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We show that the recently formulated causal and stable first-order hydrodynamics has the same 
dynamics as Israel-Stewart theory for boost-invariant, Bjorken expanding systems with an ideal gas 
equation of state and a regulating sector determined by a constant relaxation time. In this case, the 
general solution of the new first-order formulation can be determined analytically.
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1. Introduction

Relativistic hydrodynamics has become nowadays the basic the-
oretical tool for modeling relativistic heavy-ion collisions [1,2]. It 
forms the main ingredient of the so-called standard model of such 
processes, which essentially includes three segments: modeling of 
the early stage, hydrodynamic description of the space-time evo-
lution of matter, and freeze-out of hadrons [3–6]. Detailed com-
parisons of theoretical predictions based on the hydrodynamic ap-
proach with the experimental data allow for the determination of 
various properties of strongly interacting matter such as its equa-
tion of state [7] and kinetic coefficients [8–10]. The latter include 
the shear and bulk viscosities. The presence of the shear viscosity 
affects the response of the hydrodynamic flow to the initial space-
time anisotropies of colliding matter [11,12].

The development of hydrodynamic models for the description 
of heavy-ion collisions triggered broad studies of formal aspects 
of hydrodynamics treated as an effective theory describing sys-
tems approaching local thermodynamic equilibrium, for a recent 
review see [13]. Already in the 1970’s, it was realized that the rela-
tivistic dissipative hydrodynamical formulations derived by Landau 
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and Eckart were not causal [14–16] and they were replaced by 
the so-called second order hydrodynamic formalism of Israel and 
Stewart (IS) [17]. The IS theory has been extensively used to de-
scribe heavy-ion collisions studied at the Relativistic Heavy Ion 
Collider (RHIC) at BNL and the Large Hadron Collider (LHC) at 
CERN. At the same time, more advanced hydrodynamic approaches 
have been developed, which removed some of the disadvantages 
of the IS formulation (for example, see [18–22]). Formal studies 
of hydrodynamics have led to very interesting observations such 
as the asymptotic character of the hydrodynamic gradient expan-
sion [23–26] or the existence of hydrodynamic attractors [27–32].

IS theory treats the shear stress tensor πμν and the bulk pres-
sure � as independent hydrodynamic variables, in a way similar 
to the treatment of the local temperature T (x) and the hydrody-
namic flow vector uμ(x). Only during the space-time evolution of 
the system πμν and � may approach their Navier-Stokes values 
πμν = 2ησμν and � = −ζ∂μuμ (where η and ζ are the shear 
and bulk viscosity coefficients, respectively, and σμν is the shear 
flow tensor constructed from the derivatives of uμ).

Only very recently, a new causal and stable hydrodynamic ap-
proach based on a first-order expansion in derivatives has been 
proposed by F. S. Bemfica, M. M. Disconzi, J. Noronha, and P. Kov-
tun [33–35]. This approach is based on a more general choice of 
the hydrodynamic frame and the introduction of a new set of ki-
netic coefficients that play the role of UV regulators of the theory, 
which make the theory causal (even in the full nonlinear regime) 
and linearly stable around equilibrium.
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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A natural question that can be asked is how the new formu-
lation (dubbed below shortly as FOCS, for first-order cau-sal and 
stable) compares to the traditional IS framework. It was shown in 
Ref. [33] that the two approaches lead to very similar equations, 
if applied to boost-invariant conformal systems. In this work we 
extend this study. We assume that the system’s equation of state 
is that of an ideal gas but we allow for a non-conformal behavior 
of the coefficients in the regulating sector of the theory. We show 
that if the kinetic coefficients are expressed in terms of a constant 
relaxation time there is an exact match between the dynamics de-
scribed by FOCS and IS formulations. This allows us to derive the 
first general analytical solution of the FOCS equations for an ex-
panding system.

Throughout the paper we use natural units.

2. Israel-Stewart and first-order causal and stable hydrodynamics

The implementation of Israel-Stewart theory undergoing Bjor-
ken flow [36] considered here is reduced to the two equations:

dε

dτ
= −ε + p

τ
+ π

τ
, (1)

τR
dπ

dτ
+ π = 4

3

η

τ
−

(
4

3
+ λ

)
τR

π

τ
, (2)

where ε and p are the energy density and pressure, π is the 
rapidity-rapidity component of the shear stress tensor (which 
should not be mistaken with the bulk pressure, �, that is zero in 
our case), η is the shear viscosity coefficient, τR is the relaxation 
time, and the parameter λ [37] is related to the τππ coefficient in 
the DNMR approach [38]. The evolution parameter τ = √

t2 − z2

is the longitudinal proper time. We note that the form of hydro-
dynamic flow for boost-invariant systems is dictated by symmetry, 
uμ = (t/τ , 0, 0, z/τ ), hence it is independent of the choice of the 
hydrodynamic frame. We also note that all scalar functions depend 
only on τ , ∂μuμ = 1/τ , and uμ∂μ f (τ ) = df /dτ , where f is an 
arbitrary function of the proper time τ .

