive and nega-
tive). We construct an effective model which translates the fluctuations into additional term in the field 
theory potential. In case of two dimensional model we find a relation between the critical size of the 
bulk and amplitude of the perturbation.

© 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Topological defects arise in surprisingly many branches of 
physics. They can be found in liquid crystals [1], liquid helium 
[2], ferromagnets, superconductors, graphene [3] and many more 
important physical substances. It is also natural to expect that 
topological defects should have been created in large numbers 
in the early Universe via Kibble–Zurek mechanism during some 
symmetry breaking phase transitions [4,5]. Unfortunately there are 
no direct observation evidence proving such objects ever existed. 
However, it might be plausible that some linear defects (cosmic 
strings) could give origins to some large scale structures in the 
Universe. Some observed fluctuations in the cosmic microwave 
background referred to as “cold spot” could be explained as rem-
nants of textures from early stages the Universe [6,7]. Topological 
defects are sometimes also considered as one of the dark matter 
candidates [8]. Surprisingly, there are no signs of other defects like 
monopoles and domain walls.

Topological defects can interact with each other as well as with 
some other objects like oscillons [9,10]. A very interesting interac-
tion also can be observed between topological defects and radia-
tion. In some cases the radiation can exert an ordinary radiation 
pressure proportional to the square of amplitude of incident wave. 
However, some defects, like kinks in a very popular φ4 theory, are 
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transparent to the radiation in the first order [11,12]. Sine-Gordon 
kinks are exactly transparent in all orders. Higher order analysis in 
φ4 model revealed a surprising feature. The kinks undergo the neg-
ative radiation pressure (NRP) which accelerates the kinks towards 
the source of radiation. The acceleration of a kink in φ4 model 
is proportional to the fourth power of amplitude of the wave. In 
models with two scalar fields with different masses it is possible 
that the radiation can exert both positive and negative radiation 
pressure depending on the composition of the wave [13,14]. In 
such a case the force exerted on the kink is proportional to the 
square of the amplitude. More recently some other examples were 
discussed in case of light and matter waves which, when scattered 
on a small objects, can bend in such a way that the object would 
feel the pulling force [15,16]. Mixing between different frequen-
cies can cause the NRP in case of solitons with rotating phase as 
in Coupled Nonlinear Schrödinger Equation [17]. We want to em-
phasize that the NRP seen in case of solitons in the present and 
our previous papers is of a very different nature then the one de-
scribed in optical physics. It can be exerted on flat and infinite 
surfaces where simple bending of the light or other wave trajecto-
ries is not an option.

In the present paper we consider a mechanism which could in-
crease the rate of the domain wall collisions. In models with at 
least two equal minima of the potential but with different masses 
of small perturbations around those vacua. The interest in such 
models has increased recently [18–20] but they were considered 
many years ago as for example so called bag models of hadrons 
under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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[21]. Static kinks (or domain walls in general) in such models have 
asymmetric profiles. We show that despite the fact that the vacua 
have the same energies (they are true vacua) the kinks usually 
accelerate in one direction no matter from where the radiation 
comes. Antikinks accelerate in opposite direction. Any small per-
turbation can therefore trigger a chain reaction during which de-
fects collide and create more radiation accelerating other defects 
causing more collisions.

The present letter is organized as follows. First we define 
our example φ6 model, than we show how kinks interact with 
monochromatic wave in case of two vacua with different masses 
of scalar field. We derive an analytic formula for the force with 
which such monochromatic wave acts on a kink. Next we show 
how generic perturbation can influence the stability of kink system 
(a lattice). In particular we study the effect of random fluctua-
tions with Gaussian distribution filling the whole space. We show 
that the fluctuations are in some ways equivalent to the shift of 
the vacua. We also compare the results with other models. The 
last section concerns higher dimensional case. We find a critical 
size of a circular domain wall which could either grow or collapse 
depending on what type of vacuum is inside and how large the 
fluctuations are.

