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Abstract The combined HERA data for the inclusive deep
inelastic scattering (DIS) cross sections for the momentum
transfer Q2 > 1 GeV2 are fitted within the Dokshitzer–
Gribov–Lipatov–Altarelli–Parisi (DGLAP) framework at
next-to-leading order (NLO) and next-to-next-to-leading
order (NNLO) accuracy, complemented by a QCD-inspired
parameterisation of twist 4 corrections. A modified form of
the input parton density functions is also included, motivated
by parton saturation mechanism at small Bjorken x and at a
low scale. These modifications lead to a significant improve-
ment of the data description in the region of low Q2. For the
whole data sample, the new benchmark NNLO DGLAP fit
yields χ2/d.o.f. � 1.19 to be compared to 1.46 resulting
from the standard NNLO DGLAP fit. We discuss the results
in the context of the parton saturation picture and describe the
impact of the higher-twist corrections on the derived parton
density functions. The resulting description of the longitudi-
nal proton structure function FL is consistent with the HERA
data. Our estimates of higher-twist contributions to the pro-
ton structure functions are comparable to the leading-twist
contributions at low Q2 � 2 GeV2 and x � 10−5. The x-
dependence of the twist 4 corrections obtained from the best
fit is consistent with the leading twist 4 quasi-partonic opera-
tors, corresponding to an exchange of four interacting gluons
in the t-channel.

1 Introduction and conclusions

Good understanding of the proton structure has been one of
the fundamental goals of particle physics over recent decades.
Measurements of the deep inelastic e± p scattering (DIS) per-
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formed by H1 and ZEUS collaborations at the HERA collider
contributed invaluable experimental input into this task. The
combined data of H1 and ZEUS [1] that include all the mea-
surements of the proton structure functions provide the most
accurate information on the proton structure over wide range
of Bjorken x and the momentum transfer Q2, in particular
at smaller x and Q2. Hence it is crucial to fully use these
data to extract the precise information on the parton density
functions (PDFs) in the proton.

The standard description of the proton structure function
in QCD relies on the operator product expansion (OPE) in
which only the leading – twist 2 operators – are retained.
The twist 2 contributions to proton structure functions obey
the hard factorisation theorem that allows to isolate the uni-
versal twist 2 parton density functions. The PDFs drive the
proton scattering cross sections and the accuracy of the PDFs
determination is crucial for the precision of measurements at
proton colliders. It follows from the OPE however, that the
twist 2 description of proton scattering is subject of higher-
twist (HT) corrections that enter with suppression of inverse
powers of the hard process scale squared, Q2. Those correc-
tions, although quickly decreasing with Q2, may affect the
determination of the PDFs from the cross sections. In order
to avoid determination error of the PDFs it is necessary to
include the higher-twist terms in the analysis. Currently not
much is known about higher-twist components of the proton
structure. The operator content is increasingly complicated
with the increasing twist and the available data are not suffi-
cient to perform a clean and straightforward measurement of
the higher-twist terms. Fortunately, the model independent
characteristics of higher-twist terms given by their Q2 scal-
ing provides opportunity to obtain some information on the
higher-twist corrections from fits to DIS data extended to low
Q2. From the theory side, properties of the leading twist 4
singularity at small x were investigated [2], corresponding
to a quasi-partonic [3] four-gluon exchange. It was found [2]
that the energy dependence of the leading exchange is up to
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1/N 2
c corrections, given by a double gluonic ladder exchange

in the t-channel. Hence, although the overall magnitude of
the twist 4 contributions is currently undetermined, the Q2

and x-dependencies of these contributions are known from
theory and may be used as the higher-twist signatures. Esti-
mates of the higher-twist corrections to DIS at small x [4,5]
and fits to the DIS data with higher-twist corrections [6–8]
have been performed since many years. Only recently how-
ever, with the most precise set of the combined HERA data
these ideas implemented in several fits to diffractive DIS [9]
and inclusive DIS [10,11] have lead to accumulating an evi-
dence for higher-twist corrections in diffractive and inclusive
DIS.

The recent studies of higher-twist effects in inclusive DIS
[10,11] are based on DGLAP fits of the leading-twist contri-
bution complemented by a simple model of twist 4 correction.
In the central models elaborated in these analyses a multi-
plicative twist 4 correction was assumed for the longitudinal
structure function FL of the form of AFL/Q2 and the twist 4
correction to the structure function F2 was set to vanish.1 The
fit quality increased significantly for the combined HERA
data for Q2 > Q2

min = 2 GeV2 for both NLO and NNLO
DGLAP approximations of the leading-twist evolution. This
simple model provides a surprisingly good description of the
DIS data, except of the predicted steep rise of FL towards the
low Q2 for the NNLO DGLAP fit with the twist 4 correction
found in Ref. [11]. Such a rise is not inline with the FL data
[12–14].

In this paper we adopt a more flexible model of the twist 4
contribution motivated by an extraction of the twist 4 correc-
tions to structure functions [15,16] from the Golec-Biernat–
Wüsthoff saturation model [17,18]. The model is inspired by
a resummation of multiple scattering in QCD in the eikonal
approximation and it is capable to provide more informa-
tion on the details of the higher-twist corrections and physics
insight into their origin. In this approach, the twist 4 cor-
rections to F2 and FL structure functions have non-trivial
Q2 and x dependence. In addition, we modify the standard
form of the DGLAP input for the gluon and sea density, so
that they are consistent with general features of parton sat-
uration in QCD at small x . With this model complemented
by the NLO or NNLO DGLAP evolution of PDFs we anal-
yse the combined HERA data on the reduced cross sec-
tions using the xFitter package [19] with suitable extensions
of the code to incorporate the new features of the model.
The sensitivity to the higher-twist corrections is enhanced
by performing independent fits of the data sets with the

1 In more detail, in both the studies [10,11] it was checked that a higher-
twist correction to F2 does not improve their fits, and in Ref. [10] some
additional x dependent variations of the twist correction term to FL were
allowed, but they were not found to lead to a significant improvement
of the result for low Q2.

momentum transfer constrained by Q2 > Q2
min and vary-

ing the limit Q2
min. When Q2

min is larger than 20 GeV2, the
χ2/d.o.f. measures for the DGLAP fits at NLO and NNLO
accuracy, with and without the higher-twist terms are close
to 1.15 and exhibit a nearly flat Q2

min dependence. Below
Q2

min = 20 GeV2, theχ2/d.o.f.of the pure DGLAP fits starts
growing with the decreasing values of Q2

min, reaching the
χ2/d.o.f. � 1.46 (χ2/d.o.f. � 1.34) for the NNLO (NLO)
accuracy at Q2

min = 1 GeV2. With the higher-twist correc-
tions included and the saturation-improved input parameter-
isation of the PDFs, the χ2/d.o.f. is only mildly increasing
when Q2

min decreases, and for Q2
min = 1 GeV2, the χ2/d.o.f.

reaches 1.189 (χ2/d.o.f. � 1.212) for the NNLO DGLAP
+ HT (NLO DGLAP + HT) fit. Hence the improvement
of the fit quality by adding the higher-twist corrections for
Q2

min = 1 GeV2 is large and particularly pronounced for the
fits using the NNLO DGLAP leading-twist part. Also a good
description of the HERA FL data [12–14] is obtained down
to the lowest measured values of Q2.

The evidence for sizeable contributions of higher-twist
terms is further strengthened by an explicit analysis of the
twist composition of the structure functions at small x and
moderate and low scales. Consistently we find the growing
higher-twist effects when x and Q2 decrease. The relative
importance of the higher-twist corrections is found to be
larger in the NNLO fit than in the NLO one. In particular,
in the NNLO fit at Q2 = 1.2 GeV2, the twist 4 correction
to the reduced cross section is found to be larger than the
leading-twist contribution for x < 2 · 10−4, and the rela-
tive higher-twist correction further grows towards small x ,
and at the lowest available x � 2 · 10−5 it reaches about
200% of the leading-twist term. The higher-twist effects
quickly decrease with increasing Q2 and reach ∼ 10% level
at Q2 = 6.5 GeV2. The higher-twist effects are found to
be much stronger in the longitudinal structure function FL.
In particular, the twist 4 contribution to FL is larger than
the leading-twist contribution for Q2 < 3 GeV2 for both
the NLO and NNLO DGLAP fits. Of course, also in FL the
effects of higher-twist corrections decrease quickly with Q2,
but in the NNLO fit, the higher-twist contribution is still vis-
ible at 10% level up to a sizeable scale Q2 � 20 GeV2.

