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R A T I O N A L I T Y  O F  S E M I A L G E B R A I C  F U N C T I O N S

WOJCIECH KUCHARZ AND KRZYSZTOF KURDYKA

ABSTRACT. Let X  be an algebraic subset of Rn , and f  : X  ^  R a semialgebraic 
function. We prove that if f  is continuous rational on each curve C C X  then:
1) f  is arc-analytic, 2) f  is continuous rational on X . As a consequence we
obtain a characterization of hereditarily rational functions recently studied by
J. Kollar and K. Nowak.

1. I n t r o d u c t io n

O ur goal is to  give a  sh o rt in tro d u c tio n  to  som e resu lts  on  rea l ra tio n a l functions. 
T h e  in te re s te d  read er m ay  consu lt [4] an d  [5] for a m ore com prehensive tre a tm e n t. 
W e s triv e  for sim plic ity  of ou r p resen ta tio n . K eep ing  th is  in  m ind , we deal only  
w ith  sem ialgebraic functions. F u rth e rm o re , we exp lain  in  d e ta il th e  role of B e rtin i’s 
th eo rem  in estab lish in g  a c rite rio n  for ra tio n a lity  of such functions.

T h ro u g h o u t th is  section , X  deno tes an  algebraic  su b se t o f R n . R ecall th a t  
a function  f  : X  ^  R  is sa id  to  be regular a t  x  G X  if th e re  ex ist tw o po lynom ials 
p ,q  G R [ x i , . . . ,  x n ] such th a t  q(x) =  0 an d  f  =  p /q  in  a Zariski open  ne ighborhood  
of x  in  X . F u rth e rm o re , f  is reg u la r on a subse t o f X  if  i t  is reg u la r a t  each po in t
of th is  subse t. W e say  th a t  th e  function  f  : X  ^  R  is ra tional if  i t  is regu la r on
a Zariski open  dense su b se t of X  (th is  m ino r d ev ia tio n  from  th e  s ta n d a rd  defin ition  
is ju stified , f  being  defined everyw here on X ). Obviously, f  is ra tio n a l if an d  on ly  
if its  re s tr ic tio n  to  each  irreducib le  com ponen t of X  is ra tio n a l. W e also say  th a t  
th e  function  f  is continuous ra tional if i t  is con tinuous (in  th e  s tro n g  topology) on 
X  an d  ra tio n a l in  th e  sense ju s t  defined.
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E x a m p le  1 .1 . L et C  =  {x3 =  y 2 } C R 2, an d  le t f  : C  ^  R  be th e  function  defined 
by  f  =  y / x  for (x ,y )  =  (0 ,0 ) an d  f  (0 ,0 ) =  0. T h en  f  is con tinuous ra tio n a l on  C  
b u t is n o t reg u la r a t  (0 , 0 ).

N ote th a t  E xam ple  1.1 m akes sense also in  th e  com plex se tting .

E x a m p le  1 .2 . T h e  function  f  : R 2 ^  R , defined by  f  (x, y) =  x2++y2 for (x ,y )  =  
(0, 0) an d  f  (0 ,0 ) =  0, is con tinuous ra tio n a l on R 2 b u t is n o t reg u la r a t  (0 ,0 ).

E xam ple  1.2 is specific to  rea l algebraic geom etry. Indeed , in  th e  com plex se ttin g , 
a  con tinuous ra tio n a l function  on  a n onsingu lar algebraic set is ac tu a lly  regular.

C on tinuous ra tio n a l functions on  n onsingu lar real a lgebraic  se ts  are s tu d ied  by 
th e  first nam ed  a u th o r  [6 , 7, 8 ] in  th e  co n tex t o f ap p ro x im atio n  of con tinuous m aps 
in to  spheres. B o th  a u th o rs  in itia te d  a th e o ry  of vec to r bund les [9] on  real algebraic 
varie ties, in  w hich con tinuous ra tio n a l functions are used to  define m orphism s. 
C on tinuous ra tio n a l functions, u n d er th e  nam e fo n c tio n s  régulues, are  th e  ob jec t 
o f investiga tion  in  [3]. A n in te res tin g  phenom enon  discovered by  J. K o lla r is recalled  
below.

E x a m p le  1 .3 . T h e  algebraic  surface

S  :=  {x3 -  (1 +  z 2 )y3 =  0} C R 3

is an  an a ly tic  subm anifo ld , an d  th e  function  f  : S  ^  R  defined by f  (x ,y , z) =  
(1 +  z 2 ) 1/3  is an a ly tic  an d  sem ialgebraic. F u rth e rm o re , f  is con tinuous ra tio n a l on 
S  since f  (x ,y , z) =  x /y  on S  w ith o u t th e  z-axis. O n  th e  o th e r  h an d , f  re s tr ic ted  
to  th e  z-ax is is n o t a ra tio n a l function , an d  f  ca n n o t be ex ten d ed  to  a con tinuous 
ra tio n a l function  on R 3, cf. [5].