2. The model

In the present paper we consider one and two dimensional φ6

theory, which can be defined by the rescaled Lagrangian density 
[22,18]

L = 1

2
∂μφ∂μφ − U (φ), where U (φ) = 1

2
φ2

(
φ2 − 1

)2
. (1)

The model has three vacua φv ∈ {−1, 0, 1}. Small perturbations 
around these vacua have different masses: m0 = 1 and m1 = 2
for φv = 0 and φv = ±1 respectively. In one dimensional case the 
kinks and antikinks can be found from a single solution

φK (x) ≡ φ(0,1)(x) =
√

1+ tanh x

2
(2)

using the discrete symmetries of the model: The masses of all 
kinks are M = 1/4. Small perturbation added to the kink solution 
φ(x, t) = φs(x) + η(x)eiωt is governed by a linearized equation

−ηxx + V (x)η = ω2η (3)

the potential V (x) is

V (x) = U ′′(φs) = 15φ4
s − 12φ2

s + 1. (4)

Note that when x → −∞ the potential V → 1 and V (x → ∞) → 4. 
Solutions to this linearized equation can be found in analytic form 
in [22]. Let us consider a wave traveling from the left side of kink 
i.e. from φ = 0 vacuum. Asymptotic form of these solutions for 
frequencies above the two mass thresholds due to Lohe can be 
written as⎧⎨
⎩

η+∞(x) → eikx/A(q,k),

η−∞(x) → eiqx + A(−q,k)
A(q,k)

e−iqx
(5)

with

q =
√

ω2 − 1, k =
√

ω2 − 4,

A(q,k) = �(1 − ik)�(−iq)

�(− 1
2 ik − 1

2 iq + 5
2 )�(− 1

2 ik − 1
2 iq − 3

2 )
.

(6)

This solution represents a wave traveling from −∞ with ampli-
tude 1. Amplitude of the reflected wave is equal to A(−q,k) , and 
A(q,k)
Fig. 1. Theoretical values of the force exerted on the kink. In both cases the force is 
positive. The color points are the results of numerical calculations for A = 0.05.

amplitude of the transient wave is 1
A(q,k)

. We can use this form 
to calculate the momentum and energy balance far away from the 
kink. From Noether’s theorem, the conservation laws for energy 
and momentum density can be written as:

∂tE = ∂x
(
φ′φ̇

)
, (7a)

∂tP = −1

2
∂x

(
φ̇2 + φ′ 2 − 2U (φ)

)
. (7b)

Integrating the above expressions inside interval [−L, L] and av-
eraging over a period T we obtain energy and momentum bal-
ance just using asymptotic form of scattering solutions. If the 
kink does not move initially the conservation laws give (for φ =
φs + A re(e−iωtη(x))):

F+∞(q,k) = 1

2

A2

|A(q,k)|2
(

2|A(−q,k)|2q2 + qk − k2
)

. (8)

We can perform a very similar calculation for the second case 
when the wave is coming from +∞. The force in this case can 
be expressed as:

F−∞(q,k) = −F+∞(k,q) ≡ A2(ω) f (ω). (9)

Fig. 1 shows the force in both cases. Note that the force is positive 
for all frequencies. The kink will always accelerate towards +∞ no 
matter which direction the wave comes from. In the first case the 
wave comes from φ = 0 (m = 1) and exerts positive radiation pres-
sure. In the second case it comes from the second vacuum φ = 1
with mass m = 2 and exerts negative radiation pressure.

3. General perturbations

Kinks interact very weakly with each other on large distances. 
Their profile vanish exponentially, and so do the interaction be-
tween them. For a pair of kinks initially separated by the distance 
L the estimated time to the collision is of order of T ≈ 2eL/2/

√
L. 