The inclusion of higher-twist corrections is found to affect
significantly the fitted gluon and sea density functions at
small x < 0.01 and moderate factorisation scales, μ2, while
the sensitivity of the valence quark distribution to the higher-
twist effects is minor and may be neglected. The largest
difference in PDFs coming from the higher-twist effects is
found in the gluon PDF – the difference is large and much
larger than the corresponding uncertainty at small scales,
1 GeV2 < μ2 < 3.5 GeV2, then decreasing with μ2 to a
few percent level at μ2 = 50 GeV2. The sea distribution at
small x is also affected but it exhibits lower sensitivity to the
presence of higher-twist corrections.
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In conclusion, we have found a consistent evidence of
the sizeable twist 4 corrections to proton structure functions.
The evidence comes primarily from the χ2 quality measure
of fits to the combined HERA data on the inclusive DIS
with the leading-twist component described by the NLO /
NNLO DGLAP evolution. This evidence is further strength-
ened by the strong effects of the higher-twist corrections in
the reduced cross section and the structure function FL at
small x and moderate / low Q2. The fitted twist 4 contribu-
tions have the x-dependence that is consistent with the double
exchange of hard gluonic ladder at small x , as expected from
the QCD analysis of the evolution of leading quasi-partonic
operators [2,3].

2 The model of higher-twist corrections

The Golec-Biernat–Wüsthoff (GBW) saturation model [17,
18] offers a simple and effective description of DIS, DDIS
structure functions down to very low Q2 at small x , and also
of the exclusive vector meson production [20]. In particular,
with this model one is able to describe reasonably well even
the transition from DIS at large Q2 to the photoproduction
limit. This transition may be viewed as a transition from the
twist 2 regime to the region that all twist contributions are rel-
evant. From the point of view of perturbative QCD, the GBW
model corresponds to multiple independent high-energy scat-
terings of photon hadronic fluctuations, that is to the eikonal
iteration of a single gluon ladder exchange. In particular, the
leading behaviour of twist 4 contributions of the GBW cross
section is ∼ (xλQ2)−2 (modulo logarithms) compared to the
leading twist cross section ∼ (xλQ2)−1 (modulo logarithms)
[15,16]. Such behaviour of twist 2 and twist 4 amplitudes is
in a qualitative agreement with results of the evolution of
twist 4 contributions in the Bukhvostov, Frolov, Lipatov and
Kuraev framework [2,3,21], where dominant contributions
at small x are driven by quasi-partonic operators.

From these studies [15,16] it follows that the twist 4 con-
tributions to the transverse and longitudinal cross sections
take the form

σ
(τ=4)
T = A

[
Q2

sat(x)

Q2

]2

, σ
(τ=4)
L = −4

3
A

[
Q2

sat(x)

Q2

]2

×
[

log

(
Q2

Q2
sat(x)

)
+ B

]
, (1)

where A, B are positive constants. The saturation scale
depends on x variable as Q2

sat = Q2
0(x0/x)λ where Q2

0 = 1
GeV2 and x0 = 3.04 · 10−4 (the GBW fit without charm)
are model parameters. It is important to notice the opposite
signs of the corrections in (1), positive for the transverse and
negative for the longitudinal part. Additionally, the twist 4
contribution to the longitudinal cross section is logarithmi-

cally enhanced. This structure of the corrections can be also
deduced from the general QCD analysis which was discussed
in [15]. Following the above considerations we shape a sat-
uration model inspired ansatz for twist 4 corrections in the
following form

�σ
(τ=4)
L/T =

[
Q2

sat(x)

Q2

]2 [
c̃(log)

L/T log

(
Q2

sat(x)

Q2

)
+ c̃(0)

L/T

]
,

(2)

in which coefficients c̃(0)
L/T and c̃(log)

L/T are left as free and inde-
pendent parameters. In practical implementation of the fits
we rewrite the above parameterisation to the following con-
venient form of twist 4 corrections to the structure functions:

�F (τ=4)
L/T = Q2

0

Q2 x−2λ

[
c(log)

L/T

(
log

Q2
0

Q2 + λ log
1

x

)
+ c(0)

L/T

]
,

(3)

where FL/T = Q2σL/T/4π2αem.

Equation (2) contains the c̃(log)

T parameter which deter-
mines the magnitude of the logarithmically enhanced term
in the transverse cross section. Due to the properties of the
transverse photon impact factor, this parameter vanishes at
the leading order in the strong coupling constant expansion
[15,16,22]. Therefore, one expects that this parameter is
much smaller than parameter c̃(0)

T , hence it is neglected in

our fits—we assume c̃(log)

T ≡ c(log)

T = 0.2

When one attempts to extend the proton structure function
analysis to the region of small Q2 and very small x it is neces-
sary to consider possible effects of parton rescattering and/or
recombination in the dense parton regime. Those effects may
lead not only to the higher-twist corrections but also they are
expected to influence the form of the input for QCD evolution
of the matrix elements in the OPE. In particular, it is natural
to require that the input functions for the DGLAP evolution
of parton densities are consistent with unitarity constraints
relevant for high-energy scattering at very low x . Hence, a
precise analysis of the higher-twist effects which pronounce
at low Q2 and small x requires careful treatment of the gluon
and sea input distributions at small x .

Currently, one of the most successful tools for an anal-
ysis of γ ∗ – nucleon (or γ ∗ – nucleus) scattering with the
unitarity corrections is the Balitsky–Kovchegov (BK) equa-
tion [23–25]. In constructing the model for initial conditions
of the PDFs we take into account the outcome of this equa-
tion analysis. The BK equation, that resums multiple scatter-
ing effects in the extended generalised leading logarithmic

2 We confirmed that this parameter is indeed small in independent
numerical fits.
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1/x approximation [26–28] and the large Nc limit, may be
described in a natural way in terms of the colour dipole lan-
guage [24,25,29–31]. In this approach the high-energy scat-
tering is described in terms of the imaginary part of the BK
dipole forward scattering amplitude, N (x, r), where r is the
dipole extension vector in the transverse plane. On the other
hand the same dynamics may be covered by the BK equation
represented in terms of the unintegrated gluon density [32–
35]. It can be shown that at the leading logarithmic 1/x accu-
racy the imaginary part of the BK dipole forward scattering
amplitude, N (x, r), and the BK unintegrated gluon density3

F(x, k2) (where k is the gluon transverse momentum) are
in one-to-one correspondence. Hence the unintegrated gluon
density at small x can be recovered from N (x, r),

F(x, k2) = Nc R2
p

2αsπ
k2∇2

k Ñ (x, k), (4)

where Ñ (x, k) = ∫
d2r exp(−ikr) N (x, r) is the Fourier

transform of the dipole scattering amplitude, and Rp is an
effective radius of the proton. After employing the leading
logarithmic relation of the collinear gluon density fg(x, μ2)

and the unintegrated gluon density F(x, k2) one obtains

x fg(x, μ2) = Nc R2
p

2αsπ

∫ μ2

dk2 k2 ∇2
k Ñ (x, k). (5)

Explicit numerical solutions of the BK equation [35,36] show
that at small x and for k below the saturation scale, Qsat(x),
generated by the BK evolution, the solution of the BK equa-
tion tends to F(x, k2) ∼ R2

pk2/Q2
sat(x) ∼ xλ. Exactly

the same asymptotic behaviour of the unintegrated gluon
density is found in the GBW model where one approxi-
mates the scattering amplitude with the saturation formula
N (x, r) ∼ 1− exp(−r2 Q2

sat(x)). In fact, the small k asymp-
totics of the saturated unintegrated gluon density may be
traced back to the unitarity constraint on the dipole cross
section in the position space, N (x, r) ≤ 1. For such a form
ofF(x, k2) at small k, it is straightforward to show that in the
limit μ2 � Q2

sat(x) the gluon density small x asymptotics is

x fg(x, μ2) ∼ xλ, (6)

with λ > 0. Therefore the gluon density at a low scale is
expected to decrease toward zero with decreasing x . Fol-
lowing this argument our parameterisation of the input for
gluon distribution fulfils the condition x fg(x, μ2

0) ∼ x Bg , at
x → 0, where Bg is a positive fit parameter.

