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ABSTRACT

We use the canorical transformation methed in
the Hubbard_modél to derive the general form of the
effective Hamlltonian which includes the virtual
hopping from gingle- to double-occupied sites. The
borrespOndence with the Anderson kinetic exchange

Hamiltonian is briefly discussed.
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"I. INTRODUCTTION

The Hubbard model is‘very useful for the desoription
of two kinds of phenomena due to correlations in narrow
bands: band ferromagnetism of metals and alloys, and wetal-

-nonmetal transition1. The Hubbard Hamiltonian is:
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with tijztji' Indices i and J represent lattice sites,
N .

while o = 1 is a spin quantum number. The operator
a;o"(aﬂy ) creates (destroys) an electron with the diag-
onal spin component s? = d/2 on site 1, =0 ng =a-.;:f 8«
is the operator of partible number on the site i, The

first sum‘in Eq. (1) is usually called the hopping term and
expresses the movement of an electron with 8% = g/2 from
site J to site‘ i. The hopping term is written in the
Wannier reéresentation and it stands for the“kingtio energy
of eléotrOﬂs plus‘the energy due to the attractive periodic
potential. The larger the comtribution of this sum to +he
total ehergy of the system;,the'more freely the electrons
move through fhe lattice and form proportionally wider
bandge In the tight binding approximation we limit ourselves
to the hopping between the nearest neighbours '<i,j_> and
then we put : t(i,;i):t < 0.

The second sum in Eg. (1) describes the Coulomb re—
pulsion between electronsbwith opposite sbins on the same
lattice site. In the nondegenerate Hubbard model each atom
has only single orbital atomic state available for elec~-

trons (i.e. of 18 type), which can hold up to two electrons
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with opposite sping, 28 it can be seen from Bg. (1).

. The Coulomt znd exchange interactibns betwéen elec—
trons located on different gsites are neglected in the tra-
ditional Hubbard treatment1. Fowever, the intersite inter—
~actione éome out algo froﬁ the Hubbard Hamiltonian (1) if
the Coulomb repulsion U is strong enough; A‘part ctf them
ig a spin-gpin interacticn of the Heigenberg form (iue.
Eiflﬁj), ana after Anderéon2 is called the kinetic éxchange
interaction. The concept of the kinetic exchange interéo—
tilon i1g ghortly summarized in Seo.II,

In Sec.III we obtain an explicit form of the effec-
tive Hamiltonlan with the virtual hOpping from gingle- to
double—occupied sites included in it, using the canonical-
transformation methcd. |

Sece.IV congists of conclugionse

II. THE CONCRPT OF THE KINRTIC RYCHANGR INTERACTICNS

It could have been expected that even for small
and for the case of one electron per atom (i.e. for n = 17,
the band is half-filled. In fact, the sitﬂation is more
oOmplex. In the atomic limit, i.e. for noninterscting atomg
(t = 0), each atom has two energy'.le’vle.'ls which are split
by U. So in the ground state for n = 1 only lower Jevels
are filled., Similarly, when ft[ &L U electrong filluonly
the lower energy level which is broadened by the interac—
tion and forms a narrow band. Thus a system at the tempera-
ture T = 0 can remain an insulatdr, due to an increase
of the electrostatic energy by the amount pU;:where D

is a number of double occupied sites. Such an ingsuiating
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syetem, waile +t # O, is called the Mott insulator’. It is
important then.to ask about'the spin configuration of this
system.vFrom\tﬁat reason our aim in this paper is to con-
struct an effect1Ve Hamiltonian in which the gpin degener—»
acy existing in the atomlo llmlt ig removed The method
adopted to the problem is also appllcable if n#1, "ie.
for a partially filled band. As we shall gee it gives re-
sults which are more general than the approéoh based on
the perturbation theory2;4. In fact: in the latter case
the Helgenberg-type interaction was derived from the Hub-

pard model for n=1'° and thus the total Hamiltonian is of

the form: N
B + - 2t°
H “2’ -tan-_daj‘s - LLZ,MM‘me u_ Z é" J ’
&5 A <55 (2)
. a _+ _!__ _ - - _ -+
where S; = (8; Sl,S ) Sip= 8585000 55 = a5, A4

and S? = (ni¢_-ni$)/¢. The last term invK.‘(Z)lis called
the kinetic‘exchange interaction and is ohly a part of the
Heisenberg Hamiltonianz. The case of the Mott ingulator,
whehvthe opérator n, = nid'+ Ny _g = 1, is not eagily vigi-
ble in Eq. (2) since the hopping term is alway s preseht
whenever t # O, We will show that in the case of the Mots
ihsulator our effective Hamiltonian redﬁces strictly to the
Hamiltonian of the Anderson kinetic exchéngeg. In a pertur-
bative approach the Mbtt insulator was‘discussed taking the
whole hopping term as a perturbation. With the help of the
canonical transformation method we remove the part of it
connected with transitions from single- to double-occupied

siteSIOnly, end we replace it by the spin-dependent inter—
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site interactions between electrons.

