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Multiparty quantum states are useful for a variety of quantum information and computation protocols. We
define a multiparty entanglement measure based on local measurements on a multiparty quantum state, and an
entanglement measure averaged on the post-measurement ensemble. Using the generalized geometric measure
as the measure of multipartite entanglement for the ensemble, we demonstrate, in the case of several well-known
classes of multipartite pure states, that the localized multipartite entanglement can exceed the entanglement
present in the original state. We also show that measurement over multiple parties may be beneficial in enhancing
localizable multipartite entanglement. We point out that localizable generalized geometric measure faithfully
signals quantum critical phenomena in well-known quantum spin models even when considerable finite-size
effect is present in the system.

I. INTRODUCTION

Emergence of multipartite entanglement [1] as a crucial ingre-
dient in several information processing tasks like measurement-
based quantum computation [2], quantum dense coding [3–5],
and quantum cryptography [6–8] has emphasized the impor-
tance of quantifying entanglement in multipartite systems. Mul-
tipartite entanglement has been proven essential also in detect-
ing cooperative phenomena such as quantum phase transitions
(QPTs) [9, 10], and to explain transport properties in photosyn-
thetic complexes [11] (see [12–14] for reviews). In this respect,
it has also been pointed out that multipartite entanglement can
be necessary to detect some QPTs, which are not clearly sig-
naled by bipartite measures [15]. The growing interest for esti-
mating multipartite entanglement in many-body systems is also
sustained by impressive experimental advances towards creat-
ing entangled particles in laboratories with various substrates,
e.g., trapped ions [16], photons [17], superconducting materi-
als [18], nuclear magnetic resonance (NMR) [19], and optical
lattices [20] (see also [21]). However, despite considerable at-
tempts, progress in developing measures of multipartite entan-
glement has been limited [1, 10, 22–31].

An interesting utility of multipartite quantum states is the
measurement based quantum computation [2], where quantum
gates are implemented by solely performing suitable measure-
ments on different local parts of a previously prepared quantum
state of a number of parties, eg., on a lattice. In a different sit-
uation, one may consider performing measurements on some
parts of a multiparty quantum state, so that the remaining par-
ties share a useful quantum state. A particularly important ex-
ample is provided by the Greenberger-Horne-Zeilinger (GHZ)
state [32], given by |ψ〉 = (|0〉⊗N + |1〉⊗N )/

√
2. Tracing out

m qubits from |ψ〉, where m < N − 1, leads to a separable
state with vanishing entanglement, while performing local mea-
surements over the m parties, one obtains an ensemble of pure
states conditioned to the measurement outcomes, which has non-
zero entanglement. Such protocols encourages one to consider
a general scenario where an N -party quantum state, ρN , is mea-
sured at a certain number of parties, to obtain an ensemble of a
lower number of parties, with the measurements being so chosen
that the average entanglement, according to a pre-decided mea-
sure, of the post-measurement ensemble is maximized. Such

entanglement accumulation scheme have been previously used
to define entanglement measures [33–36], where it was usual
to choose the number of unmeasured parties as two. Here we
go beyond the regime, where the number of parties in the post-
measurement ensemble is more than two.

In this paper, we introduce a localizable multipartite entan-
glement (LME) measure, in terms of the geometric measures
of entanglement [10, 27, 30], and discuss its various proper-
ties. Specifically, we prove that the LME is invariant under local
unitary transformations, and show that it is bounded above by
any upper bound of its parent multiparty entanglement measure.
Note that the concept of LME requires the knowledge of an-
other multiparty entanglement measure, and due to the compact
computational form of multiparty entanglement, as quantified
by the generalized geometric measure (GGM) [10, 27, 30], we
restrict ourselves to the cases in which the GGM is identified
with the latter measure. We call the corresponding quantity as
the localizable GGM (LGGM). For arbitrary number of qubits,
we analytically find the exact expression of LGGM for several
classes of multipartite states which include the generalized GHZ
(gGHZ) state [32], generalized W (gW) state [35, 37, 38], and
Dicke states with different excitations [39–41], when measure-
ment is restricted to a single qubit. Interestingly, we find that in
the case of gGHZ state, LGGM coincides with the GGM of the
original state. On the other hand, for gW state, local measure-
ment helps to accumulate higher multipartite entanglement in
the lower number of qubits, as compared to the content of multi-
partite entanglement of the original state, showing qualitatively
distinct behavior than the gGHZ state. Moreover, we prove that
the value of LGGM over two qubits in the case of an arbitrary
three-qubit pure state is always lower bounded by the value of
the geometric measure of the original state, while no such bound
exists when higher number of qubits are involved.

For specific classes of four- and five-qubit states, we show that
local measurement on two parties may help to increase LGGM,
as compared to the same with only single-qubit measurement.
Extensive numerical simulations seem to imply that such obser-
vation holds for almost all four- and five-qubit states. We also
consider the utility of LGGM in detecting quantum cooperative
phenomena in many-body systems. We perform finite-size cal-
culations to show that it can detect the QPTs [42] occurring in
the one-dimensional (1d) quantum Ising model in a transverse
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field [43]. Moreover, we show that LGGM signals the QPTs in-
cluding the Kosterlitz-Thouless (KT) transition of the 1d XXZ
model [44–47].

The paper is organized as follows. Sec. II contains the for-
mal definition of LME using geometric measures as the quan-
tifier. It also describes various properties of LME. Sec. III A
describes the results regarding single-qubit measurement in the
case of several well-known examples of multiqubit states, such
as the generalized GHZ state (gGHZ), the generalized W (gW)
state, and the N -qubit symmetric states. The effect of measure-
ment over more than one qubit on the value of LME, along with
specific examples in the case of four- and five-qubit systems,
is discussed in Sec. III B. The numerical results regarding ar-
bitrary three-, four-, and five-qubit pure states are presented in
Sec. III C. Sec. IV deals with the study of the behavior of LME
in well-known quantum spin models. Sec. V contains the con-
cluding remarks.

II. LOCALIZABLE MULTIPARTITE ENTANGLEMENT

In this section, we formally introduce the LME, and discuss
its properties.

A. Definition

The LME of a multiparty pure state can be defined as the
maximum average multipartite entanglement that can be con-
centrated over a certain specified set of parties in the system
by performing local measurements over the rest of the parties.
Let us consider a pure state |ΦN 〉, which describes a multipar-
tite system consisting of N parties distinguished by the index
i = 1, 2, · · ·N . For simplicity, while defining the LME, we con-
sider that the dimension of Hilbert space of each of the parties
is same, i.e., di = d, i = 1, · · · , N . However, a more gener-
alized definition using different dimensions for different parties
can also be given.

Let us consider local quantum measurements performed by
any m parties on the N -party state, |ΦN 〉. Let r be the set
of positions of the measured qubits, given by r = {rj}, j =
1, · · · ,m, where rj ∈ {1, 2, · · · , N}. The local measurements
lead to a post-measurement outcome ensemble, {pl, |Ψl

N 〉}, of
pure states. The index l denotes the running index of the mea-
surement outcomes, and runs over the joint Hilbert space of the
measured parties having dimension dm. Here, pl is the probabil-
ity of obtaining the state |Ψl

N 〉 = M l|ΦN 〉, with M l being the
corresponding measurement operator, and

∑dm

l=1 p
l = 1. The

LME for the multipartite state |ΦN 〉, for local measurements at
r, can be defined as

En,rL,E(|ΦN 〉) = sup
M

dm∑
l=1

plE
(
|ψln〉

)
, (1)

where M ≡ {M l} is a set of measurement operators on the
dm-dimensional Hilbert space, and E (|ψ〉) is an arbitrary multi-
partite entanglement measure for the state |ψ〉. Here, n = N−m
(n ≤ N − 1), and is currently redundant in the notation. Its use
will become clear once we reach Eq. (3). We will also assume

that n ≥ 2, although the formalism adopted here can be gener-
alized to the case of n = 1 also. The state |ψln〉 corresponding to
the N -party state |Ψl

N 〉, for a fixed r and a fixed measurement
outcome l, is obtained by tracing out them parties of which local
measurements are performed. The tracing out operation is per-
formed after the local measurement has been carried out. The
supremum is taken over all complete sets of measurement oper-
ators inM, since the supremum is not guaranteed to be attained
within the set, due to the possible complex nature ofM.