In  o rder to  avoid such a  p a th o lo g y  K olla r an d  N ow ak [5] p roposed  th e  following 
no tion . A function  f  : X  ^  R  is sa id  to  be hereditarily ra tional if  for every  algebraic 
se t Z  C  X  th e  re s tr ic tio n  f  |Z is a ra tio n a l function  on Z . A ccording to  th e  m ain  
resu lt of [5], an y  con tinuous an d  h e re d ita r ily  ra tio n a l function  on X  C R n can  be 
ex ten d ed  to  a con tinuous an d  h e re d ita r ily  ra tio n a l function  on R n . M oreover, if 
th e  algebraic se t X  is nonsingu lar, th e n  an y  con tinuous ra tio n a l function  on X  is 
h e re d ita r ily  ra tio n a l [5].

Now we in tro d u ce  a cruc ia l n o tio n  for th is  p ap e r. W e say  th a t  a  function  f  : X  ^  
R  is curve-ra tional if  for every  irreducib le  a lgebraic curve C  C X  th e  re s tr ic tio n  
f  |C is ra tio n a l on C .

O ur m a in  resu lt, w hose p ro o f is given in  S ection  3, is th e  following.

T h e o r e m  A . F or a fu n c tio n  f  : X  ^  R  on an  algebraic subse t X  o f  R n , the
fo llow ing  conditions are equivalent:

(a) f  is hereditarily rational.
(b) f  can be extended to a hereditarily ra tional fu n c tio n  on  R n .
(c) f  is sem ialgebraic and curve-rational.
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As d em o n s tra te d  by E xam ple  1.2, a  sem ialgebraic  con tinuous ra tio n a l function  
need  n o t be cu rve-ra tiona l.

W e are now  head ing  tow ards o u r second  resu lt, w hich is proved  in  S ection  4. We 
say  th a t  a function  f  : X  ^  R  is continuously curve-ra tional if  for every  irreducib le 
a lgebraic curve C  C X  th e  re s tr ic tio n  f  |C is con tinuous ra tio n a l on  C .

In  th e  1980’s th e  n o tio n  of a rc -an a ly tic  function  w as in tro d u ced  by  th e  second 
n am ed  a u th o r  [10]. A function  f  : V  ^  R , defined on a real an a ly tic  se t V , is said  
to  be arc-analytic  if  f  o 7  is an a ly tic  for every  an a ly tic  arc  7 : ( - 1 , 1 )  ^  V . A n 
a rc -an a ly tic  function  on  R n need  n o t b e  con tinuous [1] an d  m ay  have a nond isc re te  
singu lar se t [1 1 ].

T h e o r e m  B . A n y  sem ialgebraic, con tinuously curve-ra tional fu n c tio n  on an  alge
braic subset o f  R n is con tinuous and  arc-analytic.

As an  im m ed ia te  consequence of T heorem s A an d  B we o b ta in  th e  following 
ch a rac te riza tio n  of con tinuous h e re d ita r ily  ra tio n a l functions.

C o r o l l a r y  1 .4 . A  fu n c tio n  on an algebraic subse t o f  R n is con tinuous and  hered
ita r ily  ra tional i f  and  only i f  i t  is sem ialgebraic and continuously curve-rational.

In  S ection  2, w hich is crucial for th e  p ro o f of T h eo rem  A, we recall som e resu lts  
on  sem ialgebraic se ts, prove a su itab le  version of B e rtin i’s theo rem , an d  analyze 
th e  Zariski closure of a N ash  subm anifo ld  of R n .

2. P r e l im in a r ie s

W e will use th e  n o tio n  of d im en sio n  in  various s itu a tio n s. If  Y  is an  algebraic 
su b se t o f R n or C n , th e n  by d im  Y  we m ean  th e  K ru ll d im ension  of th e  ring  of 
po lynom ial R -valued  or C -valued, respectively , functions on Y . R ecall th a t  a  N ash 
subm an ifo ld  of R n is an  an a ly tic  subm anifo ld  th a t  is also a sem ialgebraic se t. For 
a sem ialgebraic su b se t A  of R n ,

d im  A  := m ax  d im  N ,

w here N  ru n s  th ro u g h  th e  collection  of N ash  subm anifo lds of R n co n ta in ed  in  A. %
T h e Zariski closure of an  a rb it ra ry  su b se t S  of R n will be d en o ted  by  S  . H ence 
 %
S  is th e  sm allest a lgebraic su b se t o f R n con ta in ing  S . If  X  is an  algebraic subse t 
o f R n , we deno te  by  X C its  com plexification, th a t  is, th e  sm allest a lgebraic subse t 
o f C n con ta in ing  X . F or A  as above,

 g   2,
d im  A  =  d im  A  =  d im (A  )C,

cf. [2, Section  2.8]. W e will frequen tly  use these  equalities w ith o u t exp lic itly  
referring  to  them .