3 Note that we use for the unintegrated gluon density the normalisation
convention that is defined by a relation to the collinear gluon density

fg(x, μ2): x fg(x, μ2) = ∫ μ2
dk2F(x, k2).

Furthermore in our model construction we consider the
input for the sea distribution at a small scale and small
x . Assuming that the sea quarks at small x are gener-
ated predominantly from the gluon DGLAP splitting to
quark/antiquark, one may approximate the sea singlet dis-
tribution by the LO DGLAP expression describing the feed-
down from gluons,

fsea(x, μ2
0)�

∫ μ2
0 dμ2

μ2

αs(μ
2)

π

∫ 1

x

dz

z
Pqg(z) fg(x/z, μ2).

(7)

Obviously, since the scales probed are low and the impact
of non-perturbative effects unknown, the above expression
should be treated only as a QCD hint on the actual shape
of the sea distribution at low scales. An explicit evaluation
of the model expression in Eq. (7) leads to the sea-quark
distribution asymptotic behaviour at small x following the
gluon asymptotics, x fsea(x, μ2) ∼ xλ. Hence in the fits that
include parton saturation effects in the input distributions, we
impose the same asymptotic behaviour of the sea and gluon
distributions at the initial scale, x fsea(x, μ2

0) ∼ x fg(x, μ2
0)

∼ x Bg .

3 DGLAP framework

The leading twist 2 contributions to the F2 and FL struc-
ture functions are given in terms of PDFs, fk(x, μ2), deter-
mined within the DGLAP framework. Our approach follows
closely the scheme adopted in the HERAPDF2.0 [1] study,
in order to clearly see the effects of higher-twist contribu-
tions. The PDFs are parameterised at the starting scale μF0

and then determined at all scales μF by solving the DGLAP
evolution equations. The factorisation and renormalisation
scales are chosen to be equal and in the following we denote
them by μ, while the evolution starting scale is denoted by
μ0.

3.1 Scheme description

The light quarks, u, d, s, are taken to be massless. The heavy
quarks, c, b, t , are generated radiatively and appear only at
transition scales, taken to be equal to the corresponding quark
masses, mh . The PDFs of heavy quarks start from 0 once μ

goes above mh . In other words, there are no intrinsic heavy
flavours. For a simple realisation of this scenario we take the
starting scale, μ0, below the charm mass.

The coefficient functions of heavy quarks are calculated in
the Thorne–Roberts general-mass variable-flavour-number
scheme called RT OPT [37–39]. This scheme is adopted in
accordance with the HERAPDF2.0 fit [1].
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3.2 The input parameterisation

The distributions parameterised at the starting scale include
the gluon g, d and u valence quarks, and up- and down-type
sea quarks, Ū = ū, D̄ = d̄ + s̄.

The generic form of the input parton k distribution,
x fk(x) = x fk(x, μ2

0) is assumed to be,

x fk(x) = Ak x Bk (1 − x)Ck
(

1 + Dk x + Ek x2
)

, (8)

for k = g, uval, dval, Ū , D̄.
The relative s̄ contribution to the down-type sea at the

starting scale is assumed to be a fixed (x-independent) frac-
tion β of D̄, i.e. fs̄ = β f D̄ .

Thus, in general, we have 26 fit parameters to start with.
Several assumptions are made in order to make this number
smaller.

First, the quark-counting and momentum sum rules are
used to fix the valence and gluon PDFs normalisation param-
eters, Auval , Adval and Ag . Next, in order to ensure a uniform
sea behaviour at low x , (ū � d̄), the following constraints
are imposed: AŪ = (1 − β)AD̄ and BŪ = BD̄ ≡ Bsea.
Finally, the strange sea fraction, β, is set to 0.4. Based on the
HERAPDF2.0 experience and our numerous fit results we
set to zero all Dk and Ek , except of Euval which is left free.
With this setup we have 11 free parameters of the input PDFs
to be compared with 14 free parameters of theHERAPDF2.0
fit. With this restricted parameterisation at the leading-twist
level, we gain on the stability of the fits with the saturation
and higher-twist effects included.

The first step towards improved description at low x and
low μ2 is a modification of the basic parameterisations (8),
aimed at improving description of parton saturation effects in
the gluon and sea input distributions in the small x domain.

In theHERAPDF2.0fits the input gluon parameterisation
is augmented by a negative term −A′

gx B′
g (1− x)25 [1,40]. In

the current study we do not include this subtraction. Instead,
we consider enhancing the basic parameterisation (8) with
saturation-inspired, damping factors for the parton k:[

1 +
(

x̂k

x

)dk
]−1

, (9)

applied to the gluon and sea components, with dk + Bk > 0.
The application of such factors ensures a smooth decrease to
zero of x fg(x, μ2

0) and x fsea(x, μ2
0) when x → 0, consistent

with the known results from analyses of parton saturation
at small x (see Sect. 2 for a more detailed discussion). The
damping factors describing the parton saturation effects turn
on for x below a specific scale x̂k , which can be therefore
interpreted as the saturation x at Q0: Qsat(x̂k) = Q0. In
general, x̂k and the saturation powers dg, dsea are arbitrary
parameters, with the already mentioned constraint dk + Bk >

0.

Hence we consider the following input parameterisations
of the gluon and sea PDFs:

x fk(x, Q2
0) = Ak x Bk (1 − x)Ck

[
1 +

(
x̂k

x

)dk
]−1

, (10)

where k = g, Ū , D̄. With these parameterisations in the x →
0 limit the input PDFs scale as

x fk(x, Q2
0) � Ak x Bk+dk . (11)

After a preliminary analysis of the data we found that for
the gluon input distribution the saturation damping factor is
irrelevant, as the fits yielded Bg ∼ 1 which already guaran-
tees power-like approach to zero of x fg(x, Q2

0) for x → 0.
Thus we retain the damping factor for the quark sea only, with
x̂D = x̂U ≡ x̂ being a free fit parameter. For the saturation
damping exponent for the quark sea, dsea, we impose an addi-
tional constraint following from the assumption that the sea
input distribution at small x follows the power-like behaviour
of the gluon input distribution, see Sect. 2. As a result, a rela-
tion of the exponents is obtained: Bsea +dsea = Bg , resulting
in dsea = Bg − Bsea. In fact, we have checked that leaving
dsea as a free parameter does not improve the fit quality (the
difference in the χ2/d.o.f. is smaller than 0.002). Hence the
phenomenological inclusion of the saturation effects in the
input of the PDFs is reduced to taking the positive definite
gluon input and imposing the sea input damping at small x .
This parameterisation has 12 free parameters.

4 Results

In the current analysis we use the combined HERA data on
neutral and charged current e+ p and e− p inclusive cross
sections, measured at centre-of-mass energies ranging from
225 to 318 GeV [1].

In the fits we use only data points for which Q2 > 1 GeV2.
Their kinematic range spans four orders of magnitude in x
and Q2 with lower bounds at x = 1.76 · 10−5 and Q2 =
1.2 GeV2. The inelasticity y values are between 0.001 and
0.95. The whole data set comprises 1213 data points. A subset
of this data set with Q2 ≥ 3.5 GeV2 was used to extract the
HERAPDF2.0 PDFs [1].

The measured cross sections are presented4 in terms of
the reduced cross section:

σred(x, Q2, y) = F2(x, Q2) − y2

1 + (1 − y)2 FL(x, Q2)

≡ FT(x, Q2) + 2(1 − y)

1 + (1 − y)2 FL(x, Q2) ,

(12)

where F2(x, Q2) = FT(x, Q2) + FL(x, Q2).