It is important to note here that the conceptualization of an
LME depends on the understanding of another measure of mul-
tiparty entanglement of a lower number of parties. This latter
measure is in some sense acting as a “seed measure” for the
LME. To define LME, one may consider measurement protocols
corresponding to, for example, projective measurements (PV)
without classical communication between the parties, or posi-
tive operator valued measures (POVMs) without classical com-
munication between the parties, or general local operations and
classical communication (LOCC). In the last case, the classical
communication (CC) is among the m parties over which the lo-
cal operations are performed. It is clear that

En,rL,E |PV ≤ En,rL,E |POVM ≤ En,rL,E |LOCC, (2)

for a fixed multipartite state, |ΦN 〉, a fixed set of measured par-
ties, r, and a chosen multiparty entanglement measure, E .

One must note here that for a fixed initial multipartite state
|ΦN 〉, and a fixed set of measurement protocols, the value of
LME depends on two factors: (i) the multipartite entanglement
measure E (the seed measure), and (ii) the set r, i.e., the choice
of m parties over which local measurements are performed. Be-
fore discussing the choice of E , let us briefly consider the depen-
dence of LME over the set r that is inherent in the definition. For
an N -partite system with local measurements at m parties, a set
R = {rα}, α = 1, 2, ..,

(
N
m

)
, of all possible choices of r exists,

thereby allowing
(
N
m

)
number of values of LME, En,rαL,E . There-

fore, the LME, En,rαL,E , is “local” in the sense that it changes with
the choice of the set rα. In light of this fact, one can also define
a “global” value of the LME for a multipartite state with fixed
values of N and m as

EnGL,E = max
R
{En,rαL,E }. (3)

Note that if the initial state |ΦN 〉 is a symmetric state, such max-
imization over R is not required. Note also that the relative posi-
tions of the parties labeled by “rα”, for a specific α, with respect
to each other as well as the rest of the parties does not affect
the value of LME. From now on, without any loss of general-
ity, we assume that the measurements are performed at rj = j,
j = 1, 2, · · · ,m, while |ψln〉 denotes the state of the remaining
n parties.

This definition can be extended to an arbitrary mixed state
when the input state is an N -party state %1,2,··· ,N , and the mea-
surement is performed on any m parties. The problem in this
case remains with the choice of a computable multipartite en-
tanglement measure E , which is defined for the mixed states.
Although the notion of entanglement measures in multipartite
systems is an active field of research, the number of such com-
putable measures, even in the case of the pure states, is still
limited. Another avenue to extend the LME to mixed states is
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via the convex-roof optimization. Convex-roof optimization is,
however, typically difficult to perform, and has been successful
in only a few instances. See [48] for examples within quantum
information.

Reverting back to the case of pure states, in principle, an LME
can be defined by using any one of the known candidates for
pure state multipartite entanglement measure as the seed mea-
sure, such as relative entropy of entanglement [22], global entan-
glement [23], and other multipartite measures [1, 24]. However,
in the present study, we focus on geometric measures (GM) of
entanglement [1, 9, 10, 25–28] for multipartite pure states. More
specifically, we use the “K-separability based GM” (K-GM) to
discuss the properties of the LME. For the purpose of compu-
tation, we choose the generalized geometric measure (GGM),
which is computable for a multiparty pure state in arbitrary di-
mensions and for arbitrary number of parties. Short descriptions
of these measures can be found in Appendix A.

In this paper, we have confined ourselves to consideration of
measurements that are local. It is possible to define a multipartite
entanglement measure for which non-local measurements are al-
lowed in the optimization. However, non-local measurements,
even if performed on two parties at a time, can generate genuine
multiparty entanglement, and therefore will result in difficulties
in defining the monotonicity of the so-obtained measure under
LOCC. Furthermore, parametrization of the non-local measure-
ments via entangled bases require a large number of parameters
that increase exponentially with the increase in the number of
parties measured.

B. Properties

We now prove several properties of LME. We use K-GM as
the multipartite entanglement measure, and local projective mea-
surements, in which case, Eq. (1) reads

En,rαL (|ΦN 〉) = sup
P

dm∑
l=1

plGK
(
|ψln〉

)
, (4)

where P ≡ {P l} denotes a complete set of local projectors act-
ing on the parties distinguished by rα. From now onward, we
discard the index E . We start by looking into the bounds of the
measure, which leads us to the following theorem.

Theorem 1. For an arbitrary state |ΦN 〉 describing a quantum
system of N parties, 0 ≤ En,rαL ≤ g, where GK ≤ g.

Theorem 1 provides an upper bound of LME depending on the
choice of the seed measure, provided an upper bound is known
for the seed. Corollary 1.1 follows directly from Theorem 1, and
the definition of EnGL (Eq. (3)).

Corollary 1.1. For an arbitrary state |ΦN 〉 describing a quan-
tum system of N parties, 0 ≤ EnGL ≤ g, where GK ≤ g.

Note that for K = 2, GK ≡ G for an N -qubit system, and
the above property implies En,rαL ≤ 1/2, since G ≤ 1/2. Our
next theorem is on the effect of local unitary (LU) operations on
LME.

Theorem 2. En,rαL remains invariant under local unitary trans-
formations.

To determine the criteria for vanishing En,rαL , we intend to
characterize the set of multipartite states, {|ΦN 〉}, for which
En,rαL = 0. We first consider the following theorem.

Theorem 3. For a K-separability based GM, a non-zero value
of En,rαL for an N -partite pure state, |ΦN 〉, is possible with n =
N −m, m being the number of parties in which measurement is
performed, only when the separability, M , of the original state
is such that 1 ≤M ≤ K +m− 1.

Proof. To prove the above theorem, let us first assume that the
N -partite system is composed of two partitions denoted by A,
and B. The first one consists of the m parties over which local
measurements are performed, while the rest n = N −m parties
construct the partition B. For the value of En,rαL to be non-
zero, at least one of the states, {ψln}, of the post-measurement
ensemble consisting of dm states must not be K-separable, so
that GK(|ψln〉) 6= 0. This implies that the state |ψln〉 is allowed
to be K ′-separable, where 1 ≤ K ′ ≤ K − 1. Moreover, irre-
spective of whether the partitions A and B share entanglement
among each other, the possible separability of the partition A
consisting of m parties dictates that the original state, |ΦN 〉, is
allowed to be (K ′ + j)-separable, where 1 ≤ j ≤ m. Combin-
ing these two results, one obtains the allowed range of M as 1
to K +m− 1. �

All the characteristics of LME discussed above remains un-
changed if K-GM is replaced by GGM as the genuine multi-
partite entanglement measure.

III. LGGM IN MULTIPARTY QUANTUM STATES

A. Single-qubit measurement: LGGM vs. GGM

Let us consider an N -party pure state in (C2)⊗N . The lo-
cal projective measurement, P , on a qubit j (j = 1, 2, · · · , N ),
can be represented by a complete set of rank-1 projectors, {Πl

j},
such that Πl

j = |ξlj〉〈ξlj | ⊗ IN−1, l = 1, 2, is given by

|ξ1j 〉 = cθj/2|0〉+ eiφjsθj/2|1〉,
|ξ2j 〉 = −sθj/2e

−iφj |0〉+ cθj/2|1〉, (5)

with 0 ≤ θj ≤ π, 0 ≤ φj < 2π, and cx and sx stand for cosx
and sinx respectively. Here, IN−1 is the identity operator in the
Hilbert space of the N − 1 qubits, and {|0〉, |1〉} is the computa-
tional basis in the qubit Hilbert space. In this representation, the
supremum involved in the definition of LME is obtained by per-
forming a maximization over the space of the real parameters,
(θj , φj). If local measurements are performed over a collection
of qubits denoted by r ≡ {rj}, j = 1, 2, · · · ,mwithm > 1, the
supremum has to be obtained over a total of 2m real parameters,
(θrj , φrj ). Using GGM as the seed measure, Eq. (1) takes up a
simpler form, given by

ErL = sup
P

2∑
l=1

plG(|ψlN−1〉). (6)
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FIG. 1. (Color online.) (a) Plot of E1
L vs. G for three-qubit gW states.