III. THE EFFECTIVE HAMTILTONTAN

Thé essential feature of the theory which we would
like to deveIOp now is that we take into account ab ini-
tid¢ the fact that.inﬁra-atomic forces are sufficiently
strong (|t]|LU), to prevent two electrth'of opposite
sping from occupying the same atomic q1te, except in vir-
tual tranaltlonq4. To start with we divide the q1te—occu—
pation number Hilbert space into two subgpaces: the first
one which includes,states with occupation number ni:O
end 1 in each 1attice gite 1, and the hopping between
them, and the qecond one - the qubspace of double—occupled
gites [In, i = By d = 1), and the hopping between them, _
Next we treat the hopping between these subspaces as a per-
turbation which we want to eliminate by;the properly cho-
sen unitary transformation of the Hamiltonian, Sﬁeh a trans-

formation has been recently congidered by Stevens5. Follow-

ing his condept, and with the help of the identity:

t) aday = £ ..6(1 it ) aje (1= g ns),

<“'IJ> <""J>
(¢

(3)
~we divide the hopping part of the Hamiltonian (1) into terms
which operate in'pérticular subspacegs or tranéfOrm the elec-
tron from one to the other. For convenience Wwe write the
full Hamiltonian as four terms: a projection of it onto the
first subspace (EOHPO); onto the second subapace (PNHPN);

and the mixing term (POHPN + PNHPO)' where Po ‘and PN are
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projection operators of the first and second subspaces, re~

spectively (Poﬁ-PN = 1)

H=RHE +PHP, +PHP+PHP a)

wWhere:

PHR =12 ah(d-med)ap(-mpe),

(1_’J> ]

BAHE =t agmegapmis + U2 mamy

<q'.0'),6 i '4b)

? H? = tZ_, Qg (4- N d)aJ"' JS

<4"J>6 . (4—C)

and

BB, =t almeg a¢ (A-m )

xS (43)

Let us de‘fine the operator:

= H,+ehH, ,

where H_ = P HP_  + Py o

duces the Hamiltonian H for &€= 1. We look for a transg—

(5)

’I =H~H and which repro-

0 ’
formation:
-ieS e S
H “‘>'Jf * H e

with S = S+, such that gte hag all its off-diagonal el-

’ (6)

ements of order less than € .« Of course, the effective

Ham-iltOﬁian ﬂ = ﬂ€=i « Assuming that:
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ieS e 4 2e2
e = 1+i65'—§€25 ) (7)

v ‘ ”
.we obtain terms up to order ~€~;

R T
-4e*(2i[H, 5] - [[»HC;,SLSD. (e)

The linear.term ~€& ig sbsent when:

H+([H, 3S]-0.
14 | (9)
This,cond‘ition substituted into Eq. (8) gives:

Ho=H+di[H,8].

(10)

‘Eqe (9) may be =olved with respect to S. It can be pro-

Jected onto subspaces and thus can be written ass

(-POH',L-/PN ;“’.L:Po [HOIS]PN : O,

PO(HOS_SHO)E) =0~| _
f9%)
P (H.S-SH,) R.=0.
| .

Eqe f9b) and (9c) are satisfied if we put P,SP, = P, &nd

PN'S.PN = PN » It is the only solution of these equ‘a‘biozis
becausev P, [HO,'S] Py #0 and thus $ is not a function
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of H but commutes with it when projected onto subspaces.