4 Data set 1506.06042 at http://xfitter.hepforge.org/data.html.
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In order to fit the data down to Q2 = 1.2 GeV2, we take the
starting scale for the DGLAP evolutionμ2

0 = 1 GeV2. For the
sake of comparison to theHERAPDF2.0 fits we present also
some results for the PDFs parameterised at μ2

0 = 1.9 GeV2.
The fits are performed using the xFitter package [19] sup-

plemented by us with necessary code extensions including
input parameterisation with saturation damping effects, and
the higher-twist contributions to FT and FL, as given by Eq.
3. The DGLAP evolution is performed using the QCDNUM
program [41].

In the analysis below we use the following fit names:

• HTS — Higher Twist with Saturation, μ2
0 = 1.0 GeV2,

Q2
min = 1.2 GeV2

— Our main fit. It corresponds to the standard DGLAP
evolution of the leading twist terms, in which the satu-
ration damping effects are assumed in the input PDFs,
complemented by the additive twist 4 corrections. Note
that when performing the χ2 scan (see Sect. 4.1) we use
the same name for this model fitted to data with a variable
lower cutoff Q2

min on Q2;
• HT – Higher Twist without Saturation, μ2

0 = 1.0 GeV2,
Q2

min = 1.2 GeV2

– Like HTS but without the saturation damping effects
in the initial PDFs;

• LTS – Leading Twist with Saturation: the pure DGLAP
fit with the input form like the HTS fit. The fits are per-
formed with input scales μ2

0 = 1.0 GeV2 and μ2
0 =

1.9 GeV2;
• LT – Leading Twist without Saturation: the pure DGLAP

fit with the input form like the HT fit. The fits are per-
formed with input scales μ2

0 = 1.0 GeV2 and μ2
0 =

1.9 GeV2;
• LT-STD – “Standard” Leading Twist, the fit LTS with

μ2
0 = 1.9 GeV2, Q2

min = 3.5 GeV2

– like LTS but with the initial scale and data selection as
in HERAPDF2.0.

The analysis of the data is carried out in the follow-
ing stages. First we check the quality of the pure DGLAP
fits (hence the input parameterisations) LTS and LT with
μ2

0 = 1.9 GeV2 by performing the scans of the χ2/d.o.f.
for the data set with Q2 > Q2

min as a function of Q2
min.

The results are shown in Fig. 1 in comparison to the corre-
sponding values of χ2/d.o.f. obtained from the reference fit
HERAPDF2.0. This comparison shows that the modifica-
tion of the input parameterisation that we performed does
not lead to a deterioriation of the fit quality of the LTS fit at
NNLO for lower values of Q2

min which are most relevant for
the higher-twist analysis. For the NLO fits a marginal deteri-
oration of the fit quality is found w.r.t. the HERAPDF2.0
fit – the increase of χ2/d.o.f. is smaller than 0.01. Note
however that the saturation sea damping effects in the input

parameterisation are necessary to match the quality of the
HERAPDF2.0 fit at the NNLO level. At the NLO level the
inclusion of sea damping effects does not change the results
of the fit (x̂ → 0), so the resuls of the LT and LTS fits are
identical at NLO. We conclude that the form of the input of
the leading-twist fit leads to results which agree very well
with the HERAPDF2.0 fit and the fit LTS may be used as a
reference for the analysis of the higher-twist effects.

Next, we perform the scan of the χ2/d.o.f. for the data
set with Q2 > Q2

min as a function of Q2
min for all chosen

setups with the lower input scale μ2
0 = 1.0 GeV2, that is

for NLO and NNLO DGLAP evolution of the leading twist,
with and without the higher-twist corrections, with and with-
out saturation damping effects in the input for the PDFs. It
is found that at lower values of Q2

min the saturation damping
modification of the input distributions becomes important
only upon the inclusion of the twist 4 contributions. The fea-
tures of our best fits with the higher-twist corrections are
then described in detail. Furthermore we explicitly study
the effects of the higher twists for σred and FL, as given
by the best fits. Finally we show the impact of the inclu-
sion of the higher-twist and saturation effects on the obtained
PDFs.

4.1 The χ2 scans

In Fig. 2 we show the χ2/d.o.f. for the fits to the reduced cross
sections as a function of the lower cutoff Q2

min imposed on the
photon virtuality Q2 for the data sample taken into account
in the fits. The initial scale of the DGLAP evolution is set
μ2

0 = 1 GeV2. The higher-twist parameterisation provides
the best description of the data from Q2

min � 16 GeV2 below.
The question of the parton saturation effects in the input sea
distribution is more subtle. From the χ2 scan it follows that
within the NLO approximation this is not an important effect.
However, in the fits assuming the NNLO DGLAP evolution
of the leading twist contribution, both the higher-twist cor-
rections and the parton saturation effects in the input are key
ingredients for the best description of the data. The inclusion
of both effects improves the data description significantly for
Q2

min < 20 GeV2.
In Fig. 3 we show a comparison of the χ2/d.o.f. between

the data and two fits, standard fit LT-STD and the best fit
with higher-twist corrections HTS, as a function of the lower
cutoff Q2

cut imposed on the data. Here Q2
min is kept fixed

to 3.5 GeV2 for the LT-STD fit and to 1.2 GeV2 for the
HTS fit. A systematic improvement of the data description
is clearly seen for the HTS fit with respect to the LT-STD
fit for Q2

cut < 5 GeV2 at NLO and for Q2
cut < 20 GeV2 at

NNLO.
A short comparison of our reference fit LT-STD to the

HERAPDF2.0 fit is in order. The resulting values of the
χ2/d.o.f. at Q2

min = 3.5 GeV2 for the LT-STD fit are 1.212
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NLO
2
0 = 1.9 GeV2

NNLO
2
0 = 1.9 GeV2

Fig. 1 The χ2/d.o.f. of twist 2, μ2
0 = 1.9 GeV2 fits to the data with the Q2 ≥ Q2

min condition

NLO
2
0 = 1.0 GeV2

NNLO
2
0 = 1.0 GeV2

Fig. 2 The χ2/d.o.f. of various μ2
0 = 1.0 GeV2 fits to the data with the Q2 ≥ Q2

min condition

NLO NNLO

Fig. 3 The χ2/d.o.f. for the LT-STD and HTS fits vs. lower Q2 cut, Q2
cut , of the selected data subsamples

and 1.201 at NLO and NNLO, correspondingly, while for
the HERAPDF2.0 fit they are 1.200 and 1.205 at NLO and
NNLO, correspondingly. Hence at NLO the HERAPDF2.0
fit is slightly better than the LT-STD fit, and at NNLO the
LT-STD has marginally lower χ2/d.o.f., and in summary
both the parameterisations may be considered as equally
good. Recall also, that the input PDFs parameterisation of
the LT-STD fit has 12 free parameters, to be compared with
14 parameters of the HERAPDF2.0 fit hence by choosing
LT-STD we gain on efficiency.

4.2 Features of the best fits

The parameters of the model obtained from the best fits
(HTS) of all the data with Q2 > 1 GeV2 with the twist 4 cor-
rections included and the sea input with saturation damping,
are given in Table 1. The results are displayed both for NLO
and NNLO DGLAP evolution of the leading twist terms.