To obtain the scatter diagram, 105 three-qubit gW states are generated
Haar-uniformly. The solid line represents the line E1

L = G, while the
dashed line correspond to 2E1

L+G = 1. (b) Plot ofE1
L vs. G in the case

of Haar-uniformly generated generalized superposition of Dicke states,
as given in Eq. (10). To obtain the scatter diagram, 105 states of the
form |DN

g 〉 are generated Haar-uniformly for each of the cases N = 4
and N = 5. All quantities plotted in both figures are dimensionless.

# Ordering E1
L E2

L E3
L G Partition

1 |a1|2 ≥ |a2|2 ≥ |a3|2 |a2|2 |a3|2 |a3|2 |a3|2 1:23
2 |a1|2 ≥ |a3|2 ≥ |a2|2 |a2|2 |a3|2 |a2|2 |a2|2 2:13
3 |a2|2 ≥ |a1|2 ≥ |a3|2 |a1|2 |a3|2 |a3|2 |a3|2 1:23
4 |a2|2 ≥ |a3|2 ≥ |a1|2 |a1|2 |a1|2 |a3|2 |a1|2 3:12
5 |a3|2 ≥ |a1|2 ≥ |a2|2 |a2|2 |a1|2 |a2|2 |a2|2 2:13
6 |a3|2 ≥ |a2|2 ≥ |a1|2 |a1|2 |a1|2 |a2|2 |a1|2 2:13

TABLE I. Different orderings of {|a1|2, |a2|2, |a3|2} and correspond-
ing values of Er

L (r = 1, 2, 3), and G in the case of three-qubit gW
state. For all orderings, E1

L ≥ G. The last column shows the bipartition
from which the maximum Schmidt coefficient is obtained.

Note that in Eq. (6), we have discarded the superscript n since it
has a constant value n = N − 1 in the present case. To keep the
notations uncluttered, we also replace rα with the position index,
r, since r can now haveN possible values, i.e., r = 1, 2, · · · , N .
In this section, and in the rest of the paper, unless otherwise
stated, we always consider local measurement over the first qubit
of the system in the case of a single-qubit measurement.
Generalized GHZ state. The first example that we consider is
theN -qubit gGHZ state, given by [32] |GHZN 〉g = a1|0〉⊗N +
a2|1〉⊗N , where a1 and a2 are complex numbers with |a1|2 +
|a2|2 = 1. Without any loss of generality, let us assume that
|a1|2 ≥ 1

2 ≥ |a2|
2. Since |GHZN 〉g is symmetric under swap-

ping of parties, ErL = EL for r = 1, 2, · · · , N . The following
proposition is for the LGGM of N -qubit gGHZ states (see Ap-
pendix B for the proof).

Proposition I. For the N -qubit gGHZ state, E1
L = G.

The value of LGGM remains unchanged in the case of the gGHZ
state if measurement is performed over a higher number of
qubits (m > 1). However, in subsequent discussions, we shall
be providing examples of multipartite quantum states for which
the situation is different. As a special case of the N -qubit gGHZ
state, the LGGM for the GHZ state (a1 = a2 = 1/

√
2) of N

qubits can be obtained as E1
L = 1/2.

Generalized W state. Our next example is theN -qubit gW state,
given by [35, 37, 38] |WN 〉g =

∑N
i=1 ai|0〉⊗(i−1)|1〉i|0〉⊗(N−i),

where {ai}, i = 1, 2, · · · , N , are complex numbers such that∑N
i=1 |ai|2 = 1. Note that unlike the gGHZ state, the gW

state is not symmetric under swapping of parties, which leads
to a collection of N values of LGGM, {ErL}, r = 1, 2, · · · , N .
The GGM of the state, in the present case, is given by G =
min{|ai|2}, where i = 1, 2, 3. For the purpose of demonstra-
tion, we start with the case of N = 3, for which the relation
between ErL and G is given by the following proposition (see
Appendix B for the proof).

Proposition II. For an arbitrary three-qubit gW state, ErL ≥ G
for all values of r.

The following corollary regarding the lower bound of the
“global” LGGM, as defined in Eq. (3), can be obtained directly
from Proposition II.

Corollary II.1. For the tripartite gW state, the global LGGM,
EGL ≥ G.

In the case of N -qubit gW states with N > 3, the situation is
more involved. The difficulty in determining the values of GGM
of the states |ψl〉 in the post-measurement ensemble, which now
correspond toN−1 qubits or less, makes analytical optimization
of LGGM rather difficult. However, motivated by the Propo-
sition II, we intend to check whether such a lower bound of
LGGM exists if one considers an N -qubit gW state, when mea-
surement is performed only on a single qubit. This leads us
to Proposition III. The proof of the Proposition is given in Ap-
pendix B.

Proposition III. For an arbitrary gW state of N -qubits, ErL ≥
G for all values of r, provided measurement is performed only
on a single qubit.

Our numerical analysis suggests that irrespective of the value of
N , the maximization involved in LGGM for the gW states, is
obtained when the local projective measurement is performed in
the computational basis, {|0〉, |1〉}. Using this information, an
upper bound for ErL of the state |WN 〉g can also be proved, as
given in Proposition IV (see Appendix B for the proof).

Proposition IV. For an arbitrary N -qubit gW state, ErL, for
all values of r, is bounded above by the LGGM of the gW
state having the same value of G, but with squared modulus
of all the coefficients except one, denoted by |ai|2, being equal
to |aj |2 = (1 − |ai|2)/(N − 1), where |ai|2 = min{|ak|2},
k = 1, 2, · · · , N , j 6= i, and i, j ∈ {1, 2, · · · , N}.

Fig. 1(a) depicts the scatter diagram of E1
L vs. G in the case

of a set of 105 Haar-uniformly generated three-qubit gW states.
The solid line, representing E1

L = G, depicts the lower bound of
E1
L (Proposition II), while the dashed line, representing 2E1

L +
G = 1, correspond to the upper bound given in Proposition IV.
Note that all the points in the scatter diagram are enclosed by
these two lines, and G = 0. The W state, |W 〉, is obtained from
the gW state with ai = 1/

√
N , i = 1, 2, · · · , N . Evidently, the

GGM and LGGM of the W state are equal to each other, having
a value 1/N .

Considering that LGGM of the N -qubit gW state is maxi-
mized when measurement is performed in {|0〉, |1〉}, we make
the following observation.
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Observation. For an N -qubit gW state, ErL ≥ G if the value
of G is obtained from r:rest bipartition, while in all other cases,
ErL = G.
We demonstrate the implications of the above observation in Ta-
ble I, where theErL of three-qubit gW states in different cases (as
distinguished by the different orderings of the |ai|2), are tabu-
lated along with their GGMs. Note that the global LGGM,EGL,
is obtained when local projective measurement is performed on
the qubit r such that the maximum Schmidt coefficient is ob-
tained from the bipartition r:rest, as presented in the last column.
From the table, it is clear that the value of Er

′

L , when the r′:rest
bipartition does not provide the maximal Schmidt coefficient, is
always equal to the GGM of the three-qubit gW state, which
is in agreement with the observation. We shall be investigating
this issue, and its possible generalization, while discussing the
LGGM of arbitrary three-qubit pure states, in Sec. III C.
Symmetric States. We next consider a special class of multi-
partite quantum states known as the “symmetric states”, which
remains unaltered with the permutation of parties. First, we in-
vestigate the behavior of LGGM in a special subset of symmet-
ric states – the highly entangled N -qubit Dicke states [39, 40] –
with high applicational advantages [41]. AnN -qubit Dicke state
with k excitations can be represented as

|DN
k 〉 =

1√(
N
k

) ∑
i

Pi
(
|0〉⊗N−k ⊗ |1〉⊗k

)
, (7)

where the summation is over all possible permutations of N -
qubit product states composed of N − k qubits in the ground
state, |0〉, and the rest k qubits in the excited state, |1〉. Note that
the N -qubit W state can be identified as |DN

1 〉. The GGM of
|DN

k 〉, with N > 2, can be obtained as [40]

G =

{
N−2

2(N−1) for k = N
2 ,

k
N for k < N

2 .
(8)

To determine ErL, r = 1, · · · , N , of the Dicke state, one has
to perform a rank-1 projective measurement on any one of the
qubits. The details on the post-measurement ensemble and de-
termination of GGM can be found in Appendix C. We perform
extensive numerical analysis for different values of N and k to
find that irrespective of the number of qubits and the number of
excitations, the optimization of LGGM for |DN

k 〉 always takes
place at θ = 0, φ = 0, i.e., at the {|0〉, |1〉} basis. The LGGM,
in that case, can be obtained as explicit functions of N and k, as

ErL(even N) =

{
N−2

2(N−1) for k = N
2 ,

k
N for k < N

2 .

