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I .  INTRODUCTION

The Hubbard m ode l  i s  v e r y  u s e f u l  f o r  t h e  d e s c r i p t i o n  

o f  two k i n d s  o f  phenomena due t o  c o r r e l a t i o n s  i n  na rrow  

b a n d s :  band f e r r o m a g n e t i s m  o f  m e t a l s  and a l l o y s /  and m e t a l -
-j

-nonmeta.1  t r a n s i t i o n  • The Hubbard H a m i l t o n i a n  i s :

H  ** t n o - t o - j *  ■+ ^  ,
Ą. ( 1 )

w i t h  I n d i c e s  i  and j  r e p r e s e n t  l a t t i c e  s i t e s ,

w h i l e  <3 = -  1 i s  a s p i n  quantum number.  The o p e r a t o r  

a i o '  ^a ior ) c r e a t e s  ( d e s t r o y s )  an e l e c t r o n  w i t h  t h e  d i a g ­

o n a l  s p i n  com ponent  Sz = <3/2 on s i t e  i ,  so  n . ^  =a*  a ^' us i o  i o
i s  t h e  o p e r a t o r  o f  p a r t i c l e  number on t h e  s i t e  i .  The 

f i r s t  sum i n  E q . ( 1 )  i s  u s u a l l y  c a l l e d  t h e  h o p p i n g  te rm .a n d  

e x p r e s s e s  t h e  movement o f  an e l e c t r o n  w i t h  Ss = d /2  f r o m  

s i t e  2 t o  s i t e  i .  The h o p p i n g  term i s  w r i t t e n  i n  t h e  

Wannier  r e p r e s e n t a t i o n  and i t  s t a n d s  f o r  t h e  k i n e t i c  e n e r g y  

o f  e l e c t r o n s  p l u s  t h e  e n e r g y  due t o  t h e  a t t r a c t i v e  p e r i o d i c  

p o t e n t i a l .  The l a r g e r  t h e  c o n t r i b u t i o n  o f  t h i s  sum t o  th e '  

t o t a l  e n e r g y  o f  t h e  sy s tem ,  t h e  more f r e e l y  t h e  e l e c t r o n s  

move t h r o u g h  t h e  l a t t i c e  and f o r m  p r o p o r t i o n a l l y  w i d e r  

b a n d s .  I n  t h e  t i g h t  b i n d i n g  a p p r o x i m a t i o n  we l i m i t  o u r s e l v e s  

t o  t h e  h o p p i n g  b e tw een  t h e  n e a r e s t  n e i g h b o u r s  < i ,  j  >  and 

t h e n  we p u t  t  . . . . =  t  <  0 .  ■
>> -1* 9 J /

The se con d  sum i n  Eq. ( 1 )  d e s c r i b e s  t h e  Coulomb r e ­

p u l s i o n  b e tw e e n  e l e c t r o n s  w i t h  o p p o s i t e  s p i n s  on t h e  same 

l a t t i c e  s i t e .  In  t h e  n o n d e g e n e r a t e  Hubbard m ode l  e a ch  atom 

h a s  o n l y  s i n g l e  o r b i t a l  a t o m ic  s t a t e  a v a i l a b l e  f o r  e l e c ­

t r o n s  ( i . e . -  o f  1s t y p e ) ,  w hich  c a n - h o l d  up t o  two e l e c t r o n s



w ith  o p p o s i t e  s p i n s ,  a s  i t  can be se e n  f r o m  Eq.  ( 1 ) .

The Coulomb and e x ch a n g e  i n t e r a c t i o n s  b etw een  e l e c ­

t r o n s  l o c a t e d  on d i f f e r e n t  s i t e s  a r e  n e g l e c t e d  i n  t h e  t r a -  

d i t i o n a l  Hubbard t r e a t m e n t 1 . H ow ever ,  t h e  i n t e r s i t e  i n t e r ­

a c t i o n s  come ou t  a l s o  f r o m  t h e  Hub b ard H a m i l t o n i a n  ( 1 ) i f  

th e  Coulomh r e p u l s i o n  H i s  s t r o n g  e n o u g h ,  A p a r t  o f  them 

i s  a s p i n - s p i n  i n t e r a c t i o n  o f  t h e  H e i s e n b e r g  f o r m  ( i . e .  

S i  .  S j  )  a f t e r  A n d e r s o n 2 i s  c a l l e d  t h e  ' k i n e t i c  ex cha ng e

i n t e r a c t i o n .  The c o n c e p t  o f  th e  ' k i n e t i c  e x ch a n g e  i n t e r a c ­

t i o n  i s  s h o r t l y  summarized in  S e c .  I I .

In  S e c . I l l  we o b t a i n  an e x p l i c i t  fo rm  o f  t h e  e f f e c ­

t i v e  H a m i l t o n i a n  w i th  t h e  v i r t u a l  h o p p i n g  f r o m  s i n g l e -  t o  

d o u b l e - o c c u p i e d  s i t e s  i n c l u d e d  in  i t ,  u s i n g  t h e  c a n o n i c a l - 

t r a n s f o r m a t i o n  m ethod .