Throughout this paper we assume the ideal gas equation of 
state

p = 1

3
ε = aT 4

3
, (3)

where a is a constant (usually proportional to the number of in-
ternal degrees of freedom of the particles forming a fluid) and T is 
the temperature. We can thus rewrite Eq. (1) as

dT

dτ
= π

4aT 3τ
− T

3τ
. (4)

On the other hand, introducing the variable

y = dT

dτ
(5)

and taking the derivative of Eq. (4) with respect to τ , we obtain

dπ

dτ
= 4aT 3 y + 4aT 3τ

dy

dτ
+ 12aT 2τ y2 + 16

3
aT 3 y. (6)

This allows us to rewrite Eq. (2) as

4aτR T 3 dy
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+ 12τRaT 2 y2

+aT 3 y

[
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+4aT 4

+ 4
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2
− 4 η

2
= 0. (7)
3τ 3 3 τ 3 τ
Equations (5) and (7) are coupled differential equations for the 
functions T and y, which are completely equivalent to the orig-
inal IS equations. We note that Eq. (7) has the form of a Ricatti 
equation (ay′ + by2 + cy + d = 0, with b/a �= 0 and c/a �= 0), which 
was analyzed recently in more detail in [37].

For the FOCS approach [33–35], the evolution equations in 
Bjorken flow are reduced to the formula

dE
dτ

+ E +P
τ

− 4

3

η

τ 2
= 0, (8)

where the following constitutive relations are assumed,

E = ε + ε1
dT

T dτ
+ ε2

τ
,

P = p + π1
dT

T dτ
+ π2

τ
, (9)

where again ε = 3p. In natural units, the regulating coefficients in 
FOCS ε1, ε2, π1, and π2 have dimension of energy cubed.

3. Regulating sector in FOCS

Let us discuss in more detail the regulating sector of the FOCS 
approach. We first remind the reader that in conformal fluids in 
4 spacetime dimensions the energy-momentum tensor T μν of the 
system must be traceless and it must also change homogeneously 
under Weyl transformations of the metric, i.e., T μν → e6ωT μν

when gμν → e−2ω gμν [39]. This implies that in a conformal fluid 
described by the FOCS approach all the coefficients should scale 
as T 3 with ε1 = 3ε2 and π1 = 3π2 to ensure invariance under 
Weyl transformations [33], together with E = 3P , which in turn 
sets πi = εi/3 (i = 1, 2). On the other hand, for conformal IS the-
ory the IS relaxation time τR should be inversely proportional to 
T , while η again should scale with T 3, yielding a dimensionless 
ratio of the shear viscosity η to the entropy density s.

In this work we want to discuss yet another case, where the 
coefficients ε1, ε2, π1, and π2 are expressed in terms of a con-
stant relaxation time. This leads to parametrizations of the type 
xi = x0

i T 4, where xi stands for any of the FOCS coefficients men-
tioned above and x0

i has dimension of time (fm). We think that 
this assumption is interesting from the point of view where the 
terms containing ε1, ε2, π1, and π2 are interpreted as ultraviolet 
regulators. In general, the regularization or renormalization pro-
cedure of a classically scale-invariant theory introduces an energy 
scale, as it happens in the case of pure Yang-Mills theory (known 
exceptions of this rule include, for instance, N = 4 supersymmet-
ric Yang-Mills theory).

To include and discuss different cases together we rewrite 
Eq. (9) as

E = aT 4 + ε0
1 T n dT

T dτ
+ ε0

2

τ
T n,

P = aT 4

3
+ π0

1 T n dT

T dτ
+ π0

2

τ
T n, (10)

where ε0
1 , ε0

2 , π0
1 , and π0

2 can be dimensionless for n = 3 or di-
mensionful quantities for n �= 3. The power n can take different 
values depending on the case we want to discuss. Substituting (10)
into Eq. (8), and using Eq. (5), we find

ε0
1 T n−1 dy

dτ
+ (n − 1) ε0

1 T n−2 y2

+
(

4aT 3 + (ε0
1 + π0

1 + n ε0
2)
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)
y

+ 4
aT 4 + π2 T n

2
− 4 η

2
= 0. (11)
3τ τ 3 τ
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Equations (5) and (11) are coupled first-order differential equations 
that can be treated as the basis of the FOCS formulation in our 
setup.