In  th e  sequel we will also use th e  following s ta n d a rd  facts on  ra tio n a l functions. 
L e t X  be an  irreducib le  a lgebraic  su b se t of R n . Recall th a t  each  n o n em p ty  Zariski 
o pen  su b se t o f X  is Zariski dense. L et f  : X  ^  R  be a ra tio n a l function  th a t  is
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reg u la r in  a n o n em p ty  Zariski open  set X 0 C X . W e deno te  by  G ( f  ) th e  Zariski 
closure in  R n x R  of th e  g rap h  of f  |Xo, th a t  is,

 2,
G ( f  ) := g r a p h ( f  X  ) .

Since X  is irreducib le , so are X 0 an d  g r a p h ( f  |Xo ). C onsequently , G ( f  ) is irreducib le 
as well. W e have

d im  G ( f  ) =  d im (g ra p h ( f  |Xo )) =  d im  X 0 =  d im  X .

I t  read ily  follows th a t  G ( f  ) does n o t d ep en d  on th e  choice of X 0 . B y  com plexifying 
X  C R n an d  G ( f  ) C R n x R , we o b ta in  irreducib le  com plex algebraic se ts  X C C C n 
a n d  G ( f  )C C C n x C. For ou r purposes, th e  key p ro p e r ty  of G ( f  )C is th e  following.

L e m m a  2 .1 . L et n  : C n x C  ^  C n be the canonical projection . W ith  n o ta tio n  as 
above,

G ( f  )c  n  n - 1  (x) =  {(x , f  (x))}

fo r  all x  G X 0 .

Proof. W e can  choose po lynom ials p , q G R [x 1, . . .  , x n ] w ith  q(x) =  0 an d  f  (x) =  
p (x ) /q (x )  for all x  G X 0 , cf. [2, p. 62]. Set

U := {z G X c  | q(z) =  0}

a n d  define g : U ^  C  by  g (z) =  p (z ) /q (z )  for z G U . I t  suffices to  prove th a t

(i) G ( f  )c  n  (U  x C) =  g rap h (g ).

To th is  end  deno te  by  G  th e  Zariski closure of g rap h (g ) in  C n x C. T h en  G  is 
irreducib le  w ith

d im  G  =  d im  X C =  d im  X  =  d im  G ( f  )C.

Since g raph (g ) is Zariski closed in  U x C, i t  follows th a t

(ii) G  n  (U  x C) =  g rap h (g ).

C learly, g r a p h ( f  |Xo) C g rap h (g ), w hich im plies th a t  G ( f  )C C G. C onsequently ,

(iii) G ( f  )c  =  G,

b o th  G ( f  )c  a n d  G  being  com plex algebraic se ts  of th e  sam e d im ension. H ence (i) 
follows by com bin ing  (ii) an d  (iii). □

N ex t we s tu d y  th e  Zariski closure of N ash  m anifolds. O ne read ily  checks th a t  th e  
Zariski closure of a connected  N ash  subm anifo ld  of R n is an  irreducib le  algebraic 
se t. I t  is convenient to  in tro d u ce  th e  following no tion .

W e say  th a t  tw o N ash  subm anifo lds A  an d  B  of R n are compatible if  for any 
n o n em p ty  o pen  subse ts  (in th e  re la tiv e  s tro n g  topology) A ' C A, B ' C B  th e re  exist 
p o in ts  a G A ', b G B ' an d  an  irreducib le  algebraic  curve C  C R n w ith  th e  following 
p ro p erties : a  is an  accum ula tion  p o in t of A  n  (C  \  {a}) an d  b is an  accum ula tion  
p o in t of B  n  (C  \  {b}). In  th a t  case, b o th  a  an d  b belong  to  C .
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P r o p o s i t i o n  2 .2 . I f  two connected N ash  subm anifo lds  A  and  B  o f  R n , w ith
 2   2

d im  A  =  d im  B , are compatible, then  A  =  B  .

 2   2
Proof. N ote th a t  A  an d  B  are irreducib le  algebraic su b se ts  of th e  sam e d i

 2   2
m ension. S uppose th a t  A  an d  B  are com patib le , b u t A  =  B  . T h en  th e  se ts

 2   2
A ' := A  \  B  an d  B ' :=  B  \  A  are n o n em p ty  an d  open  in  A  an d  B , respectively.
L et a  G A ', b G B ',  an d  C  b e  as in  th e  defin ition  of com p atib le  N ash  subm anifo lds
given above. Since a  is an  accum ula tion  p o in t o f A  n  (C  \  {a}), it follows th a t  th e
in te rsec tio n  A  n  C  is an  in fin ite  se t an d  hence th e  irred u c ib ility  o f C  im plies th e  

 2
inclusion  C  C A  . T h u s we get a c o n tra d ic tio n  since a, b G C . □

W e will need  an  affine version of th e  classical th eo rem  of B ertin i. For th e  sake 
of com pleteness we include a full p ro o f o f it.

T h e o r e m  2 .3  (B ertin i). L et n  : C n x C k ^  C n be the canonical projection , Y  C 
C n x C k an  irreducible algebraic set, and  X  the Z arisk i closure o f  n (Y  ). I f  d im  Y  =  
d im  X  =  d  >  2, then  the se t o f affine  (n  — d +  1)-planes in  C n contains a Z arisk i 
open dense subset B such th a t fo r  every  L  G B the in te rsec tio n  Y  n  n - 1(L) is an  
irreducible curve.