ErL(odd N) =


k
N for k < N−1

2 ,
N−1
2N −

N+1
4N(N−2) for k = N−1

2 , N > 3,
1
3 for k = 1, 2 and N = 3.

(9)

From Eqs. (8) and (9), it is evident that for N > 3, ErL < G for
odd N with k = (N ± 1)/2, while in all other cases, ErL = G,
thereby suggesting an upper bound of LGGM, given by ErL ≤ G
for symmetric Dicke states of N qubits with k excitations pro-
vided the maximization is obtained in the computational basis.
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FIG. 2. (Color online.) (a) Plot of G, E1
L, and E{1,2}

L as functions
of a in case of the four-qubit gW state |W 4〉g with a1 = a, a2 =√

(1− a2)/5, a3 =
√

3(1− a2)/10, and a4 =
√

(1− a2)/2. (b)
Plot of E1

L and E{1,2}
L with k for N = 7 and N = 8 in the case of

Dicke states. All quantities plotted are dimensionless.

A general form of N -qubit symmetric states can be con-
structed by making superposition of all the Dicke states. Such a
state can be written as

|DN
g 〉 =

N∑
k=0

ak|DN
k 〉, (10)

with complex {ak} such that
∑N
k=0 |ak|2 = 1. Here, the sum-

mation index, k, denotes the possible number of excitations in a
Dicke state, and can have values 0 ≤ k ≤ N . The difficulty in
computing the GGM of an N -qubit symmetric state of the form
given in Eq. (10) restricts one to calculate the LGGM of such
states only numerically. Our numerical analysis suggests that for
N = 3, E1

L = G, while the upper bound, ErL ≤ G holds in the
case N = 4, 5, like in the case of Dicke states. Fig. 1(b) depicts
the variation of ErL against G for 105 randomly chosen symmet-
ric states for each of the cases N = 4, and 5, where the upper
bound is satisfied. For N = 4, and 5, the percentage of states
for which ErL < G are 33.4%, and 46.8%, respectively, while
for the rest of the states, ErL = G, up to four decimal places.

B. Can local measurement over more than one qubit be
beneficial?

In this section, we focus on the question as to whether increas-
ing the number of measured parties can help to increase localiz-
able entanglement, and discuss examples of multipartite entan-
gled states in this context. To begin with, we point out that in
the case of N -qubit gGHZ state, ErL = Erα

L , where rα = {rj},
j = 1, 2, · · · ,m, and 1 < m ≤ N −2. This implies that LGGM
does not depend on the number of measured qubits for the gGHZ
state. The situation, however, can be drastically different if one
considers the gW state of N qubits. As an example, we consider
the case of a four-qubit gW state, where the coefficients {ai},
i = 1, · · · , 4, are real, such that a1 = a, a2 =

√
(1− a2)/5,

a3 =
√

3(1− a2)/10, and a4 =
√

(1− a2)/2. For this state,
G < E1

L < E
{1,2}
L with a ≤ 0.17, while G = E1

L < E
{1,2}
L

when a > 0.17 (Fig. 2(a)), thereby indicating an advantage
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State G E1
L E2

L E3
L E4

L E
{1,2}
L E

{1,3}
L E

{1,4}
L E

{2,3}
L E

{2,4}
L E

{3,4}
L

|Ψ4
7〉 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4 1/4

|Ψ4
8〉 1/4 1/2 1/4 1/4 1/4 1/2 1/2 1/2 1/2 1/2 1/4

|Ψ4
9〉 0 1/2 0 0 0 1/2 1/2 1/2 1/2 1/2 0

TABLE II. The values of G, Er
L (r = 1, 2, 3, 4), and E{r1,r2}

L (r1 6= r2, r1,2 ∈ {1, 2, 3, 4}) for the four-qubit states |Ψ4
7〉, |Ψ4

8〉, and |Ψ4
9〉.

of measuring more than one qubit. Such instances can also be
found in four-qubit states other than gW states, and in quantum
states involving higher number of parties (for such examples, see
Appendix D). On the contrary, there exist quantum states, for ex-
ample, N -qubit Dicke states, for which E{1,2}L is not beneficial
compared to E1

L. We determine the values of E1
L and E{1,2}L

in the case of |DN
k 〉 with 4 ≤ N ≤ 10, for different allowed

values of k, and find that irrespective of the value of N and k,
E
{1,2}
L ≤ E1

L ≤ G. The variations of G, E1
L, and E{1,2}L against

different values of k for N = 7 and 8 are shown in Fig. 2(b),
while the variations ofE1

L andE{1,2}L with varying k, forN = 9
and 10, are qualitatively similar to that for N = 7 and 8 respec-
tively. The question of whether this is a generic property of the
symmetric states is discussed in the next section. One must note
that there exists multiparty states other than Dicke states, for
which local measurement over more than one qubit may not be
advantageous, as discussed in the next section.

C. Arbitrary N-qubit pure states: Numerical Results

We now consider arbitrary N -qubit pure states, and compare
advantages of multi-qubit measurements over single-qubit ones
via numerical analysis. We focus on N -qubit pure states with
N = 3, 4 and 5, and consider different classes of such states.
Unless otherwise stated, we Haar-uniformly generate 105 arbi-
trary pure states in each case, and compute G for the original
state, E1

L, and E{1,2}L in the case of each N -qubit state. In our
numerical analysis, the values of two quantities are considered
to be equal when they are same upto four decimal places.

In the three-qubit scenario, we separately consider arbitrary
three-qubit pure states belonging to the paradigmatic GHZ and
the W classes [38] (see Appendix E for a short description of the
classes, and the post-measurement ensembles), which are mutu-
ally disjoint sets that together construct the entire set of three-
qubit pure states. We find that for an arbitrary three-qubit pure
state, E1

L ≥ G, which is evident from Fig. 3(a). We perform
an extensive numerical search over a set of 107 three-qubit pure
states from each of the W and the GHZ classes, and find that
for all instances, EGL = Er

′

L , when the bipartition r′:rest pro-
vides G – an observation similar to what is found in the case
of single-qubit measurement on an N -qubit gW state. When
r 6= r′, ErL = G. These findings lead us to the following conjec-
ture:

• If the maximal Schmidt coefficient for an arbitrary three-
qubit pure state is obtained across the bipartition r:rest,
r ∈ {1, 2, 3}, then EGL = Er

′

L ≥ G with r′ ∈ {1, 2, 3}
when r′ = r. On the other hand, Er

′

L coincides with G
when r′ 6= r.

This conjecture helps to pin-point the position of measurement
while one tries to increase the value of genuine multiparty en-
tanglement by means of localization.

To investigate arbitrary four-qubit pure states, we focus on
the classes given by |Ψ4

i 〉, i = 1, 2, · · · , 6, from the nine para-
metric classes of four-qubit states [49, 50] (see Appendix F).
Note that in all instances except |Ψ4

6〉, the LGGM is found to
be upper bounded by the GGM of the original state (see Fig.
3(b)), when measurement is performed on qubit 1. This result re-
mains unchanged with a change in the position of the measured
qubit, as indicated by Fig. 3(c), where results corresponding to
measurement over qubit 2 in the cases of |Ψ4

3〉, |Ψ4
5〉, and |Ψ4

6〉
are presented. The LGGM of the states |Ψ4

i 〉, i = 7, 8, 9, with
single-qubit measurement, can be obtained analytically, and are
tabulated in Table II.