The value was numerically verified. System of static, separated 
kinks can last even longer, because the forces from neighboring 
kinks cancel each other (Fig. 2.a, here for the first three kinks 
L = 20 so the timescale to collision is about 104). However, adding 
a small perturbation causes the radiation which exerts pressure on 
those kinks. We have tested this idea by adding a localized Gaus-
sian profile φ = φkinks + ae−bx2

or colliding two kinks (Fig. 2.b). 
The collapse of the system was evidently faster compared to the 
case when no perturbation was added. Because of the polarity in 
the direction of the radiation pressure, the kinks always acceler-
ate in such a way that the regions with vacuum φ = 0 grow and 
vacua φ = ±1 shrink. Moreover, when kink and antikink collide 
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Fig. 2. Evolution of system of kinks: (a) nearly static configuration, (b) annihilation of close kink–antikink pair triggers the chain reaction of other annihilation, (c) with 
Gaussian noise with amplitude A = 0.05. Evolution of two dimensional circular domain walls: without perturbation (d) t = 0 (e) t = 75 and with Gaussian noise A = 0.12
(f) t = 0 (g) t = 75.
they form an oscillon. During such collisions more radiation is pro-
duced increasing the rate with which other kinks collide. Therefore 
a small perturbation can start a chain reaction leading to a col-
lapse of the system of kinks. We have also simulated this radiation 
by adding random noise 〈A〉ζ(x) to the initial conditions, where 
〈ζ(x)ζ(x′)〉 = δ(x − x′) is a random number with Gauss distribution. 
Adding such term is equivalent to introducing to the system back-
ground radiation which could be a relic of some phase transition 
(Fig. 2.c). Again, the system of kinks was quickly destabilized. We 
also solved Langevin equation but because of the damping term 
the dynamics was slowed down. After collisions of kink and an-
tikink an oscillon was formed. The oscillons are not stable but they 
live for a very long time. However, perturbation usually increase 
the rate with which the oscillon radiates shortening its lifetime.
Therefore, initially almost static system of kinks can end up as 
almost uniform state filled with radiation around one stable vac-
uum. The time when this state is reached is determined by the life 
span of the oscillons in given conditions. It is also worth mention-
ing that in some models collision of a kink and an antikink can 
lead to resonant windows and fractal structure. This happens usu-
ally when kinks have internal degrees of freedom (as in φ4) or if 
some meson states can be trapped between the kinks as it could 
happen in our model (bag model). However, the presented mech-
anism leads to collisions of such configurations which do not trap 
mesons.

4. Other models

Similar simulations for other models like φ4 revealed that the 
system of kinks can be destabilized by radiation, however, when 
the mass of small perturbation is the same around each vacuum 
there is no polarity in the direction of the acceleration of the kinks. 
The motion of kinks resembles a random walk. In φ4 model the ra-
diation from the collisions did not change the motion of the other 
kinks significantly. Kinks are transparent in the first order in the 
amplitude of the radiation. They undergo a negative radiation pres-
sure which is proportional to the fourth power of the amplitude. 
Due to the nonlinear nature of this phenomenon, there is no sim-
ple superposition rule to sum all the effects coming from different 
frequencies. However we have found that the most dominant con-
tribution to the motion of the kinks have collisions with oscillons 
created in earlier collisions. An oscillon can bounce back from the 
kink or go through it. However it can possess large amount of en-
ergy which can be transferred to the kink, significantly increasing 
its velocity.

In the sine-Gordon model the kinks are completely transparent 
to the radiation due to the integrability of the model. During col-
lisions no radiation is lost. Therefore the evolution of system of 
kinks is completely determined by initial conditions. No annihila-
tion or creation is possible within the sG model.

In general, if all the vacua have not only the same value but 
also the same mass of small perturbations there is no difference 
as to the direction from which the radiation came. Contributions 
coming from both sides should be equal and cancel each other. It 
does not matter whether the single, monochromatic wave traveling 
in one direction exerts a positive or negative radiation pressure. No 
vacuum is distinguished. On the other hand if the masses are dif-
ferent, as they are in the discussed φ6 model, some excitations are 
more easily excited and can give nonvanishing contribution push-
ing the kink towards the vacuum around which the perturbations 
have larger mass.

It is also possible to construct more complicated theories in-
cluding gauge fields or supersymmetry [23,31]. All the above con-
siderations should hold only if there is a difference in masses of 
small fluctuations around different vacua.