Proof. W e will re p e a t a lm ost w ord by  w ord th e  p ro o f o f T h eo rem  3.3.1 (a p ro jec tive  
version of B e r tin i’s theo rem ) from  th e  excellent su rvey  of R. L azarsfeld  [12]. F irs t 
we fix a general affine (n  — d )-p lane A such th a t  n - 1(A) cu ts  Y  tran sv e rsa lly  in 
fin ite ly  m a n y  sm o o th  p o in ts . B y  a tra n s la tio n  we m ay  assum e th a t  A is ac tu a lly  
a linear subspace of C n . T h e  space of lin ear (n  — d +  1)-p lanes w hich co n ta in  A is 
p a ra m e tr iz ed  by  a p ro jec tive  space T  =  P d - 1 . G iven t  G T  we deno te  by  L t th e  
co rrespond ing  linear (n  — d +  1)-plane. C onsider th e  set

V  :=  {(y, t)  G Y  x T  | n (y )  G L t} .

T h e  issue is to  es tab lish  th e  irred u c ib ility  of a  general fiber o f th e  second p ro jec tio n

p  : V  ^  T.

To th is  en d  n o te  th a t  th e  first p ro jec tio n  V  ^  Y  is ac tu a lly  th e  blow ing u p  of 
Y  along th e  fin ite  se t Y  n  n - 1 (A). H ence V  is irreducib le . F u rth e rm o re , if  we fix 
a p o in t y0 G Y  n  n - 1 (A), th e n  th e  m ap p in g  s : T  ^  V , defined by  s(t)  =  (y0 , t ) ,  
defines a global section  of p  w hose im age is aw ay from  th e  singu lar locus of V. 
M oreover, p  is a subm ersion  a t each  p o in t s ( t)  =  (y0 , t ) ,  t  G T .

L et Z  C V  be th e  un ion  of singu lar p o in ts  of V  an d  critica l p o in ts  of p . C learly  
Z  is now here dense in  V , hence V  \  Z  is connected  an d  p  is a subm ersion  on V  \  Z . 
B y  a resu lt o f V erdier [14, C oro lla ry  5.1], th e re  ex ists  a Zariski closed now here 
dense se t R  C T  such th a t

p ' : V ' ^  T '
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is a locally  tr iv ia l f ib ra tio n  (for th e  s tro n g  topo logy), w here T ' =  T  \  R , V ' =  
p - 1 (T ') , an d  p ' s ta n d s  for th e  re s tr ic tio n  of p  to  V '. C learly  s re s tr ic te d  to  T ' is 
a section  of p '.

W e cla im  th a t  for each  t  G T ' th e  fiber p '- 1(t) is connected , w hich im plies 
th a t  p - 1 (t) is irreducib le. Indeed , le t W t be th e  connected  com p o n en t of p '- 1(t) 
con ta in ing  s ( t)  an d  set

W  :=  U  W t.
teT  '

T h e  fiber p '- 1(t) has  fin ite ly  m an y  connected  com ponen ts , an d  hence W t is open  
an d  closed in  it. M oreover, since p ' is a locally  tr iv ia l fib ra tion , it follows th a t  
W  is o pen  an d  closed in  V '. H ence W  =  V ' an d  W t =  p '- 1 (t). T h u s p '- 1 (t) is 
connected . □

W e will m ake use of T h eo rem  2.3 to  s tu d y  real algebraic sets. F irs t we recall 
th a t  an  algebraic  su b se t V  of C n is sa id  to  be defined over  R  if i t  is th e  se t of 
com m on zeros (in  C n ) of a collection  of po lynom ials w ith  real coefficients. In  o th e r 
w ords, V  is req u ired  to  b e  s ta b le  u n d e r com plex con jugation . In  th a t  case,

V  (R) := V  n  R n

is called  th e  se t o f rea l p o in ts  of V . If  V (R ) is Zariski dense in  V , th e n

V  (R )c  =  V.

P r o p o s i t i o n  2 .4 . L et X  be a d -d im en sio n a l irreducible algebraic subset o f  R n . L et 
A  and  B  be N ash  subm anifo lds o f  R n , both o f d im en sio n  d  and contained in  X . 
L et A ' C A  and  B ' C B  be n o n em p ty  open subsets ( in  the relative strong topology). 
T h en  there ex ist po in ts  a  G A ', b G B ' and an affine  (n  — d +  1)-plane  M  in  R n 
such  th a t  C  :=  X  n  M  is an  irreducible curve fo r  w hich  a  is an  accum ula tion  p o in t  
o f  A  n  (C  \  {a}) and  b is an  accum ula tion  p o in t o f  B  n  (C  \  {b}). In  particular, A 
and  B  are compatible.