It is interesting to analyse the obtained parameters describ-
ing the higher-twist corrections and compare the results to
the expectations from the GBW model. First of all, the value
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Table 1 Parameters and the χ2/d.o.f. values for the HTS NLO and
NNLO fits. Note that Ag , Au− and Ad− are fixed by the sum rules

NLO NNLO

Ag 21.1 30.2

Bg 0.635 ± 0.079 0.815 ± 0.072

Cg 10.4 ± 1.1 10.2 ± 1.1

Au− 5.63 6.18

Bu− 0.835 ± 0.029 0.874 ± 0.033

Cu− 4.49 ± 0.08 4.53 ± 0.08

Eu− 8.77 ± 1.3 8.96 ± 1.4

Ad− 6.53 8.58

Bd− 1.06 ± 0.10 1.16 ± 0.11

Cd− 4.70 ± 0.41 4.93 ± 0.42

AD̄ 0.293 ± 0.030 0.242 ± 0.023

BD̄ −0.0272 ± 0.018 −0.074 ± 0.017

CD̄ 7.81 ± 2.0 7.60 ± 2.1

CŪ 4.15 ± 0.60 4.12 ± 0.67

λ 0.350 ± 0.008 0.260 ± 0.0095

x̂ × 105 0.052 ± 1.0 19.2 ± 3.7

c(0)
T × 105 12.0 ± 4.3 215 ± 47

c(0)
L × 105 159 ± 18 774 ± 102

c(log)

L × 105 −42.7 ± 5.6 −305 ± 51

χ2/d.o.f. 1.212 1.189

obtained from the fit of the saturation scale exponent is λ =
0.350 ± 0.008 for the NLO HTS fit and λ = 0.260 ± 0.010
in the NNLO HTS fit. These values are rather close to the
saturation exponents of the GBW model λ = 0.288 (without
charm) and λ = 0.277 (with charm). The obtained values
of λ ∼ 0.26 − 0.35 are also consistent with the picture of
double hard pomeron exchange as the leading contribution
to twist 4 corrections at small x . Also the value of the satu-
ration x parameter at Q0 = 1 GeV obtained from the NNLO
fit, x̂ = (2.0 ± 0.4) · 10−4 compares well to the correspond-
ing GBW saturation x parameters, x0 = 3.04 ·10−4 (without
charm) and x0 = 0.41·10−4 with charm. In the NLO fit, how-
ever, the obtained x̂ = 0.05 ± 1.0 · 10−5 is consistent with
zero. Recall that in our approach parameter x̂ is the charac-
teristic x for emergence of the saturation damping effects in
the sea distribution. Hence the conclusion implied by the χ2

scan is confirmed: that the sea saturation damping is impor-
tant for the NNLO DGLAP fit with twist 4 corrections, while
the DGLAP NLO fit with higher twists does not require the
saturation input damping in the x range of the fitted data.

Interestingly, the pattern of the twist 4 multiplicative coef-
ficients is found to differ significantly from the predictions of
the GBW model. At small x the model yields a sizeable neg-
ative twist 4 correction to FL and a positive correction to FT.
The performed fits exhibit a different pattern – both at NLO
and NNLO we find a small positive twist 4 correction to FT

and a larger positive correction to FL. The difference in the
sign of the higher twist correction to FL at small x between
the GBW model prediction and the fit results, occurs both
in the leading logarithmic term ∝ c(log)

L log(Q2/Q2
sat(x)) for

Q > Qsat(x) and in the constant term c(0)
L . This result indi-

cates that the leading twist 4 coefficient function in the lon-
gitudinal virtual photon inelastic scattering off the proton is
not of the type of an eikonal pomeron exchange.

4.3 Comparison with the data for σred and FL

In the approach presented here the relative importance of the
higher-twist corrections to the proton structure functions may
be estimated for different x and Q2. Such an estimate pro-
vides a measure of both the expected accuracy of the leading
twist description and the sensitivity to the higher-twist con-
tribution. It also permits to determine the kinematic region in
which the higher-twist corrections are most important and,
in this way, the evidence of the higher-twist contribution to
the structure functions is strengthened. Indeed, we find that
the most important effect in the structure function deviations
from the DGLAP leading twist description comes from the
region of small x and Q2, where the higher-twist effects are
strongest.

In Fig. 4 the data for the reduced cross sections for
1.2 GeV2 < Q2 < 15 GeV2 are compared to the HTS
fit results. In order to illustrate the twist content of the pro-
ton structure function we also show the twist decomposition
of the reduced cross section at the NLO level. The twist 4
contribution makes up to 75% of the twist 2 contribution
at Q2 = 1.2 GeV2 and x = 3 · 10−5, where the higher-
twist effects are largest. In this kinematic region the twist 4
effects are estimated to provide about 40% of the reduced
cross section. As expected, the higher-twist contribution is
suppressed with increasing x , and at x = 3 · 10−4 the twist 4
correction is reduced to about 20% of the total value. The
relative importance of the higher-twist correction decreases
also with growing Q2. Indeed, at x = 3 · 10−5 the relative
twist 4 contribution is about 30% at Q2 = 2 GeV2 and about
20% at Q2 = 3.5 GeV2. In the HTS fit at NLO, the relative
higher-twist effect is below 10% at Q2 = 6.5 GeV2.

The results of a similar investigation at NNLO are dis-
played in Fig. 5 for Q2 up to 15 GeV2. In the NNLO DGLAP
fits the higher-twist effects are found to be significantly
stronger than in the NLO fits over the whole probed range
of Q2. In particular, in the NNLO fit at Q2 = 1.2 GeV2,
the twist 4 correction is found to be larger than the leading-
twist contribution for x < 2 · 10−4, and the relative correc-
tion further grows towards small x , to reach about 200% of
the leading-twist term at the lowest available x � 2 · 10−5.
At Q2 = 2 GeV2 and the smallest x , the twist 4 correc-
tion reaches about 80% of the twist 2 contribution, and at
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Q2 =
1.2 GeV2

Q2 = 1.5 GeV2 Q2 = 2 GeV2

Q2 = 2.7 GeV2 Q2 = 3.5 GeV2 Q2 = 4.5 GeV2

Q2 = 6.5 GeV2 Q2 = 10 GeV2 Q2 = 15 GeV2

Fig. 4 The combined low-Q2 HERA inclusive NC e+ p reduced cross sections compared to the NLO HTS fits (full red line). Also shown twist 2
(dashed green line) and twist 4 (dotted purple line) contributions

Q2 = 3.5 GeV2 the higher-twist term is still around 25%
of the leading-twist term. Finally, the higher-twist correc-
tion reaches ∼ 10% level at Q2 = 6.5 GeV2 and quickly
decreases for larger Q2.

The characteristic behaviour of the data at moderate Q2

is a turn-over at small x . This feature is not reproduced by
the DGLAP fits without higher-twist corrections [1] and the
inclusion of higher-twist effects is necessary to provide a
good description of this behaviour [10,11]. Hence the turn-
over may be considered to be a signature of the higher-twist
contributions. The HTS fits reproduce well this shape both
at NLO and NNLO.

In the existing analyses of the combined HERA data with
higher-twist corrections [11] a satisfactory description of the
FL data at smaller Q2 has not been achieved within the
NNLO framework [11]. The predictions for FL obtained in
our approach are shown in Fig. 6 in comparison to the exper-

imental data from H1 [13]. The FL data are well described
down to Q2 = 1 GeV2. Note that the plotted FL data were
not directly fitted, the FL contribution was treated in the fits
only as a part of the reduced cross section σred. The higher-
twist contributions are found to be important in FL at small
and moderate Q2. In particular, the twist 4 term dominates
for Q2 < 5 GeV2 (Q2 < 6 GeV2) for the NLO fit (NNLO
fit). Remarkably, in the NNLO fit, the higher-twist contri-
bution is still visible at 10% level up to a sizeable scale of
Q2 � 20 GeV2. This shows that the longitudinal structure
function is particularly sensitive to the higher-twist effects
and it may be used as their effective probe.