5. Effective model

When the radiation fills uniformly the entire space we can in-
tegrate out small degrees of freedom and try to construct a more 
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Fig. 3. A size of a bulk of vacuum in the presence of fluctuations. The upper plots (a) and (c) show the radius of the bulk for initial conditions R0 = 20 and variable amplitude 
of fluctuations. The lower plots (b) and (d) show the evolution of the radius of bulks with different initial radii with the same fluctuation amplitude 〈A〉 = 0.1. Plots (a) and 
(b) correspond to enclosed vacuum φin = 0 and plots (c) and (d) to φin = 1.
effective model describing only the motion of the kinks. Sup-
pose that we know the spectral distribution of the radiation A(ω)

(which could be for instance the spectrum of the black body ra-
diation). In φ6 the radiation pressure comes from the first order 
perturbation series, therefore we can use the ordinary superposi-
tion rule. The total force exerted by the radiation could be written 
as an integral over all frequencies.

Ftot =
∞∫

−∞
dω A(ω)2 f (ω) = α〈A〉2, (10)

where α is a value which in principle should depend on the distri-
bution. In case of uniform distribution for all frequencies we have 
two contributions corresponding to two waves coming from op-
posite directions. They should have the same amplitude, so they 
should add. The sum of those functions is almost constant (within 
1% for ω > 2.2) and equal to 1.5 so we can assume that α = 0.75. 
The discrepancy can be large only if low frequencies dominate. 
〈A〉 is the average amplitude of the perturbation. Note that all con-
tributions f (ω) push the kink in the same direction (see eq. (9)). 
Kinks separated by the distance L = 20 as they are in Fig. 2.c
should collide after time T = √

ML/Ftot ≈ 52 which is in very good 
agreement with the simulations.

Exactly the same force with just an opposite sign is exerted 
on the antikink. This can be effectively described as if one of 
the vacua is raised. It is quite easy to show that adding a term 
to the field theory potential, shifting vacua, results in external 
force acting on a kink, which in the first order can be written 
as F = −
U/M , where 
U is a gap between the vacua [24]. 
Therefore the total force exerted by the radiation can be effectively 
written as a shift in the potential of the vacua ±1 by 
U ∼ 〈A〉2.

It is known [26] that quantum radiative corrections can also 
change the effective potential via Weinberg–Coleman effect. The 
corrections depend on the second derivative of the potential 
around the vacuum. The quantum shift depends therefore also on 
the mass of the small perturbations. Another interesting results 
were recently presented in [27,28] where the author shows that 
quantum corrections lead to the polarization of the vacua which 
breaks the translational invariance and the moving kink gains en-
ergy.
6. Two dimensional case

Let us now consider domain walls in 2+1 dimensions. Effects 
described in the previous section are still present so the radiation 
pressure would try to close any bulks with vacua ±1 and bulks 
enclosing vacuum φ = 0 should grow. However, in two or more di-
mensions another phenomenon is present. The energy of a circular 
domain wall with large enough radius is equal to E(R) = 2π M R . 
This energy can be considered as the potential energy. The force 
acting on the unit length of the defect is equal to F = −M/R . 
More precise calculation of the evolution can be found for exam-
ple in [29]. If the field inside the domain wall reaches the value 
φin = ±1 and outside the wall φout = 0 the forces of radiation pres-
sure and tension act in the same direction. So any radiation would 
speed up the contraction of such circles. On the other hand when 
φin = 0 and φout = ±1 the forces act in opposite directions. The 
tension can be balanced with the radiation pressure F = α〈A〉2, 
where α contains all the information about the distribution of 
the perturbations and the geometry of the defect. 〈A〉 is a am-
plitude of the noise. Therefore there is a critical radius of the 
bulk Rcrit = M

α〈A〉2 . We have performed numerical simulations with 
initial conditions of a circular domain wall with radius R0 with 
additional random fluctuations of amplitude 〈A〉. For given am-
plitude domain walls below certain radius shrank while domain 
walls which initially had a larger radius grew up (Fig. 3 (a),(b)). 
The simulations also confirmed our rough estimation that the crit-
ical radius indeed is proportional to 〈A〉2. From the critical values 
measured from simulations we can estimate that in the case of 
circular domain walls α ≈ 1.3 which is almost twice the value ob-
tained in one-dimensional case.