Proof. I t  suffices to  consider th e  case d >  2. S et r  :=  n  — d + 1 .  If  X 0 is th e  se t of 
reg u la r p o in ts  of X , th e n  th e  su b se ts  A ' n  X 0 C A  an d  B ' n  X 0 C B  are no n em p ty  
an d  open. B y  T h eo rem  2.3 (w ith  k =  0), for a  general affine r-p la n e  L  in  C n th e  
in te rsec tio n  X C n  L  is an  irreducib le  com plex curve. W e can  choose such  an  L  so 
th a t  i t  is defined over R  an d  th e  affine r -p la n e  M  :=  L (R ) in  R n cu ts  A  an d  B  
tran sv e rsa lly  a t som e p o in ts  a  G A ' n  X 0 an d  b G B ' n  X 0. T h en  th e  com plex curve 
X C n  L  is defined over R, an d  hence

C  :=  (X C n  L )(R ) =  X  n  M

is an  irreducib le  rea l curve sa tisfy ing  th e  req u ired  conditions. □
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3. P r o o f  o f  T h e o r e m  A  a n d  r e l a t e d  r e su l t s

T h e following resu lt will p lay  th e  key role.

T h e o r e m  3 .1 . L et X  be an  irreducible algebraic subset o f  R n o f d im en sio n  d  >  
2, and  f  : X  ^  R  a sem ialgebraic fu n c tio n . L e t D  be a N ash  subm anifo ld  o f  
R n , contained in  X  and o f  d im en sio n  d. L e t C be the collection o f  all irreducible 
algebraic curves in  X  o f the fo rm  X  n  M  fo r  som e affine  (n  — d +  1)-plane  M  in  
R n w ith  D  n  M  =  0 . A ssu m e  th a t fo r  every curve C  G C the restric tion  f  |c  is 
a ra tional fu n c tio n . T h en  the fu n c tio n  f  is rational.

Proof. L e t A  an d  B  be connected  N ash  subm anifo lds of R n , b o th  of d im ension  
d w ith  A  C D  an d  B  C X , for w hich th e  res tric tio n s  f  |a  an d  f  |b  are an a ly tic  
functions. Such A  an d  B  exist, th e  function  f  being  sem ialgebraic, cf. [2].

C laim  1. T h e  g rap h s F  :=  g r a p h ( f  |a )  an d  G  :=  g r a p h ( f |b ) have th e  sam e 
Zariski closure in  R n x R.

N ote th a t  F  an d  G  are connected  N ash  subm anifo lds of R n x R  of d im ension  
d. B y  P ro p o sitio n  2.2, i t  suffices to  show  th a t  F  an d  G  are com patib le . To th is  
en d  le t A ' an d  B ' b e  n o n em p ty  o pen  subse ts  o f A  an d  B , respectively . A ccording 
to  P ro p o sitio n  2.4, th e re  ex ist p o in ts  a  G A ', b G B ' an d  a curve C  G C such th a t  
a  is an  accum ula tion  p o in t of A  n  (C  \  {a}) an d  b is an  accum ula tion  p o in t of 
B  n  (C  \  {b}). Since f  |c  is a ra tio n a l function , th e re  ex ists a se t C 0 C C  such th a t  
its  com plem ent C  \  C 0 is finite, f  |c  is reg u la r on  C 0 , an d

__________ 7

G ( f  |c  ) =  g r a p h ( f  |Co )

is an  irreducib le  algebraic curve in  R n x R . T h e  p o in ts  a  an d  b m ay  n o t be in  C 0 , 
b u t i t  does n o t m a tte r . B y  co n s tru c tio n , (a, f  (a)) an d  (b, f  (b)) are accum ula tion  
p o in ts  of

F  n  (g ra p h (f  |co ) \  { ( a , f  (a ))} ) an d  G  n  ( g ra p h (f  |co) \  { (b , f  (b))}),

respectively . T h is  arg u m en t shows th a t  F  an d  G  are com patib le , w hich com pletes 
th e  p ro o f o f C laim  1.

N ote th a t  th e  algebraic subse t

Y  :=  F Z

of X  x R  is o f d im ension  d an d  irreducib le.

C laim  2. T h ere  ex ists  a n o n em p ty  Zariski open  set X 0 C X  such th a t  
g r a p h ( f  |xo ) C Y .

Since th e  function  f  is sem ialgebraic, th e re  is a  decom position

X  =  E  U A 1 U . . .  U A k

in to  d isjo in t sem ialgebraic se ts  such  th a t  d im  E  <  d, an d  for i =  1 , . . . ,  k th e  Aj is 
a d-d im ensional connected  N ash  subm anifo ld  of R n for w hich th e  re s tr ic tio n  f  |a
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is an  an a ly tic  function , cf. [2]. B y  C laim  1, th e  Zariski closure of g r a p h ( f  |a ) is £ %
equal to  Y . H ence C la im  2 holds for X 0 :=  X  \  E  .

L et n  : C n x C  ^  C n be th e  canon ical p ro jec tio n . Obviously, th e  com plexi
fications YC C C n x C  an d  X C C C n are irreducib le  com plex algebraic se ts  of 
d im ension  d. W e have n(YC) C X C since n ( Y ) C X  an d  n  is con tinuous in  th e  
Zariski topology. I t  follows th a t  th e  re s tr ic tio n  n 0 : YC ^  X C of n  is generically  
fin ite-to-one. H ence th e re  ex ist a positive in teger l an d  a n o n em p ty  Zariski open  
se t U C X C such th a t  for every  p o in t x  G U th e  se t n - 1 (x) =  Y C n  n - 1 (x) consists 
o f l d is tin c t po in ts .