4.4 Impact of the higher-twist effects on the PDFs

One of the key goals of the present analysis is to under-
stand the impact of the higher-twist corrections on the parton
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Q2 =
1.2 GeV2

Q2 = 1.5 GeV2 Q2 = 2 GeV2

Q2 = 2.7 GeV2 Q2 = 3.5 GeV2 Q2 = 4.5 GeV2

Q2 = 6.5 GeV2 Q2 = 10 GeV2 Q2 = 15 GeV2

Fig. 5 The combined low-Q2 HERA inclusive NC e+ p reduced cross sections compared to the NNLO HTS fits (full red line). Also shown twist 2
(dashed green line) and twist 4 (dotted purple line) contributions

NLO NNLO

Fig. 6 The predictions for FL from the HTS fit compared to the H1 data [13]. Also shown are twist 2 (dashed green line) and twist 4 (dotted purple
line) contributions
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density functions. It is expected that inclusion of the higher-
twist corrections alters the resulting PDFs, hence affecting
the predictions in which the PDFs are used. Below we present
the PDFs obtained from the HTS fits (including the higher-
twist effects) compared to the PDFs obtained within the
standard framework, which we denote as the LT-STD fit.
The determined PDFs are presented with the corresponding
experimental uncertainties. The included higher-twist cor-
rections are larger in the small x region, so they affect mostly
the gluon and sea PDFs at small x . Hence, in the figures
we show only these parton distributions. We have checked
that the effect of the higher-twist corrections on the valence
quark distribution is much smaller than for the gluon and sea
PDFs.

In Fig. 7 we compare the gluon and sea PDFs at small
scales, μ2 = 1.2, 2.0 and 3.5 GeV2, with (HTS) and
without (LT-STD) the higher-twist corrections, at the NLO
and NNLO accuracy. The input condition for the HTS fit
is assumed at μ2

0 = 1 GeV2 and it includes the satura-
tion damping effect in the gluon and sea PDFs. The stan-
dard fit (LT-STD) starting scale is μ2

0 = 1.9 GeV2, so for
μ2 = 1.2 GeV2 the LT-STD PDFs should be treated as
extrapolations only. The dotted vertical lines in the plots mark
the minimal kinematically allowed value of x in HERA mea-
surements. Hence the PDFs values to the left of this line are
also extrapolations from the region of available data towards
smaller x .

It is clear from Fig. 7 that inclusion of the higher-twist and
saturation effect leads to sizeable changes of the gluon and
sea PDFs at small x < 0.01 and small scales μ2 < 3.5 GeV2

both at the NLO and NNLO accuracy. The effects found are
larger for the NLO fits, where e.g. for μ2 = 3.5 GeV2 and
x = 3 · 10−5 the HTS gluon is larger than the LT-STD gluon
by about 60% and the HTS sea PDF is smaller by more than
10% than the LT-STD one. In the NNLO fits the differences
between the gluon PDFs with and without the higher-twist
effects tend to be smaller than in NLO fits, while the effect is
larger in the sea quarks at NNLO. In general, at the smaller
scales, the inclusion of the higher-twist effects leads to a
larger gluon PDF and the reduced sea PDF. The differences
found are not only in the shape and values of the PDFs but also
in the relative behaviour of the gluon and sea distributions. In
the standard approach those two are decoupled at the input
scale whereas in the HTS approach the sea distribution at
small x follows the gluon distribution already at the input
scale.

In a similar way, Fig. 8 displays the impact of higher-
twist effects on the PDFs at larger scales, μ2 = 10, 20 and
50 GeV2. The higher-twist effects are still significant in the
gluon distribution at small x . As for the smaller scales, the
inclusion of the higher-twist effects leads to a larger gluon
PDF. The change of the gluon PDF at the small x values cor-
responding to the kinematic lower limit at HERA is greater

than 20% for μ2 = 10 GeV2, about 10% for μ2 = 20 GeV2,
and slightly below 10% for μ2 = 50 GeV2. At the larger
scales the sea distribution is not significantly affected by
the higher-twist corrections. Note finally that the higher-
twist corrections lead to larger changes in the PDFs for
the NLO DGLAP framework than for the NNLO DGLAP
one.

Figure 9 shows the independent PDFs at μ2 = 10 GeV2

obtained from our best fits with higher-twist corrections and
the parton saturation effects. The valence up and down quark,
the sea and the gluon PDFs are shown with their experi-
mental uncertainties at the NLO and NNLO accuracy. We
have checked that the obtained leading twist LTS PDFs at
Q2 = 10 GeV2 agree with standard PDFs in the range of x
probed at HERA.

The obtained PDFs were compared in more detail to the
widely used PDFs, e.g. to the MMHT PDFs [42] and to the
results of the HERAPDF2.0 fit [1]. In the latter case also
a direct comparison is possible of the HHT PDFs obtained
from a fit with the higher-twist effects included [11]. A nat-
ural choice of the scale reference point for which all these
PDFs are explicitly available is μ2 = 10 GeV2, and the
results are displayed in Fig. 8 (the top raw) and in Fig. 9. We
find that for the pure DGLAP fits: MMHT, HERAPDF2.0
and LTS, all the PDFs are consistent within errors down to
x = 10−3. For x < 10−3 the NNLO LTS gluon distribu-
tion function is slightly larger than in the NNLO MMHT and
NNLO HERAPDF2.0 fits – the maximal effect is found for
the smallest x � 10−4, where the central value of the LTS
gluon distribution is larger by about 15% than theMMHT and
HERAPDF2.0 fits. This difference is, however, almost sat-
urated by the statistical error bands of the distributions. The
sea and valence distributions are consistent for these partons
sets over the whole range of x .

When comparing the HTS PDFs and the HHT PDFs [11]
we find a moderate difference in the impact of the higher-
twist effects on the gluon PDF at smaller x , and no significant
differences in the valence and sea distributions. At μ2 =
10 GeV2 the NNLO HTS gluon is significantly larger than
the NNLOLTSgluon, and the largest difference of about 20%
occurs at the smallest accessible value of x � 10−4. For the
HHT gluon distribution function it is not the case, the HHT
and HERAPDF2.0 gluons are overlapping over the whole
range of x at this scale [11]. This difference between the
results of different fits is not very pronounced, and it probably
originates mostly from differences in the model of the higher-
twist corrections applied in the considered analyses. Also a
significant difference in the model of the input in the present
analysis – the sea damping correction – affects in part the
obtained HTS PDFs. A more detailed and wider discussion
of the similarities and differences between the approaches
of Refs. [10,11] and the present study is performed in Sect.
5.
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 NLO
2 = 1.2 GeV2

NNLO
2 = 1.2 GeV2

 NLO
2 = 2 GeV2

NNLO
2 = 2 GeV2

 NLO
2 = 3.5 GeV2

NNLO
2 = 3.5 GeV2

Fig. 7 Comparison of the HTS and LT-STD PDFs at μ2 = 1.2 GeV2 (top), μ2 = 2.0 GeV2 (middle) and μ2 = 3.5 GeV2 (bottom). For
μ2 = 1.2 GeV2 the LT-STD PDFs are extrapolated below the parameterisation range. The experimental uncertainties are shown

5 Discussion

Let us recall the main results of this paper that substantiate
the evidence of the significant higher-twist contributions in
the inclusive DIS at HERA at small x and Q2. The strongest
point is the comparison of the fits to the combined HERA

data on the reduced cross sections based on the DGLAP
evolution with and without twist 4 corrections. For the data
sample analysed, with Q2 > 1 GeV2, the inclusion of the
twist 4 terms improves the χ2/d.o.f. of the NLO fit from
about 1.34 (for the pure DGLAP) to about 1.21. With about
1200 degrees of freedom of the fit, the statistical significance
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 NLO
2 = 10 GeV2

NNLO
2 = 10 GeV2

 NLO
2 = 20 GeV2

NNLO
2 = 20 GeV2

 NLO
2 = 50 GeV2

NNLO
2 = 50 GeV2

Fig. 8 Comparison of theHTS and LT-STD PDFs at μ2 = 10 GeV2 (top), μ2 = 20 GeV2 (middle) and μ2 = 50 GeV2 (bottom). The experimental
uncertainties are shown

of the χ2 change corresponds to an improvement of the p-
value by more than seven orders of magnitude. For the NNLO
DGLAP fit we find an improvement of the χ2/d.o.f. from
about 1.46 to less than 1.19, so the statistical significance of
the improvement is greater by many orders of magnitude that
in the NLO DGLAP fits.