Domain walls enclosing φ = ±1 vacua shrank faster with larger 
amplitude of fluctuation (Fig. 3 (c),(d)). Moreover we have no-
ticed that some radiation entering the bulk does not leave. After 
a while there is more radiative energy within the bulk. This cre-
ates additional pressure. Therefore initially static bulk starts to 
expand. However this effect is weak and does not influence much 
the above analysis. Another observation we have noticed is that 
a number of oscillons was created. The oscillons were created in 
more or less the same phase. This fact was earlier noticed by 
Gleiser [25].
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For comparison we have performed analogous numerical simu-
lations in case of φ4 model. The radiation did not affect much the 
motion of the domain walls. Especially because the radiation com-
ing from opposite sides of the wall exerts opposite effects which 
cancel each other out. In this case all the domain walls shrank with 
more or less the same rate.

In three dimensions the only difference is that the force shrink-
ing the sphere is equal to F = −2M/R which results in the critical 
radius being twice the critical radius in two dimensions. R(3D)

crit =
2M

α〈A〉2 .

7. Conclusions

We have shown that in the φ6 model the differences in masses 
of small perturbations around different vacua cause the polariza-
tion of radiation pressure. No matter what is the characteristic of 
perturbation, the kinks would always accelerate in such a way that 
the vacua ±1 would disappear. The only stable vacuum is there-
fore φ = 0. This behavior is very similar to the effect when the 
vacua ±1 are raised. Therefore for uniformly distributed radiation 
one can introduce the effective model. The shift of the vacua can 
be expressed as an integral over all frequencies and is proportional 
to the square of the amplitude of the perturbation. Any radiation 
can force two kinks to accelerate towards each other. After the col-
lision more radiation is created forcing other kinks to collide faster. 
Therefore even small, local perturbation can start a chain reaction 
leading to the collapse of a system of initially almost static kinks. 
In higher dimensions, closed domain walls in the absence of other 
perturbation, usually shrink. The tension is proportional to the in-
verse of a radius.

Radiation, or any type of fluctuations can speed up the process 
of domain wall decay, if vacuum with higher mass of small pertur-
bation is closed inside. If the radius of the domain enclosing the 
vacuum with smaller mass, the radiation can stop the decay and 
even accelerate the growth of such domain. The critical radius is 
proportional to the inverse second power of the average of pertur-
bation amplitude.

The radiation pressure can be a cause of vanishing of kinks and 
domain walls in some models. This process is very rapid com-
pared with the interaction of static topological defects. No such 
phenomenon was found in case where masses of the small pertur-
bations around vacua were the same.

We are sure that the similar phenomenon should exist in more 
complicated models widely discussed in the literature [30]. The 
only requirement is that the field theory potential is not entirely 
symmetric although the energies of the vacua are the same. Scalar 
field coupled to a gauge field can play a role of a Higgs field. 
Different expectation values of the Higgs field in different vacua 
can result in different masses of the gauge fields. The mechanism 
described in the present paper would favor the vacua with the 
smaller masses.

The aim of the paper is to present the mechanism in the sim-
plest possible model. However, one of the possible future applica-
tions of the mechanism is the cosmological context. It still remains 
a mastery why there are no signs of existence of topological defect 
in the early Universe. Perhaps the presented mechanism can serve 
as a small step towards understanding of this problem, at least in 
the context of domain walls.

Although the mechanism presented in the letter is limited to 
the domain walls it is likely that some extension of it may be pos-
sible in case of higher co-dimensional topological defects such as 
vortices or monopoles. The existence of the defect is ensured by 
the vacuum manifold. However small perturbations around differ-
ent points of this vacuum manifold can still have different masses. 
It is possible that such defects in a presence of radiation would 
accelerate more likely in certain directions pointing towards the 
smallest mass of the field. The collisions with other defects along 
these directions would be more likely.

Supplementary material. The letter is complemented with simu-
lations showing some of the features discussed.

Appendix A. Supplementary material

Supplementary material related to this article can be found on-
line at http://dx.doi.org/10.1016/j.physletb.2017.08.045.
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