4. Comparison between the two frameworks

Using the parametrizations defined above we can formulate the 
IS and FOCS frameworks in terms of the two differential equa-
tions for the temperature T and its derivative y = dT /dτ . A natural 
question is if these two formulations, when written in this form, 
are actually identical describing thus the same dynamics. Since 
Eq. (5) is common for the two approaches, one simply has to check 
if Eqs. (7) and (11) are equivalent. After equating the terms with 
the same derivatives of the function y in Eqs. (7) and (11) we find:

ε0
1 = 4aτR T 4−n, (12)

ε0
1 = 12

n − 1
aτR T 4−n, (13)

π0
1 = 4

3
aτR(11 + 3λ)T 4−n − ε0

1 − nε0
2, (14)

π0
2 = 4

9
aτR

(
4 + 3λ

)
T 4−n. (15)

One can easily notice that in the conformal case, n = 3, it is im-
possible to exactly match the FOCS and IS equations, even though 
the evolution equation for y in both formulations can be written 
as a Ricatti equation. The parametrization of the Ricatti equation 
found in the conformal case in [33] uses a function χ that is re-
lated to our parametrization through the formula

χ = 1

3
ε0

1 T 3 = ε0
2 T 3. (16)

Moreover, in [33] one uses the relation π0
1 = (1/3)ε0

1 = ε0
2 .

A very interesting situation takes place when n = 4. In this case 
Eqs. (12) and (13) are fully consistent and the kinetic coefficient 
ε0

1 has dimension of fm and, thus, it can be treated as a fixed re-
laxation time related to τR (which is also constant). Equations (14)
and (15) determine the values of π0

1 and π0
2 in terms of the IS 

relaxation time, ε0
1 and ε0

2 . Although for n = 4 the system of equa-
tions (12)–(15) can be adjusted to exactly match the IS equations, 
at first it seems that the matching is underdetermined as only the 
sum π0

1 + 4ε0
2 is constrained by Eq. (14). We discuss this apparent 

issue in more detail below.

4.1. Tracelessness constraint

Further insights about the identification of the FOCS and IS ap-
proaches can be gained from the fact that the energy-momentum 
tensor of the IS theory we consider is traceless. We stress that this 
is not inconsistent with having a constant relaxation time τR . As 
mentioned above, a fluid is conformal if its T μν is traceless and if 
T μν transforms homogeneously under Weyl transformations. The 
latter property does not hold in the system when τR is constant 
so conformal invariance is broken despite the use of the ideal gas 
equation of state.

In order to better define the mapping between the IS and FOCS 
approaches, it is reasonable to impose that the energy-momentum 
tensor in the FOCS approach is also traceless. This implies that we 
should consider only the case where πi = εi/3 (i = 1, 2). As we 
show below, this guarantees that the bulk viscosity is zero in this 
approach.

Imposing then that πi = εi/3 (i = 1, 2) in (12)–(15), with n = 4, 
gives that the IS parameter λ = −1 and
ε0
1 = 4aτR , (17)

ε0
2 = 4

3
aτR , (18)

π0
1 = 4

3
aτR , (19)

π0
2 = 4

9
aτR . (20)

Using the notation for the FOCS coefficients in [34], we see that

3χ1 = ε0
1 T 4, χ2 = ε0

2 T 4, 3χ3 = π0
1 T 4, χ4 = π0

2 T 4, (21)

and it is easy to check that the bulk viscosity coefficient in FOCS 
[35,34]

ζ = χ3 − χ4 + c2
s (χ2 − χ1) (22)

vanishes when one plugs in the values in (17)-(20), as expected 
(note that c2

s = 1/3 for the ideal gas equation of state). Therefore, 
one can see that the tracelessness condition removes the apparent 
ambiguity in the mapping present in Eq. (14).

4.2. Constraints from causality and linear stability in the FOCS 
formulation

For the type of Israel-Stewart theory considered here, causality 
and stability around equilibrium hold if η/(sτR T ) ≤ 1/2 (where 
s = 4ε/3T ) [40]. We note that this is a statement obtained after 
linearizing the equations around equilibrium and, thus, no con-
straint is known for the λ coefficient, as it does not contribute in 
a linearized analysis. However, this coefficient is known in the 14-
moment approximation to be equal to 10/21 [38], while the shear 
viscosity is given by η = 4ετR/15.

Ref. [34] derived conditions for the transport coefficients in the 
FOCS approach that ensure causality in the full nonlinear regime. 
Also, linear stability conditions around equilibrium were discussed 
in both [34] and [35]. We refer the reader to Section III A and B 
of Ref. [34] for the set of inequalities that must be fulfilled for 
causality and stability to hold in the FOCS approach. Also, we note 
that in the FOCS formalism no further conditions appear from the 
second law of thermodynamics besides the usual statement that 
η, ζ ≥ 0 [35,34].