On the other hand, the values of the χ2/d.o.f. about 1.19
found in the DGLAP fits with twist 4 corrections are still
uncomfortably larger than 1.0. Here however, we may take as
the reference level the value χ2/d.o.f. = 1.15 that is obtained
in all the fits for Q2

min > 10 GeV2, where the higher-twist
corrections should be negligible. Given the crudeness of
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2 = 10 GeV2

xS × 0.05

xg × 0.05 xuv

xdv

NLO 2 = 10 GeV2

xS × 0.05

xg × 0.05
xuv

xdv

NNLO

Fig. 9 The PDFs at μ2 = 10 GeV2 obtained from the HTS fit. The experimental uncertainties are shown

the higher-twist model applied, we find the change of the
χ2/d.o.f. from the reference level 1.15 to about 1.19 in the
best NNLO fit with higher twists to be sufficiently small to
accept the model.

An issue that should be raised is a possible alternative
explanation of the data by a pure DGLAP fit with a more
flexible input parameterisation. In order to constrain this
hypothetic scenario the fit χ2/d.o.f. scans may be compared
for three signficantly different input parameterisations: the
MMHT fit [10], the HERAPDF2.0 fit [11], and the LTS
parameterisations proposed in this study. With the same input
scale μ2

0 = 1.9 GeV2 at lower Q2
min, the obtained values of

χ2/d.o.f. from the LTS and HERAPDF2.0 fits differ only
marginally: by less than 0.01 both at NLO and at NNLO.
The MMHT fit restricted to HERA data with Q2

min yields
χ2/d.o.f. smaller than the LTS fit by up to 0.05 [10] but this
is result obtained with a much greater number of free param-
eters than in the HERAPDF2.0 and LTS fits. The rather
close values of χ2/d.o.f. resulting from three different input
models suggest that the LTS fit is not overconstrained. In par-
ticular, when evaluating the model quality it is necessary to
take into account also the number of free parameters needed
to improve the χ2 of the fit, and here the LTS and HTS fits
are particularly efficient. Moreover, the contribution of the
higher twists found is characterised by a strong Q2 depen-
dence which cannot be mimicked by the features of the input
parameterisations that are given at a fixed scale μ2

0 if the data
are available over sufficiently large span of Q2 in the kine-
matic range where the higher-twist effects are significant. In
order to enhance the sensitivity to the Q2 dependence we
included in the analysis tha data down to Q2 = 1 GeV2. Fur-
thermore the explicit analysis of the Q2 and x-dependencies
of the higher-twist terms leading to the improvement of the
fit quality shows full consistency with the assumption of the
leading twist 4 exchange as the contribution necessary to well

describe the data. In particular the obtained twist 4 correction
is characterised by a leading x−2λ behaviour with λ = 0.26
for the NLO fit and λ = 0.35 for the NNLO fit – the values
strongly supporting the interpretation of the twist 4 terms
as coming from the double hard gluon ladder exchange, as
expected from the QCD analyses of the twist 4 evolution at
small x .

The higher twist interpretation advocated in this paper
should be also confronted with recent interesting results
obtained for the vector meson production [43], where power
corrections to the coefficient functions in high energy scat-
tering were derived, that do not come from the leading quasi-
partonic 4-gluon twist 4 exchange.5 Although we agree that
such corrections should also contribute to the DIS cross sec-
tions, we stress that the x-dependence of the twist 4 correc-
tions (i.e. the power corrections in 1/Q2) found in the present
analysis is consistent with the dominance of the exchange of
two hard gluonic ladders.

It is interesting to compare the results presented here with
results of the two recent papers [10,11] in which a simi-
lar conclusion was reached that the combined HERA data
require an inclusion of the twist 4 corrections at small x and
Q2. Hence the main conclusion of all the analyses is the
same on the qualitative level. The models applied both for
the DGLAP piece and the higher-twist corrections are dif-
ferent, however, and so is the data range used in the best fits,
hence on a more detailed level there are certain differences
between the results of [10,11] and this paper. In what follows
we compare the models and results.

The analyses of Refs. [10,11] have been performed using
a similar method of the χ2 scan as a function of Q2

min for
DGLAP fits with and without the higher-twist corrections. In
both approaches the data were selected with Q2 > 2 GeV2

5 We are grateful to Alan Martin for pointing out this to us.
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and it was found that the twist-4 corrections to F2 are consis-
tent with zero within a moderate determination error. Hence,
in the central model of both the approaches,6 only FL receives
the twist 4 correction in the form of �(τ=4)FL(x, Q2) =
AFL(x, Q2)/Q2. The improvements and extensions of the
present analysis are the following. The model of higher-twist
corrections we propose here is based on general features of
multiple scattering in QCD at high energies. In particular
it includes the known results on the leading evolution of
twist 4 quasi-partonic operators [2,3]. Therefore the model
offers an explicit physics interpretation of the result and
allows to obtain a deeper insight into the x-dependence of
higher-twist corrections in both FL and FT (or F2). Further-
more, in order to enhance the sensitivity to the higher-twist
effects, we extended the Q2 range of the fitted data down to
Q2 = 1 GeV2. Indeed, with this extension the fits are sensi-
tive to the x-dependence of the twist 4 corrections, which is
well constrained by the performed fits. In contrast to results
of Refs. [10,11] we find positive and sizable higher-twist
corrections to both FL and F2. We consider three possible
sources of this difference: (i) the extended range of Q2 used
in the present analysis, (ii) the differences in the model of the
input parameterisation for the DGLAP evolution, and (iii) the
different form of the model of the higher-twist contributions.

By performing an explicit analysis of the fitted higher-
twist terms dependence on Q2

min with initial scales μ2
0 =

1.0 GeV2 and μ2
0 = 1.9 GeV2, we verified that a stable gen-

eral pattern of sizable positive higher-twist corrections to
both FL and F2 is obtained in the NLO and NNLO fits. In
particular this pattern is found for the value Q2

min = 2 GeV2

for which the earlier fits were performed. Hence the extended
range of Q2 is not responsible for the differences. The impact
of the DGLAP input parameterisation may be partially con-
strained by an observation that while the pure DGLAP fits the
HERAPDF2.0 fit and the LT-STD fit lead to a very similar
description of the data (see Fig. 1), these DGLAP fits com-
plemented by different models of the higher-twist terms lead
to a significantly different higher-twist corrections to FL and
F2. On the other hand, turning on or off the saturation sea
damping factor in the LTS / LT fits does not affect the higher-
twist correction pattern. Hence, most likely, the source of the
difference in the determined higher-twist corrections to FL

and F2 is the applied model of higher-twist corrections.
An additional conclusion we find w.r.t. the previous stud-

ies is the steep x−2λ dependence of the twist 4 correc-
tions, while the twist 4 correction �(τ=4)FL(x, Q2) of Refs.
[10,11] is characterised by a single gluonic ladder exchange
∼ x−λ. It is intriguing why the fits do not distinguish clearly

6 In Ref. [10] a few variations of the central model of higher twist
corrections were also considered, also including a more flexible x-
dependence, but none of the models tested coincides with the model
applied in the present study.

between these two different scenarios. We propose the fol-
lowing interpretation of this apparent discrepancy. As follows
from the performed twist decomposition of the reduced cross
section in the best fits, the higher-twist corrections become
significant in the bins of the lowest Q2, below Q2 = 5 GeV2

and at the smallest available x . Therefore there is only a mod-
erate region of the kinematic space (and a moderate number
of the data points in this space) to pin down the x-dependence
of the higher-twist corrections with a high precision, see a
discussion of this issue performed in Ref. [10]. In order to
enhance the sensitivity of the analysis to higher twist effects
we extended the data range down to Q2 > 1 GeV2 from
Q2 > 2 GeV2 taken in Refs. [10,11]. This lowered limit
resulted in significantly smaller errors of the fitted higher
twist parameters and a much larger impact of the higher
twist correction on the fit χ2/d.o.f. Hence we expect that the
enhanced sensitivity of the present analysis may also con-
tribute to the difference between the present results and the
results of Refs. [10,11]. Furthermore in the present approach
we introduce additional freedom of the sea input parameter-
isation at small x motivated by parton saturation damping
effects. This feature leads to a reduced sea PDF at small x
and small scales w.r.t. the standard sea PDF and a modified
physics picture emerges. In [10,11] the sizeable higher-twist
corrections are found in FL and they are negligible in F2. In
the HTS NNLO fit obtained in the present analysis we find
the sizeable positive higher-twist corrections in both FL and
F2 at small x and Q2, and certain suppression of the lead-
ing twist contribution to F2 due to the saturation damping of
the sea. Finally the model of higher-twist correction of Ref.
[11] is simple and efficient, however it leads to unphysical
behaviour of the predicted FL at small Q2 at NNLO. In sum-
mary, we offer an approach to the higher-twist corrections
with a clear physical interpretation and an enhanced flexibil-
ity. The present analysis confirms the conclusions of Refs.
[10,11] on improvements of the proton structure description
due to inclusion of higher-twist corrections, but a different
model of the higher-twist terms applied here and a wider
data range result in some differences in the fitted higher-
twist corrections in FL and F2. The proposed framework can
be successfully extended down to Q2 = 1 GeV2 and gives a
reasonably good description of FL over the whole Q2 range.