In the case of Haar-uniformly generated arbitrary four-qubit
pure states, about 29% of states are found to haveE1

L > G, as de-
picted in Fig. 3(d). Interestingly, when local measurements over
qubits 1 and 2 are performed, about 22% of the 71% states for
which G > E1

L are found to have E{1,2}L > G. Also, for about
47.6% of such states, E{1,2}L > E1

L. Qualitatively similar re-
sults are found when random four-qubit states are sampled Haar-
uniformly from the parametrized four-qubit classes [49, 50]. For
example, the LGGM of about 20.4% of the four-qubit states of
the form |Ψ4

1〉, for which E1
L ≤ G, can be increased beyond

the value of G, when local measurements over qubits 1 and 2
are performed (Fig. 3(e)). Moreover, for about 44.9% of the
states, E{1,2}L > E1

L. Hence, the results again indicate that local
measurements on two parties can be more advantageous than the
measurement on a single party for some multiparty states. The
values of E{r1,r2}L , where r1 6= r2 with r1,2 ∈ {1, 2, 3, 4}, in the
case of the states |Ψ4

i 〉, i = 7, 8, 9, are tabulated in Table II. Note
that the state |Ψ4

7〉, provides an example of a four-qubit pure state
for which Erα

L = G ∀ rα, where α = 1, 2, · · · ,
(
N
m

)
, m = 1, 2.

Note also that |Ψ4
8〉 presents an example of a four-qubit state for

which a ErL > G only when measurement is performed over a
specific qubit, and measurement over two qubits can enhance the
value of LGGM over the single-qubit measurement.

It is evident from Figs. 3(b)-(e) that the arbitrary four-qubit
pure states as well as four-qubit pure states of the form |Ψ4

i 〉,
i = 1, . . . , 6, are not uniformly distributed over the G − ErL
and G −E{r1,r2}L planes, r, r1, r2 = 1, . . . , 4, but cluster around
specific regions. In the case of E1

L, one of the boundaries of
the accessible region is always the line E1

L = G when |Ψ4
i 〉,

i = 1, . . . , 4 are considered. For |Ψ4
5〉 and |Ψ4

6〉, the situation
is different, and all the states lie on very restricted regions on
the G − ErL plane. Such clustering is found in the case of five-
qubit arbitrary pure states also, which highlights the importance
of finding the quantum states that lies in a beneficial region, i.e.,
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FIG. 3. (Color online.) Scatter plots. (a) E1
L vs. G for three-qubit pure

states belonging to the GHZ class and the W class. (b) E1
L vs. G for

the four-qubit classes represented by |Ψ4
i 〉, i = 1, · · · , 6. (c) E2

L vs.
G for the four-qubit classes represented by |Ψ4

i 〉, i = 3, 5, 6. (d) E1
L

and E{1,2}
L vs. G in the case of arbitrary four-qubit pure states. (e) E1

L

and E{1,2}
L vs. G for four-qubit states of the form |Ψ4

1〉. and (f) E1
L

and E{1,2}
L vs. G for four-qubit symmetric states of the form |DN

g 〉.
Each plot constitutes of 105 Haar-uniformly generated pure states. All
quantities plotted are dimensionless.

where ErL ≥ G, or E{r1,r2}L ≥ G. However, Haar-uniform nu-
merical simulation of arbitrary pure states becomes difficult as
the number of qubits increases, thereby restricting the investiga-
tion of the behavior of LGGM against the GGM of the original
state in the case of N > 5.

We conclude by mentioning that similar to the case of single-
qubit measurement, in the case of |DN

g 〉 (Eq. (10)), E{r1,r2}L ≤
G, where r1 6= r2, and r1,2 ∈ {1, 2, · · · , N}. Note here that
the symmetry present in the states |DN

g 〉 guarantees that all pairs
of qubits chosen for local measurement are equivalent. Also, in
contrast to the previous examples of two-qubit measurements,
in this case, an increase in m is found to result, for an over-
whelmingly large fraction of states, in a decrease in the value of
LGGM. For example, in about 99.1% of |D4

g〉, E
{r1,r2}
L < E1

L,
while for N = 5, the fraction is 93.9%. The variation of LGGM
against GGM for |D4

g〉 is depicted in Fig. 3(f).
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FIG. 4. (Color online.) (a) Variations of E1
L (left panel), and dE1

L/dλ
(right panel) as functions of λ = J/h for the transverse-field Ising
model with N = 16. (b) Variation of G, E1

L, and E{1,2}
L as functions

of λ with ∆ = 0.5 (left panel) and ∆ with λ = 0 (right panel) for
N = 20. All quantities plotted are dimensionless.

IV. LGGM IN QUANTUM SPIN MODELS

For the past fifteen years or so, probing interesting physi-
cal phenomena observed in many-body systems using quantum
information theoretic tools and techniques has been an active
cross-disciplinary field of research [9, 10, 12–14, 51–53]. Real-
ization of quantum spin Hamiltonians in various substrates, such
as solid state systems [54], optical lattice [20, 55, 56], ion traps
[12, 57], and NMR [58] under controlled laboratory environ-
ments have allowed researchers to test the properties of several
information theoretic measures of quantum correlations in well-
known quantum spin models. In this section, we discuss the
behavior of LGGM in the vicinity of quantum phase transitions
(QPT) [42], when the pure state, for which LGGM is calculated,
is the ground state of well-known 1d quantum spin models.

It is interesting to mention here that a similar set of results
was obtained in Ref. [36] by using the concept of localizable
entanglement. An important difference of the results there with
those in this paper is that the plots and the corresponding analy-
ses here are directly for the LGGM, while those in Ref. [36] are
often for bounds on localizable entanglement. In this context,
we would like to set emphasis on the fact that the computation
of LGGM in a multiqubit state with high number of qubits can
also be involved. On one hand, one has to perform an optimiza-
tion over 2m real parameters (see discussion in Sec. III A) with
m being the number of measured qubits. On the other hand, in
order to calculate LGGM corresponding to local measurement
over m qubits in an N -qubit pure state, GGM of (N − m)-
partite pure states in the post-measurement ensemble needs to
be computed. Typically, for an Ñ -qubit pure state, computation
of GGM in its full generality requires consideration of the maxi-
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mum eigenvalues of a total of
∑Ñ/2
i=1

(
Ñ
i

)
density matrices of di-

mensions 2i, i = 1, . . . , Ñ/2, indicating an exponential increase
of the computational complexity of LGGM with increasing Ñ .
Also, exact computation of LGGM for the ground state of a spin
Hamiltonian constituted of N spins requires access to the exact
ground state of the Hamiltonian, the determination of which is
non-trivial for high values of N . Therefore, we use Lanczos di-
agonalization technique [59] to determine the ground states of
the spin Hamiltonians when N is large, and use the symmetries
of the ground state to reduce the computational complexity.

A. Transverse-field Ising Model

The first model we discuss is the transverse-field quantum
Ising model [43] in 1d, with periodic boundary condition (PBC),
whose Hamiltonian is given by

H = J
N∑
i=1

σxi σ
x
i+1 + h

N∑
i=1

σzi . (11)

Here, J and h respectively are strengths of the nearest-neighbor
exchange coupling and the external magnetic field, σx,zi are the
Pauli spin matrices, andN is the number of qubits in the system.
Under PBC, σN+1 ≡ σ1. Both J and h are chosen to be posi-
tive. The model is known to undergo a QPT at the critical value
of the parameter λ = λc ≡ 1 [13, 14, 42, 43, 51, 52], where
λ = J/h, from an anti-ferromagnetic (J > h) to a paramag-
netic phase (J < h). A few studies of the behavior of multipar-
tite entanglement measures across QPT in quantum spin models
are available [9, 10, 53] due to the difficulty of computing such
measures. However, the investigation of bipartite measures has
extensively been carried out [12, 13].