C laim  3. T h e  m ap  n 0 : Y C ^  X C is generically  one-to-one, th a t  is, l =  1.

Set r  :=  n  — d + 1 .  B y  T h eo rem  2.3 (w ith  k =  0), th e  se t o f affine r-p la n es  
in  C n co n ta in s  a  Zariski open  an d  dense su b se t B such  th a t  for every  L  G B  th e  
in te rsec tio n  X C n  L  is an  irreducib le  com plex curve. S hrink ing  B if necessary  and  
m ak ing  use of T h eo rem  2.3 (w ith  k =  1), we m ay  assum e th a t  YC n  n - 1 (L) is also 
an  irreducib le  com plex curve. Now we choose an  affine r -p la n e  M  in R n such th a t  
M C G B an d  M  cu ts  X  tran sv e rsa lly  a t som e reg u la r p o in t co n ta in ed  in  A  n  X 0 n  U . 
T h en  X C n  M C is an  irreducib le  com plex curve defined over R, an d

r  :=  X  n  M

is its  se t of real p o in ts . B y  co n stru c tio n , r  is an  irreducib le  real curve w ith

T e =  X c n  M e.

Since th e  re s tr ic tio n  f  |r  is a  ra tio n a l function , th e re  ex ists a  se t r 0 C r  such th a t  
its  com plem ent r  \  r 0 is finite, f  |r  is reg u la r on  r 0, an d

__________ 7

G ( f  |r )  =  g r a p h ( f  |ro )

is an  irreducib le  algebraic curve in  R n x R . B y  C la im  2,

g r a p h ( f  |ronXo) C Y  n  n - 1 ( M ).

Since th e  in te rsec tio n  r 0 n  X 0 is nonem pty , we o b ta in  G ( f  |r ) C Y  n  n - 1 ( M ). 
T aking  th e  com plexifications we get G ( f  |r )C C YC n  n - 1 (M C). T h e  la st inclusion 
im plies th a t

G ( f  |r ) e  =  Ye n  n - 1 (M e)
since b o th  G ( f  |r )C an d  YC n  n - 1 (M C) are irreducib le  com plex curves. A ccording 
to  L em m a 2.1, th e  equa lity

G ( f  |r ) e  n  n - 1 (x) =  {(x , f  (x))}

holds for all x  G r 0. I t  follows th a t

n - 1(x) =  Ye n  n - 1 (x) =  {(x, f  (x))}

for all x  G r 0. Since th e  in te rsec tio n  r 0 n  U is nonem pty , we conclude th a t  l =  1, 
w hich proves C la im  3.

W e are rea d y  to  com plete  th e  p ro o f of th e  theo rem . O bviously, YC n  n - 1 (U ) is 
a co n s tru c tib le  se t, w hich accord ing  to  C la im  3 is th e  g rap h  of som e function
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g : U ^  C . B y  Z arisk i’s th eo rem  on co n s tru c tib le  g rap h  (see for exam ple 
Lojasiew icz [13, p . 449]), th e re  ex ist a  n o n em p ty  Zariski open  se t U ' C U and  
com plex po lynom ial functions p, q on  C n such  th a t

q(z) =  0 an d  g(z) =  p ( \ for all z G U '.
q(z)

I t  follows from  C laim  2 th a t  g (x ) =  f  (x) G R  for all x  G X 0 n  U '. In  p a rticu la r, 
u sing  th e  s ta n d a rd  n o ta tio n  for com plex con jugation , we get

(*) f  (x) =  4 4  =  =  for all x  G X 0 n  U '.
q(x) q(x) 0

T h e polynom ials

P 1 (z) :=  p (z )q ( z ) +  p (z )q (z) an d  q1(z) :=  2 q (z )q (z)

sa tisfy  p 1(z) =  p 1(z) an d  q1 (z) =  q1(z), w hich im plies th a t  th e y  have rea l coeffi
cients. In  view  of (*) we get

f  (x) =  p 1 ^  for all x  G X 0 n  U '. 
q1 (x)

H ence f  is a  ra tio n a l function  on  X , as requ ired . □

As an  im m ed ia te  consequence of T h eo rem  3.1 we o b ta in  th e  following crite rion  
for ra tio n a lity  o f sem ialgebraic functions on R n .

C o r o l l a r y  3 .2 . L et U be a n o n em p ty  open subse t ( in  the strong topology) o f  R n . 
A  sem ialgebraic fu n c tio n  on  R n is rational, provided th a t its restric tion  to every  
affine line passing through a p o in t in  U is a rational fu n c tio n .

L et us n o te  th a t  th e  hyp o th esis  in  C oro lla ry  3.2 ca n n o t be re laxed  to o  m uch.