O’
With regard to that we have:

B.SE = [« BHE + (BHR)B.SR)] (B HR) ™

_ , - (11)
One may solve this equation by the following iteration pro-
cedure. Afsuming that on the ruh.g. of Bg. (11) Posf°>PN=o
we get an expression for POS(1)PN; next subgtituting
POS(1)PN ~to the r.hes. of Eqge (11) we obtain an}expression
for vPOS(Z)PN, etc. Iterating up to infinite order we con-
struct a geometric progression, which 1eads to the final

formla for PSPy of the form: _ “ (12)

F _ - Y _4- |
B8R =i RHE, (B HR, ~BHR)
The simplest approximation of (PyHP;-P HP ) iz the re-
placement of it by the energy difference betWeén centers
of gravity of two subbands which is equal A=~W , So
from Eq. (11)3 |

(13)

PSP, ~-i Ll (BHR),
and with regard to Eq.‘(10) we have:

# - RHR+B A B,

(14)

where:

RHE ~RHR - W' RHBHE, ,

(158)
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PN’JK”PN =T HE, + W B HEHDE,.
' (15b)
Subqtltutlng Fg. (40) and Eqe. (4d) to Eq. (15a) and (15b),
we get after some manipulations and neglecting terms con-

necting more than two lattice sites:

P?’C? =t), al (- mu,) aje(A-mys) +

<1.,J) o

tll | Z [ Sf SJ-G' Mig (’1‘ "1.'.%) s (’1‘ "'ljs)],‘”‘ 6)

P}f? ‘tz a rn,-s Qs Mj-s T U‘anarnw

41,3>,6

* Z Mis Mo (4-my o')(/j. "'136)

<";J> e ' (17)

- where S_id = S;: for g =1 1y respectively. The part (17)
of the effectlve Hamiltonian does not 1nfluence the magnetlc

' qtdte in the case )5{ << U and |t] 3 kgt (which meansg

that <n o’>~ <> ), and thus can be neglected. So the
effectLVe ‘magnetic Hamlltonlan H’M can be rewritten with

new operators int‘foduced: v - (18)
. o +
’ba'.o’ ‘= As (4- - mi-6)7 Vig = ’b&c b4:<s ?

in the final form asi
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The new operators bzd, and b Tulfill anticommuta-

tion relations: ‘ ' | | o (bh*&&Oh

['b«:o, '] ﬁ;gﬁd’(/’[ m,_ d)"'Sc" m
['b{o) J O : | (20)

In the particular'Case of the Mott insulator' n; o _1—n1_6 ,
and - Hy reduces to the Heisenberg Hamiltonian with pogi-
tive exchange interactions due to the kinetic exchange;
Therefore, the derived here Hamiltonian (19) can be con-
sidered as a genéralizatib@ of the Anderson'kinetio ex— -

change Hamiltonian to the casge :ni £ 1.

-, IV. CONCLUSIONS

Tet ue summarize shortly the wain points of this
paper. We haVebapplied the canonical tfansformation method
in a nonstandard ﬁituation, namely we have not assumed
thét H is d:agonal. The canonloal traanormatlon has been
uged to oorqtruct the effect1Ve Hamlltonlan in which the

spln degeneracy of the Hubbard model is removed. For this
purpoée we have divided (projected) the hopping term in
Eqe. (1) into four parts cornected with hopping from single-
to double-occupied sgites and V1ce—Versa by the qpln—depend—
ent 1nterq1te 1nteraot10ns. The obtalned formula (19) for
these 1nteract10nq reduceq to the Anderson klnetlc exchange2
for the Mott ingulator which ig not the cage in the pértur-
bationalbapproaoh4. Moreover, the canonical transformation
method ié more universal thall the perturbation theory in

thig sense that 1t renormallzeq the ground atate of the ays-
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tem. It means that we reblace interactions befWeeh bare
particles by interactioné between guasiparticlese. The same
method hag been applied in the theory of suﬁeréonductivity
where attiactive‘interaotiOns between electrons are con-
structed from electron-photon interéction6.

Howevef, we have congidered here the case wﬁen
[t € U only, so the_metallié phaSe;wafter'the Mot
transition; ig beyond the scope of this paper; It requiresg
the inclugion of real hopping from gingle- to double-oc-
cupied gites which has been here discardéd by the canoni-
cal transformatibn. Analogical problem occurs in the BCS
theory6 which is not appropriate for the desdription of
a norma;’metallic phase above the critical temperature TG.
Since we have replaced the hopping between single- and
double-occupied sites by the virtual hoppihg, the only ¢on-
clusion about nonmetai-metal trensition which can be drawn
from the‘theory presented here is that trangition to the
metallic state cannot occur in a maghetically orderéd

state.
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