To overcome the difficulty in computing LGGM for higher
number of parties, we first look into systems comprised of a rel-
atively smaller number of parties (say as N = 8, 10, 12), and
compute the LGGM of the ground state without any approxi-
mation. We find that irrespective of the value of N , in the case
of single-qubit measurement, the maximization involved in Eq.
(6) can be achieved by using the computational basis {|0〉, |1〉}
(see also [60]). Moreover, in the case of single-qubit measure-
ment, the GGM of the (N − 1)-qubit pure states in the post-
measurement ensemble is always obtained from either the 1:rest,
or the 2:rest bipartitions. We use these information to compute
the LGGM for the ground state of the system with high values of
N . Note that the 1d transverse-field Ising model can be solved
by successive application of the Jordan-Wigner and Bogoliubov
transformations [43]. However, this does not provide access to
an analytical form of the ground state, from which LGGM can be
computed. We determine the ground state of the model with high
values of N via the Lanczos diagonalization scheme, and inves-
tigate the behavior of LGGM close to the QPT point. Fig. 4(a)
(left panel) depicts the variation of E1

L against λ in the ground
state of the model with N = 16. The points in the graph repre-
sents the numerical values of E1

L obtained by using the approx-
imations discussed above, while the continuous line represents
the fitted curve. The first derivative of E1

L with λ, as obtained
from the fitted curve, shows a maximum at the QPT point λc = 1

(Fig. 4(a), right panel). The maximum sharpens with increasing
N .

B. XXZ model in an external field

The Hamiltonian describing the 1d XXZ model [44–47], un-
der PBC, is given by

H ′ = J ′
N∑
i=1

(σxi σ
x
i+1 + σyi σ

y
i+1 −∆σzi σ

z
i+1) + h′

N∑
i=1

σzi ,

(12)

where J ′ and h′ represent respectively the nearest-neighbor ex-
change coupling and the external field-strength, while ∆ is the
(dimensionless) anisotropy in the z direction. Although the
model can be solved using the thermodynamic Bethe ansatz
technique [44, 47], an analytical form of the LGGM or any mul-
tipartite entanglement measure is still elusive due to the inacces-
sibility of the analytical form of the exact ground state. Similar
to the case of the transverse Ising model, we probe the phase
diagram [47] of this model using LGGM as the physical quan-
tity, where the ground state is obtained via Lanczos diagonal-
ization method for different values of the system parameters, ∆
and h′/J ′. The observations in the transverse-field Ising model,
such as obtaining the GGM of the post-measurement pure states
from either the 1:rest, or the 2:rest bipartitions, in the case of
smaller number of spins, are found to be valid here even for local
measurement over two qubits. An assumption of the validity of
these observations in the case of large N , considerably reduces
the complexity of computation. Fig. 4(b) (left panel) shows
the variations of G, E1

L, and E{1,2}L against λ ≡ h′/J ′ for the
ground state of the Hamiltonian given in Eq. (12), with N = 20
and ∆ = 0.5. With increasing λ, all the quantum correlation
measures become zero at λ = λc ≡ 1, signaling a transition of
the ground state from an entangled to a product state [45, 47].
The z-component of the total spin is a conserved quantity of
the system due to the presence of Z2 symmetry in the Hamil-
tonian, thereby making the Hamiltonian block-diagonalizable.
The plateaus in the variations of GGM and LGGM with λ cor-
respond to different values of the z-component of the total spin.
With increasing N , the number of the plateaus increases, while
the widths of the individual plateaus decrease, and the curves
eventually tend to continuous ones for high values of N .

In the absence of the external magnetic field, the ground state
of the model experiences a KT transition [45] at ∆ = −1, which
is signaled by a blunt minimum in the G vs. ∆ curve (see Fig.
4(b) (right panel)). On the other hand, the LGGMs, namely E1

L

and E{1,2}L , show a sharper cusp at ∆ = −1, correctly signaling
the KT transition. Therefore, similar to localizable entanglement
[36], LGGM also signals the KT transition, which is usually not
detected by the frequently-used quantum information theoretic
quantities in detecting QPTs [61].

Note here that even for a small system where finite-size ef-
fects are expected to play a considerable role, LGGM serves as
a satisfactory indicator of quantum critical phenomena. Hence,
LGGM is expected to find its applicability in the investigation
of quantum cooperative phenomena observed in many-body sys-
tems beyond the quantum spin models.
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V. CONCLUDING REMARKS

Multipartite entanglement has been proven to be useful for
the successful implementation of several quantum information
theoretic protocols. In the present paper, we consider the con-
ceptualization and use of localizable multipartite entanglement,
obtained by performing a local measurement at a few parties.
The notion of localizable multiparty entanglement depends on
the understanding and computability of another measure of mul-
tiparty entanglement of a lower number of parties, which we
refer to as the seed measure. We use the geometric measure in
general, and the generalized geometric measure in particular, as
the see measure. In the case when the seed measure is the gener-
alized geometric measure, the localizable multiparty entangle-
ment measure is called the localizable generalized geometric
measure. We discuss its various properties, and in particular,
we analytically consider the behavior of the measure for a num-
ber of paradigmatic examples of multipartite pure states, where
the localization is achieved via local rank-1 projective measure-
ment over a single qubit. The examples include the N -qubit
generalized GHZ and W states, Dicke states, and the general-
ized superposition of Dicke states for fixed number of qubits. We
show that for theN -qubit generalized GHZ and W states, the lo-
calization of generalized geometric measure by local projection
measurement over one qubit always results in a value of localiz-
able multipartite entanglement which is greater than, or equal to
the multipartite entanglement present in the original state. Our
numerical simulations seem to indicate that such enhancement
due to measurement holds for arbitrary three-qubit pure states.
However, for higher number of parties, no such lower bound ex-
ists. We also show that for the N -qubit Dicke states, the local-
izable multipartite entanglement achieved via single-qubit mea-
surement is bounded above by the generalized geometric mea-
sure of the original state.

To investigate whether measurement over more than one qubit
helps in achieving a better localization of multipartite entangle-
ment than a single-qubit measurement, we consider several ex-
amples of multi-qubit pure states. We show that there exists
multiqubit states in which local measurement over two qubits
yields higher values of localizable generalized geometric mea-
sure compared to single-qubit measurement. However, this phe-
nomenon is not generic for arbitrary multiqubit states, as shown
from our numerical simulations. We finally inquire whether
there exists a situation in which LGGM is more powerful than its
parent multipartite entanglement measure, the GGM. We show
that this is indeed the case for detecting QPT in the many-body
systems. Specifically, we show that the derivatives of LGGM
can signal QPT of the transverse-field Ising model more accu-
rately even for a smaller system-size, achievable in current ex-
periments, compared to that of the GGM. We also show that
LGGM detects the KT transition of the XXZ model better than
its parent multiparty measure.

Appendix A: Multipartite entanglement measures

The geometric measure of entanglement of an N -partite state
|Ψ̃N 〉, is defined as

GK(|Ψ̃N 〉) = 1−max
SK
|〈Φ̃KN |Ψ̃N 〉|2, (A1)

where K (2 ≤ K ≤ N ) is an integer denoting the number of
product state partitions into which the N -partite state |Φ̃KN 〉 can
be divided [1, 9, 10, 25–28]. The distance of the state |Ψ̃N 〉
is minimized over the set, SK , of all K-separable pure states,
|Φ̃KN 〉, and we refer to this measure as K-GM. For example,K =

N corresponds to a fully separable state |Φ̃NN 〉 ≡
⊗N

i=1 |φ̃i〉,
leading to the original definition of GM [25, 28]. On the other
hand, GGM is obtained for K = 2 [10, 27], the other extremum
of K-GM, which we denote by G(|Ψ̃N 〉). The optimization in the
definition of G(|Ψ̃N 〉) can be performed by using the maximiza-
tion of the Schmidt coefficients across all possible bipartitions
of |Ψ̃N 〉, leading to the simplified version of GGM [10], given
by

G(|ψ̃N 〉) = 1−max
SA:B
{λ2A:B}. (A2)

Here, λA:B is the maximum Schmidt coefficient of |Ψ̃N 〉, the
maximum being taken over the set, SA:B, of all arbitrary A : B
bipartitions such that A ∪ B = {1, 2, · · · , N}, and A ∩ B =
Φ, the null set. The above expression allows one to compute
GGM of a multiparty pure state in arbitrary dimensions and for
arbitrary number of parties.