E x a m p le  3 .3 . T h e  function  f  : R 2 ^  R , defined by  f  (x ,y )  =  (x 4 +  y4 ) 2, is 
sem ialgebraic an d  arc -analy tic . T h e  re s tr ic tio n  of f  to  an  affine line L  C R 2 is 
a  ra tio n a l function  if an d  on ly  if L  passes th ro u g h  th e  origin. Obviously, f  is n o t 
a  ra tio n a l function .

I t  is convenient to  record  th e  following observa tion  (cf. [5, p. 91]).

R e m a r k  3 .4 . L et X  be an  algebraic su b se t of R n , an d  f  : X  ^  R  a function . 
T h en  f  is h e re d ita r ily  ra tio n a l if an d  only  if th e re  ex ists  a sequence of algebraic 
se ts

X  =  X 0 D X 1 D • • • D X m =  0  
such  th a t  for i =  0 , . . . ,  m  — 1 th e  re s tr ic tio n  f  |Xi is reg u la r on  X j \  X j+ 1 . In  
p a rtic u la r, every  h e re d ita r ily  ra tio n a l function  on X  is sem ialgebraic. Indeed , set 
X 0 :=  X . If  f  is ra tio n a l, th e n  th e re  ex ists  an  algebraic su b se t X 1 C X 0 such th a t  
d im  X 1 <  d im  X 0 an d  f  is reg u la r on  X 0 C X 1 . If  f  is h e re d ita r ily  ra tio n a l, we 
can  re p e a t th is  process w ith  f  |X l, an d  so on, w hich yields a sequence of algebraic 
se ts  w ith  th e  req u ired  p ro p ertie s  an d  shows th a t  f  is sem ialgebraic. T h e  converse 
read ily  follows.
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N ext we deal w ith  th e  ex tension  p rob lem  for h e re d ita r ily  ra tio n a l functions.

P r o p o s i t i o n  3 .5 . L et W  C X  be algebraic subsets o f  R n , and  f  : X  ^  R  
a hereditarily ra tional fu n c tio n  th a t is regular on  X  \  W . T h en  f  can be extended  
to a hereditarily ra tional fu n c tio n  on  R n th a t is regular on  R n \  W .

Proof. W e use in d u c tio n  on d im  X . T h e  case d im  X  is obvious.

Since f  is a ra tio n a l function , it is reg u la r on  a Zariski o pen  dense se t X 0 C X . 
W e m ay  assum e th a t  W  C X  \  X 0 so, in  p a rtic u la r, d im  W  <  d im  X . H ence, by 
in d u c tio n , f  |w  can  be ex ten d ed  to  a h e re d ita r ily  ra tio n a l function  ^  : R n ^  R  th a t  
is reg u la r on  R n \  W . T h e  function  g :=  f  — ^>|x  on X  is h e re d ita r ily  ra tio n a l, 
reg u la r on X  \  W  an d  vanishes on  W . I t  suffices to  ex ten d  g to  a h e re d ita r ily  
ra tio n a l function  G  : R n ^  R  th a t  is reg u la r on R n \  W . T h is  can  b e  done as 
follows. Since g is reg u la r on  X  \  W , we can  find po lynom ial functions p, q on  R n 
sa tisfy ing

q(x) =  0 an d  g (x ) =  p( ) for all x  G X  \  W, 
q(x)

cf. [2, p. 62]. L e t r  b e  a po lynom ial function  on R n vanish ing  p recisely  in  X . Set 
— :=  pq, Q :=  q2 +  r 2 , an d  define G  : R n ^  R  by

—(x)
G (x ) =  —( - )  for x  G R n \  W  an d  G (x ) =  0 for x  G W.

Q (x)

B y  co n s tru c tio n , G  is reg u la r on  R n \  W  an d  G |x  =  g. F u rth e rm o re , G  is hered i
ta r i ly  ra tio n a l in  view  of R em ark  3.4. T h e  p ro o f is com plete. □

Now we can  prove th e  m a in  resu lt of th is  p ap er.

P ro o f o f T heorem  A . I t  is c lear th a t  (b) ^  (a), w hereas (a) ^  (b) follows from  
P ro p o sitio n  3.5. B y  R em ark  3.4, (a) ^  (c). T h u s it rem ains to  show  th a t  (c) ^  (a).

S uppose th a t  co n d itio n  (c) holds. W e w an t to  prove th a t  for every  algebraic 
se t Z  C X  th e  re s tr ic tio n  f  |z  is a ra tio n a l function . I t  suffices to  do  it  for Z  
irreducib le  o f d im ension  a t  least 2. In  th a t  case, how ever, th e  assertio n  follows 
from  T h eo rem  3.1. □

4. N a sh  a r c s  a n d  m e r o m o r p h ic  f u n c t io n s

T h ro u g h o u t th is  section , X  deno tes an  algebraic su b se t of R n . A m ap
Y : ( — 1 ,1 ) ^  X  th a t  is an a ly tic  an d  sem ialgebraic is ca lled  a N ash  arc in  X .