Since the causality conditions in the full nonlinear regime are 
known for the first-order approach, it is interesting to consider 
if the identifications made in (17)–(20) can fulfill the conditions 
stated in [34]. Using the 14 moments relation between η and τR

we see that the non-equilibrium energy correction coefficient in 
FOCS can be written here as χ1 = 5η. One can show that causality 
and stability in the FOCS theory hold for the coefficients given by 
(17)-(20) when the energy flow coefficient in [34] equals 15 η/4.

We remark that it is not currently known if the 14-moment 
value for λ in IS theory leads to causality violations once the 
full nonlinear dynamics of the equations is taken into account. 
The results presented herein may suggest that the IS parameter 
λ = 10/21 can be at odds with causality when one goes beyond 
the linearized regime. However, such a conjecture can only be 
checked once a full nonlinear analysis of causality in Israel-Stewart 
theory, performed under general conditions, is available. So far, 
such general statements about causality in the nonlinear regime 
of Israel-Stewart theory have been obtained in [41] in the case 
where only bulk viscosity (i.e., no shear or particle diffusion ef-
fects) is taken into account (a nonlinear study involving shear and 
bulk viscosities in IS theory under strong symmetry conditions can 
be found in [42]).
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4.3. General analytical solution for the FOCS approach matched to IS 
theory

In Ref. [37] the general solution of the IS equations (1) and (2)
for the Bjorken flow have been found. The analytical expressions 
for ε(τ ) and π(τ ) can be obtained from Eqs. (15) and (16) of [37]. 
The matching to IS theory worked out in this paper (see (17)–(20)) 
implies that the general solution for the energy density in IS found 
in Eq. (15) of [37] also holds for the FOCS theory. Therefore, under 
these conditions, the general solution for the energy density in the 
FOCS approach, with a constant relaxation time as defined here, is

ε(τ̂ ) = ε0

(
τ̂0

τ̂

) 4
3 + λ+1

2

exp

(
− τ̂ − τ̂0

2

)

×
⎡
⎣ M− λ+1

2 ,

√
λ2+4κ

2

(τ̂ ) + α W− λ+1
2 ,

√
λ2+4κ

2

(τ̂ )

M− λ+1
2 ,

√
λ2+4κ

2

(τ̂0) + α W− λ+1
2 ,

√
λ2+4κ

2

(τ̂0)

⎤
⎦ (23)

where κ = 16η/(9τR T s), λ = −1, τ̂ = τ/τR , τ̂0 is the initial time, 
ε0 and α are constants that define the initial value problem, and 
Mk,μ(x) and Wk,μ(x) are Whittaker functions. This is the first 
analytical solution of the viscous relativistic hydrodynamics equa-
tions derived from the new first-order approach put forward in 
Refs. [33–35]. It should be clear also that the mapping between 
these approaches found here immediately establishes the proper-
ties of the hydrodynamic attractor in the FOCS approach in this 
case, as they can be extracted from the analysis already performed 
in IS theory in [37].

5. Conclusions

In this work we have compared the recent first-order causal 
and stable formulation of relativistic hydrodynamics with conven-
tional Israel-Stewart theory. To make such a comparison feasible, 
we have restricted our study to boost-invariant, baryon-free sys-
tems with an ideal gas equation of state. In the strictly conformal 
case, where the regulator sectors of the theories are also deter-
mined from conformal invariance, the two approaches cannot be 
exactly matched, although they are based on the same system of 
differential equations (see Ref. [33]). If the regulator sectors of the 
theories are determined by a constant relaxation time, there exists 
a mapping between the FOCS and IS approaches that makes their 
dynamics exactly the same. This implies that one can use the re-
sults in [37] to determine the first general analytical solution of 
the FOCS equations of motion, as we showed in this paper. The 
causality conditions for the FOCS approach found in [34] proved 
to be relevant when determining the range of acceptable values of 
the transport coefficients in the FOCS approach, after the matching 
to IS theory. In fact, we showed that this matching to IS theory is 
only well defined if the IS parameter λ takes a value that is distinct 
from the standard 14-moment result.

Our results help to clarify mutual relations between FOCS and 
more traditional formulations of relativistic dissipative hydrody-
namics. Further investigations of more general systems are of 
course mandatory in this respect. Although for more complex sys-
tem simple relations connecting FOCS with second order hydrody-
namic frameworks may not exist (since FOCS yields four second-
order equations which are in general equivalent to eight first-order 
equations, while Israel-Stewart theory is based on ten equations 
describing the time evolution of ten independent components of 
the symmetric energy-momentum tensor), it is in our opinion very 
interesting to identify the cases where such constructions are pos-
sible. This helps to better understand the physics behind this new 
first-order formulation, which may eventually become an attractive 
alternative to more traditional hydrodynamic frameworks.
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