Appendix B: Proofs of the Propositions

Proposition I. Once the rank-1 projective measurement is per-
formed over the first qubit, an ensemble of two pure states,
{pl, |Ψl〉}, l = 1, 2, is obtained, where pl = |a1|2ql1 + |a2|2ql2,
|Ψl〉 = |ξl1〉 ⊗ |ψl〉 for l = 1, 2, and |ψl〉 = (a1z

l
1|0〉⊗N−1 +

a2z
l
2|1〉⊗N−1)/

√
pl. The quantities ql1,2 and zl1,2 are given by

ql1 = (δ1lc
2
θ/2 + δ2ls

2
θ/2),

ql2 = (δ1ls
2
θ/2 + δ2lc

2
θ/2), (B1)

and

zl1 = δ1lcθ/2 − δ2le−iφsθ/2,
zl2 = δ1le

iφsθ/2 + δ2lcθ/2, (B2)

with δkl, k = 1, 2, being Kronecker delta. Note that the states
|ψl〉 are of the form of an (N − 1)-qubit gGHZ state. Note also
that for an N -qubit gGHZ state, the local density matrix, ρn, of
n qubits, is diagonal in the computational basis with only two
non-zero elements. Hence, in the present case, the LGGM of the
gGHZ state can be obtained from Eq. (6), where G(ψlN−1) =

1 −max
{
|a1|2ql1/pl, |a2|2ql2/pl

}
with pl = |a1|2ql1 + |a2|2ql2.

Using the identity, max{x, y}+ max{u, v} = max{x+ u, x+
v, y+ u, y+ v} for arbitrary values of x, y, u, and v, in Eq. (6),
one obtains

E1
L = 1−min

θ

[
max

{
|a1|2, s2θ/2, c

2
θ/2

}]
. (B3)
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In [0, π], c2θ/2 is a monotonically decreasing function whereas
s2θ/2 is a monotonically increasing one, and the maximum value
of both the functions is unity, occurring at θ = 0 for c2θ/2, and
θ = π for s2θ/2. Besides, the values of both functions are equal
to 1/2 at θ = π/2. Since |a1|2 ≥ 1/2 ≥ |a2|2, the allowed
range of θ can be divided into three subregions: (i) 0 ≤ θ ≤ θ1,
where c2θ/2 ≥ |a1|

2 ≥ s2θ/2, (ii) θ1 < θ < θ2, where |a1|2 ≥
max{c2θ/2, s

2
θ/2}, and (iii) θ2 ≤ θ ≤ π, where s2θ/2 ≥ |a1|

2 ≥
c2θ/2. Here, the values of θ1 and θ2 are obtained as solutions
of the equations c2θ/2 = |a1|2 and s2θ/2 = |a1|2 respectively.
The maximization inside the curly bracket in Eq. (B3) has to
be performed for a fixed value of θ, which can be chosen from
any one of the three subregions, (i), (ii), and (iii). Noticing that
min(c2θ/2) = |a1|2 for 0 ≤ θ ≤ θ1, while min(s2θ/2) = |a1|2

in the region θ2 ≤ θ ≤ π, from Eq. (B3), one obtains E1
L =

|a2|2. Note here that the GGM of the gGHZ state, under the
assumption that |a1|2 ≥ 1

2 ≥ |a2|
2, is also |a2|2, leading to

E1
L = G. �

Proposition II. The post measurement ensemble is {pl =
(|a2|2 + |a3|2)ql1 + |a1|2ql2, |ψl〉 = [zl1(a2|10〉 + a3|01〉) +

zl2a1|00〉]/
√
pl}, l = 1, 2, where zl1,2 and ql1,2 are given in Eqs.

(B1) and (B2) respectively. One must note that the GGM of two-
qubit states of the form |ψl〉 is invariant under an interchange of
a2 and a3. The LGGM (Eq. (6)), in this case, is given by

E1
L =

1

2

(
1−min

θ

2∑
l=1

√
f l(θ)

)
, (B4)

wheref l(θ) = pl
2 − 4|a2|2|a3|2ul, and

ul = δ1lc
4
θ/2 + δ2ls

4
θ/2. (B5)

The validity of the single qubit density matrix ρl2 of qubit 2, ob-
tained from the state |ψl〉, demands that f l(θ) ≥ 0 ∀ θ. The
function f(θ) =

∑2
l=1

√
f l(θ) has minimum at θ = 0, π in

the interval 0 < θ < π, while having a maximum at θ = π/2.
Hence the optimization in LGGM, in this case, is achieved when
measurement is performed in the {|0〉, |1〉} basis. From Eq.
(B4), it can be shown that E1

L = min{|a2|2, |a3|2}. In gen-
eral, for the local projective measurement being performed on
the qubit r, ErL = min{|aj |2, |ak|2}, where r 6= j 6= k, and
r, j, k ∈ {1, 2, 3}. This leads us to a non-trivial lower bound of
LGGM for the tripartite gW state, which is invariant to a change
in the choice of the measured qubit, as given by the following
proposition.

We first consider r = 1. Let us first assume |a1|2 ≥ |a2|2 ≥
|a3|2, which leads to G = min{|aj |2}, j = 2, 3. Assuming
other orderings and considering all the cases, we obtain G =
min{|ai|2}, i = 1, 2, 3. If |ai|2 ∈ {|a2|2, |a3|2}, then E1

L =
G. Else, G = |a1|2, implying E1

L = min{|a2|2, |a3|2} ≥ G.
Similar proofs hold when r = 2, 3. �
Proposition III. As in the case of three-qubit systems, here also
we start from the case r = 1. The GGM of the state |WN 〉g can
be obtained as G = 1 − max{λmaxn }, where λmaxn is the max-
imum eigenvalue of all possible n-qubit reduced density matri-
ces, ρsn, where 1 ≤ n ≤ N/2 (1 ≤ n ≤ (N − 1)/2) for even
(odd) N . Here, “s” denotes the set of all possible indices {sj},

j = 1, · · · , n, that represents the positions of the n qubits with
sj ∈ {1, 2, · · · , N}. The density matrices, ρsn, can be written as

ρsn = P

 n∑
j=1

asj |0〉⊗(j−1)|1〉j |0〉⊗(N−j)


+

N∑
k=1
k/∈s

|ak|2P [|0〉⊗n], (B6)

where P [|a〉] = |a〉〈a|. From Eq. (B6), it is clear that the
maximal eigenvalue is obtained from the case n = 1, and from
the single qubit density matrix for which |as1 |2 = min{|ai|2},
i = 1, 2, · · · , N , leading to G = |as1 |2.

To determine the LGGM, we first consider a measurement
in the computational basis, {|0〉, |1〉}. A measurement over
the first qubit in this basis leads to a product state, |0〉⊗(N−1),
with probability p0 = |a1|2, and a pure state |ΦN−1〉, with
probability

∑N
i=2 |ai|2, which can be identified as an (N − 1)-

qubit gW state. From the above discussion, G(|ΦN−1〉) =

|aj |2/
∑N
i=2 |ai|2, where |aj |2 = min{|ai|2}, i = 2, 3, · · · , N .

The definition of LGGM implies E1
L,0 = |aj |2, where the sub-

script “0” indicates that the measurement is performed in the
basis {|0〉, |1〉}. Clearly, |aj |2 ≥ |as1 |2 ≡ G. Since the defini-
tion of LGGM involves a maximization over the complete set of
projective measurements, E1

L ≥ E1
L,0 ≥ G. Similarly, one can

prove for the cases r = 2, 3, · · · , N , and hence the proof. �
Proposition IV. Let us consider a gW state with the ordering
|a1|2 ≤ |a2|2 ≤ · · · ≤ |aN |2. Assuming local projective mea-
surement in qubit 1, G = |a1|2 and E1

L = |a2|2. The assumed
ordering suggests that max{|a2|2} = (1 − |a1|2)/(N − 1),
which corresponds to the LGGM of a gW state of the form
|Φ〉 = |a1||1〉|0〉⊗N−1 +

∑N
j=2 aj |0〉⊗(j−1)|1〉j |0〉⊗(N−j), with

G = |a1|2, similar to the arbitrary gW state, and |aj |2 =
(1 − |a1|2)/(N − 1), j = 2, 3, · · · , N . Since G = |ai|2 =
min{|ak|2} for an arbitrary N -qubit gW state with arbitrary or-
dering of {|ak|2}, k = 1, 2, · · · , N , one can prove similar result
for each possible ordering of {|ak|2}, when measurement over
qubit 1 is assumed. The result also holds for an arbitrary posi-
tion, r, of the measured qubit, when r ∈ {1, 2, · · · , N}. Hence
the proof. �

Appendix C: Single-qubit measurement on symmetric states

Since Dicke states are symmetric, the value of LGGM is
independent of the position of the qubit over which mea-
surement is performed, and the post measurement ensem-
ble, {pl, ψl}, is given by pl = Akq

l
1 + Bkq

l
2 and |ψl〉 =√

Akz
l
1|DN−1

k 〉+
√
Bkz

l
2|DN−1

k−1 〉, with Ak =
(
N−1
k

)
/
(
N
k

)
, and

Bk =
(
N−1
k−1

)
/
(
N
k

)
, while ql1,2 and zl1,2 being defined in Eqs.