A comment is in order on the fact that the sign of the
obtained twist 4 correction to FL is positive and it dis-
agrees with the predictions [15,16] from the Golec-Biernat–
Wüsthoff saturation model [17,18]. The result is also not
intuitive in a simplified picture of the multiple scattering,
in which the longitudinal virtual photon–proton scattering
total cross section receives a positive correction from dou-
ble scattering, while one could expect a negative shadow-
ing correction. The sign of the twist 4 correction depends
however, on the sign of the corresponding coefficient func-
tion. In the GBW model the twist 4 coefficient function is
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implicitly computed assuming eikonal coupling of two glu-
onic ladders to the virtual quark loop coming from the virtual
photon fluctuation. Such a coupling is not what is predicted
by QCD at small x . The γ ∗ coupling to four-gluon exchange
was analysed in the leading logarithmic 1/x approximation
in the framework of extended generalised leading logarith-
mic approximation [22,26–28,44] and it was found that the
coupling occurs via triple pomeron vertex, which is distinctly
different from the eikonal coupling. A more detailed analy-
sis of the four-gluon coupling to the virtual photon was per-
formed in Refs. [45,46]. The definite prediction of the sign
of the twist 4 corrections to the proton structure functions in
this approach is not available yet, so it is interesting to obtain
it and confront with the results of the fit.

Finally, let us discuss shortly the concept of the gluon
and sea saturation damping effects in the input PDFs at
small x . The motivation to propose this damping for the
gluon PDF comes from the properties of the solution of the
Balitsky–Kovchegov equation [23–25] and for the sea PDFs
we additionally assume that the input sea PDF at small x
is driven by the gluon PDF. The damping may be under-
stood as a result of unitarity corrections due to the multiple
scattering effects below the scale of the input parameterisa-
tion. For the gluon PDF, the DGLAP fits (with or without
higher-twist corrections) with the conventional parameteri-
sation of the input gluon PDF, with the small x asymptotics
x fg(x, μ2

0) ∼ x Bg , yield a positive Bg when μ2
0 is suffi-

ciently small, inline with the saturation damping property.
So, for the gluon PDF the saturation damping is implicit in
the standard parameterisation. For the sea PDFs, however,
the saturation damping leads to a significant modification
of the input shape at μ2

0 = 1 GeV2. The saturation damp-
ing effect of the sea distribution is found to be supported
by the data in the NNLO DGLAP fit with the higher-twist
corrections. The inclusion of the saturation damping effects
in this fit improves the χ2/d.o.f. significantly for moderate
Q2. In particular for the complete data sample the χ2/d.o.f.
goes down from 1.25 to 1.19. In this fit, the characteristic
value of x for which the saturation damping effects turn on
at μ2

0 = 1 GeV2 was found to be x̂ � 2 ·10−4, in consistence
with the earlier analyses of the parton saturation at small x
[17,18,20].
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higher twist effects in diffractive DIS at HERA at moderate Q2.
Phys. Rev. D 86, 111501 (2012)

10. L.A. Harland-Lang, A.D. Martin, P. Motylinski, R.S. Thorne, The
impact of the final HERA combined data on PDFs obtained from
a global fit. Eur. Phys. J. C 76(4), 186 (2016)

11. I. Abt, A.M. Cooper-Sarkar, B. Foster, V. Myronenko, K. Wich-
mann, M. Wing, “Study of HERA ep data at low Q2 and low xBj
and the need for higher-twist corrections to standard perturbative
QCD fits,” Q. Phys. Rev. D 94(3), 034032 (2016)

12. F.D. Aaron et al., [H1 Collaboration], “Measurement of the Inclu-
sive e± p Scattering Cross Section at High Inelasticity y and of the
Structure Function FL ,”. Eur. Phys. J. C 71, 1579 (2011)

13. V. Andreev et al. [H1 Collaboration], “Measurement of inclusive
ep cross sections at high Q2 at

√
s = 225 and 252 GeV and of the

longitudinal proton structure function FL at HERA,” Eur. Phys. J.
C 74 (2014) no.4, 2814

14. H. Abramowicz et al. [ZEUS Collaboration], “Deep inelastic
cross-section measurements at large y with the ZEUS detector at
HERA,” Phys. Rev. D 90 (2014) no.7, 072002

15. J. Bartels, K.J. Golec-Biernat, K. Peters, An estimate of higher
twist at small xB and low Q2 based upon a saturation model. Eur.
Phys. J. C 17, 121 (2000)

16. J. Bartels, K. Golec-Biernat, L. Motyka, Twist expansion of the
nucleon structure functions, F2 and FL , in the DGLAP improved
saturation model. Phys. Rev. D 81, 054017 (2010)

17. K.J. Golec-Biernat, M. Wüsthoff, Saturation effects in deep inelas-
tic scattering at low Q2 and its implications on diffraction. Phys.
Rev. D 59, 014017 (1998)

18. K.J. Golec-Biernat, M. Wüsthoff, Saturation in diffractive deep
inelastic scattering. Phys. Rev. D 60, 114023 (1999)

19. S. Alekhin, HERAFitter. Eur. Phys. J. C 75(7), 304 (2015)
20. H. Kowalski, L. Motyka, G. Watt, Exclusive diffractive processes

at HERA within the dipole picture. Phys. Rev. D 74, 074016 (2006)
21. V.M. Braun, A.N. Manashov, J. Rohrwild, Renormalization of

Twist-Four Operators in QCD. Nucl. Phys. B 826, 235 (2010)
22. J. Bartels, M. Wüsthoff, The triple regge limit of diffractive disso-

ciation in deep inelastic scattering. Z. Phys. C 66, 157 (1995)
23. I. Balitsky, Operator expansion for high-energy scattering. Nucl.

Phys. B 463, 99 (1996)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C (2018) 78 :80 Page 17 of 17 80

24. Y.V. Kovchegov, Small x F2 structure function of a nucleus includ-
ing multiple pomeron exchanges. Phys. Rev. D 60, 034008 (1999)

25. Y.V. Kovchegov, Unitarization of the BFKL pomeron on a nucleus.
Phys. Rev. D 61, 074018 (2000)

26. J. Bartels, Unitarity corrections to the Lipatov pomeron and the
small x region in deep inelastic scattering in QCD. Phys. Lett. B
298, 204 (1993)

27. J. Bartels, Unitarity corrections to the Lipatov pomeron and the
four gluon operator in deep inelastic scattering in QCD. Z. Phys.
C 60, 471 (1993)

28. J. Bartels, C. Ewerz, Unitarity corrections in high-energy QCD.
JHEP 9909, 026 (1999)

29. N.N. Nikolaev, B.G. Zakharov, Color transparency and scaling
properties of nuclear shadowing in deep inelastic scattering. Z.
Phys. C 49, 607 (1991)

30. A.H. Mueller, Soft gluons in the infinite momentum wave function
and the BFKL pomeron. Nucl. Phys. B 415, 373 (1994)

31. A.H. Mueller, B. Patel, Single and double BFKL pomeron
exchange and a dipole picture of high-energy hard processes. Nucl.
Phys. B 425, 471 (1994)
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