L e m m a  4 .1 . L et f  : X  ^  R  be a continuously curve-ra tional fu n c tio n , and
Y : ( — 1, 1) ^  X  a N ash  arc. T h en  the fu n c tio n  f  o y  is analytic.

Proof. W e m ay  assum e th a t  y  is a n o n co n s tan t m ap . T h en  y ((  —1 ,1 )) is a sem i
algebraic curve, an d  hence its  Zariski closure C  is an  irreducib le  algebraic curve 
in  X . B y  assum ption , f  |c  is a  con tinuous ra tio n a l function . In  p a rtic u la r, th e re
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exist tw o po lynom ials p , q G R [x i, ..  ., x n ] w ith  q(x) =  0 an d  f  (x) =  p (x ) /q (x )  for 
all x  G C  \  C 1, w here C 1 is a fin ite  se t. T h e  function

f  (y (t)) =  ( f  |c  )(Y (t)) =

is con tinuous an d  m erom orph ic  on (—1 , 1 ), an d  hence it is ana ly tic . □

L e m m a  4 .2 . L et f  : X  ^  R  be a sem ialgebraic fu n c tio n . A ssu m e  th a t fo r  every  
N ash  arc y  : ( — 1 ,1) ^  X  the fu n c tio n  f  o y  is analytic. T h en  f  is continuous.

Proof. L e t S 1 C R 2 be th e  u n it circle. W e com pac tify  R  v ia th e  em bedd ing  R  ^  S 1 , 
w hich is th e  inverse of th e  ste reo g rap h ic  p ro jec tio n  from  th e  n o r th  pole, an d  regard  
F  :=  g r a p h ( f  ) as a su b se t of R n x R 2 . F ix  a p o in t x 0 G X  an d  le t l G S 1 be any 
p o in t such th a t  (x 0 , l) belongs to  th e  closure of F  in  R n x R 2 . I t  suffices to  prove 
th a t  f  (x 0 ) =  l. B y  th e  N ash  curve se lection  lem m a [2, P ro p o sitio n  8.1.13], th e re  
ex ists  a N ash  arc p  =  (0 , g) : ( — 1 ,1) ^  R n x R 2 w ith  p (0 ) =  (0 (0 ) , g (0 )) =  (x 0 , l) 
an d  p ( ( 0 , 1)) C F . In  p a rtic u la r, g (t) =  f ( 0 ( t ) )  for t  G (0 ,1 ). C onsequently , 
g (t)  =  f  (0 ( t) )  for t  G ( — 1 ,1) since b o th  g an d  f  o 0  are an a ly tic  functions. H ence

l =  g (0 ) =  f  (x 0 ) =  lim  f  (0 (t)),t^ 0

w hich proves th e  co n tin u ity  of f  a t x 0 . □

L et M  be a connected  real an a ly tic  m anifold . W e say  th a t  a function  A : M  ^  R  
is m erom orphic  if th e re  ex ist tw o an a ly tic  functions a  : M  ^  R  an d  ß  : M  ^  R  
such  th a t  th e  se t M 0 :=  {y G M  | ß (y )  =  0} is n o n em p ty  an d  A(y) =  a ( y ) /ß ( y )  for 
all y G M 0 .

P r o p o s i t i o n  4 .3 . L et f  : X  ^  R  be a hereditarily ra tional fu n c tio n . T h en  fo r  any  
connected real analytic  m an ifo ld  M  and any analytic  m ap  p  : M  ^  X  the fu n c tio n  
f  o p  is m erom orphic.

Proof. W e first no te  th a t  th e  Zariski closure Z  of p ( M ) is an  irreducib le  algebraic 
su b se t of X  (possib ly  w ith  d im  Z  >  d im  M ). B y  assum ption , th e  re s tr ic tio n  f  |z  
is a  ra tio n a l function , an d  hence th e re  ex ist tw o po lynom ials p , q G R [x 1, . . . ,  x n ] 
w ith  q(x) =  0 an d  f  (x) =  p (x ) /q (x )  for all x  G Z  \  Z 1 , w here Z 1 C Z  is an 
algebraic se t, Z 1 =  Z . C onsequently , f  o p is a m erom orph ic  function  since th e  set 
M 0 :=  p - 1 ( Z \  Z 1 ) is n o n em p ty  an d  f  (p (y ))  =  p ( p (y ) ) /q (p ( y ) )  for all y G M 0 . □

P ro o f o f T heorem  B . L et X  be an  a lgebraic su b se t o f R n , an d  f  : X  ^  R  a sem ial- 
gebraic  function  th a t  is con tinuously  cu rve-ra tiona l. A ccording to  T h eo rem  A, f  is 
h e re d ita r ily  ra tio n a l. F u rth e rm o re , by  L em m as 4.1 an d  4.2, f  is con tinuous. Now, 
le t n : ( — 1 ,1) ^  X  be an  an a ly tic  arc. In  view  of P ro p o sitio n  4.3, f  o n is a m ero
m orph ic  function . T hus, f  o n is an a ly tic  since it  is con tinuous an d  m erom orph ic 
on  (—1, 1). C onsequently , f  is a rc -an aly tic . □
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