(B1) and (B2). To determine the LGGM of |DN
k 〉, one needs to

calculate the GGM of |ψl〉, which, in turn, requires determina-
tion of the reduced density matrix of n qubits, ρl,sn , labeled with
the set of indices s ≡ {s1, s2, · · · , sn}. Since measurement over
any single qubit of |DN

k 〉 yields an ensemble of symmetric states,
the reduced density matrix, ρl,sn , of all possible collection of n
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qubits of the state |ψl〉, are equivalent. Therefore, discarding the
index “s”, ρln can be obtained from |ψl〉 as

ρln =
1(
N
k

)
pl

[ n∑
i=0

F liP [|Dn
i 〉]− (−1)l

n−1∑
i=0

Gi

(
e−iφ|Dn

i+1〉〈Dn
i |

+eiφ|Dn
i 〉〈Dn

i+1|
)]
, (C1)

with 1 ≤ n ≤ N ′, where N ′ = (N − 2)/2 (N ′ = (N − 1)/2)
when N is even (odd), and

F li =

(
n

i

)[(
N − n− i
k − i

)
ql1 +

(
N − n− i
k − i− 1

)
ql2

]
Gi =

sθ
2

(
N − n− 1

k − i− 1

)√(
n

i+ 1

)(
n

i

)
. (C2)

The GGM of |ψl〉 is given by Gl = 1 − max{Λln}, n =
1, 2, · · · , N ′, where Λln is the maximum eigenvalue of ρln.

Similarly, for an arbitrary state |DN
g 〉 of the form (10), rank-1

projective measurement over qubit r, r = 1, 2, · · · , N , produces
an ensemble of two (N − 1)-qubit symmetric states represented
by {pl, |D̄N−1

g 〉}, where pl =
∑N−1
k=1

(
N−1
k

)
|z̄l1ak + z̄l2ak+1|2,

|D̄N−1
g 〉 = 1√

pl

∑N−1
k=1 (z̄l1ak + z̄l2ak+1)|DN−1

k 〉, with z̄l1 =

δ1lcθ/2 − (−1)lδ2le
iφsθ/2, and z̄l2 = δ1le

−iφsθ/2 + δ2lcθ/2.

Appendix D: LGGM with local measurement over more than one
qubit

Here we present two more examples of multipartite pure states
for which local measurement over more than one qubit may turn
out to be beneficial regarding the value of LGGM.
Example 1. Consider the four-qubit state given by |Ψ4〉 =

a(|0000〉+|0011〉+|1100〉+|1111〉)+
√

(1− 4a2)/6(|0101〉+
|1010〉+ |0110〉+ |1001〉+ |1011〉+ |0100〉), where a ≤ 1/2,
a being a real number. Note that unlike the four-qubit state
considered in Sec. III B, this state does not belong to the set
of gW states. However, similar to the former case, here also,
E
{1,2}
L > E1

L for a finite range of the allowed values of the
state-parameter a.
Example 2. Consider the five-qubit state given by
|Ψ5〉 = a(|00000〉 + |00111〉 + |11000〉 + |11111〉) +√

(1− 4a2)/4(|01010〉+ |10101〉+ |00001〉+ |10000〉). Here
again a finite parameter range can be obtained in whichE{1,2}L >
G, although E1

L < G.
These examples highlight the importance of two-qubit mea-

surement in the cases where single-qubit measurement is not
enough to increase the multipartite entanglement possessed by
the original state. The results of our investigation on the ex-
istence of arbitrary multiqubit pure states, in which two-qubit

measurements may yield better results than single-qubit ones,
are presented in Sec. III C. Intuitively, one can argue that if
one increases the number of parties in which the measurement
is performed, it helps to concentrate entanglement and hence to
increase LGGM. Although the above examples support such in-
tuition, counter-examples also exist.

Appendix E: GHZ and W class of states

The normalized three-qubit states of the W-class, up to LU,
are given by [38]

|Φw〉 =
√
a1|001〉+

√
a2|010〉+

√
a3|100〉+

√
a4|000〉 (E1)

with a1, a2, a3 > 0, and a4 = 1− (a1 + a2 + a3) ≥ 0. Simple
algebra dictates that the GGM of |Φw〉 is given by G = 1 −
max{λi}, i = 1, 2, 3, where λi = [1+(1−4((aj+ak)ai)

1/2]/2,
with i, j, k ∈ {1, 2, 3}, and no two among i, j, k being equal.
Now, LGGM of |Φw〉 for r = 1 can be obtained as E1

L = [1 −
min
θ,φ

fwc(θ, φ)]/2, where

fwc(θ, φ) =

2∑
l=1

(pl
2 − 4a1a2u

l)1/2, (E2)

and pl = (a1 +a2 +a4)ql1 +a3q
l
2− (−1)l

√
a3a4sθcφ, with ql1,2

and ul given in Eqs. (B1) and (B5), respectively. The optimiza-
tion of the above function leads to two equations involving the
real parameters θ and φ. One of them implies φ = 0, π indepen-
dent of the value of θ, while the second equation, independent
of φ, has to be solved numerically for θ. Numerical solution of
the latter provides the values of θ, which, along with φ = 0, π,
makes the Jacobian of fwc(θ, φ) positive semidefinite.

The normalized three-qubit states of the GHZ class, up to LU,
can be represented by [38]

|Φghz〉 =
√
K

(
cδ|000〉+ eiµsδ

3⊗
i=1

|ηi〉

)
,

where |ηi〉 = cγi |0〉+sγi |1〉, andK−1 = 1+2cδsδcγ1cγ2cγ3cµ,
K being the normalization factor, and K ∈ (1/2,∞). The
ranges for the five real parameters are δ ∈ (0, π/4], γi ∈
(0, π/2], i = 1, 2, 3, and µ ∈ [0, 2π). Due to increased num-
ber of parameters, determination of GGM as well as LGGM for
arbitrary GHZ class of states are to be achieved via numerical
techniques.

Appendix F: Classes of four-qubit states

The nine classes of four-qubit states, as considered in [49, 50],
are
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|Ψ4
1〉 =

1

2
{(a1 + a2)(|0000〉+ |1111〉) + (a1 − a2)(|0011〉+ |1100〉) + (a3 + a4)(|0101〉+ |1010〉) + (a3 − a4)(|0110〉+ |1001〉)},

|Ψ4
2〉 =

1

2
{(a1 + a2)(|0000〉+ |1111〉) + (a1 − a2)(|0011〉+ |1100〉) + 2a3(|0101〉+ |1010〉+ |0110〉),

|Ψ4
3〉 = a1(|0000〉+ |1111〉) + a2(|0101〉+ |1010〉+ |0110〉+ |0011〉),

|Ψ4
4〉 =

1

2
{2a1(|0000〉+ |1111〉) + (a1 + a2)(|0101〉+ |1010〉) + (a1 − a2)(|0110〉+ |1001〉) +

√
2i(|0001〉+ |0010〉+ |0111〉+ |1011〉)},

|Ψ4
5〉 = a1(|0000〉+ |0101〉+ |1010〉+ |1111〉) + i|0001〉+ |0110〉 − i|1011〉,

|Ψ4
6〉 = a1(|0000〉+ |1111〉) + |0011〉+ |0101〉+ |0110〉,

|Ψ4
7〉 = |0000〉+ |0101〉+ |1000〉+ |1110〉,

|Ψ4
8〉 = |0000〉+ |1011〉+ |1101〉+ |1110〉,

|Ψ4
9〉 = |0000〉+ |0111〉, (F1)

where the complex parameters a1, a2, a3, and a4 have non- negative real parts.
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