S e c . I V  c o n s i s t s  o f  c o n c l u s i o n s .

I I .  THE CONCEPT OH THE KINETIC EXCHANGE INTEHACTICNS

■ I t  c o u l d  have  b e e n  e x p e c t e d  t h a t  even  f o r  s m a l l  t  

and f o r  t h e  c a s e  o f  one e l e c t r o n  p e r  atom ( i . e .  f o r  n -  1 ) ,  

t h e  band i s  h a l f - f i l l e d .  In  f a c t ,  t h e  s i t u a t i o n  i s  more 

c o m p le x .  I n  t h e  a t o m ic  l i m i t ,  i . e .  f o r ' n o n i n t e r a c t i n g  atoms 

( t  -  0 ) ,  e a c h  atom h a s  two e n e r g y  l e v e l s  which  a r e  s p l i t  

b y  U. So in  t h e  ground s t a t e  f o r  n = 1 o n l y  l o w e r  l e v e l s  

a re  f i l l e d .  S i m i l a r l y ,  when | t |<<  U e l e c t r o n s  f i l l  o n ly  

t h e  l o w e r  e n e r g y  l e v e l  which  is" b roa d en ed  by t h e  i n t e r a c ­

t i o n  and f o r m s  a n a rrow  b a n d .  Thus a system  a t  t h e  tem p era ­

t u r e  T = 0 can  rem a in  an i n s u l a t o r ,  due t o  an i n c r e a s e  

o f  th e  e l e c t r o s t a t i c  e n e r g y  by  th e  amount pU, where p 

i s  a number o f  d o u b l e  o c c u p i e d  s i t e s .  Such an i n s u l a t i n g
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s y s t e m ,  w h i l e  t  /  O, i s  c a l l e d  the. M ott  i n s u l a t o r  . I t  i s  

i m p o r t a n t  t h e n  t o  a sk  a b o u t  th e  s p i n  c o n f i g u r a t i o n  o f  t h i s  

s y s t e m .  F r o m t h a t  r e a s o n  o u r  aim i n  t h i s  p a p e r  i s  t o  c o n ­

s t r u c t  an e f f e c t i v e  H a m i l t o n i a n  i n  w hich  t h e  s p i n  d e g e n e r ­

a c y  e x i s t i n g  i n  t h e  a t o m i c  l i m i t  i s  r e m o v e d .  The method 

a d o p t e d  t o  t h e  p r o b le m  i s  a l s o  a p p l i c a b l e  i f  n p 1 ,  i . e .  

f o r  a p a r t i a l l y  f i l l e d  b a n d .  As we s h a l l  s e e  i t  g i v e s  r e ­

s u l t s  w h ich  a r e  more g e n e r a l  t h a n  t h e  a p p r o a c h  b a sed  on

t h e  p e r t u r b a t i o n  t h e o r y  2,4. I n  f a c t ,  i n  t h e  l a t t e r  c a s e

t h e  H e i s e n b e r g - t y p e  i n t e r a c t i o n  was d e r i v e d  f r o m  t h e  Hub-

bard m ode l  f o x ’ n=1 .2 and t h u s  t h e  t o t a l  H a m i l t o n i a n  i s  o f  

t h e  f o r m :

-  4 -

where S = ( S+, S, , S?)  , s t  = a U  a .  . , ST = a t ,  a . .  ,1 1* l/f 1 it 1 1 1^ 1* 9

and =. ( n . ^  The l a s t  te rm  i n  E q .  (2.) i s  c a l l e d

th e  k i n e t i c  ex ch a n g e  i n t e r a c t i o n  and i s  o n l y  a p a r t  o f  th e

H e i s e n b e r g  H a m i l t o n ia n  2. The c a s e  o f  t h e  Mott  i n s u l a t o r ,  

when t h e  o p e r a t o r  n 1 = n σ  +  n  i - σ ,  i s n o t  e a s i l y  v i s i ­

b l e  i n  E q .  (2)  s i n c e  t h e  h o p p i n g  term  i s  a lw a y s  p r e s e n t

w h enever   t ≠   0 .  We w i l l  show t h a t  i n  t h e  c a s e  o f  t h e  Mott

i n s u l a t o r  o u r  e f f e c t i v e  H a m i l t o n i a n  r e d u c e s  s t r i c t l y  t o  th e  

H a m i l t o n i a n  o f  t h e  A n d erson  k i n e t i c  ex ch a n g e  2. I n  a p e r t u r -  

b a t i v e  a p p r o a c h  th e  Mott  i n s u l a t o r  was d i s c u s s e d  t a k i n g  th e  

whole  h o p p i n g  term a s  a p e r t u r b a t i o n .  With  th e  h e l p  o f  t h e  

c a n o n i c a l  t r a n s f o r m a t i o n  method we remove t h e  p a r t  o f  i t  

c o n n e c t e d  w i th  t r a n s i t i o n s  f r o m  s i n g l e -  t o  d o u b l e - o c c u p i e d  

s i t e s  o n l y ,  and we r e p l a c e  i t  by t h e  s p i n —d e p e n d e n t  i n t e r -
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s i t e  i n t e r a c t i o n s  b e tw een  e l e c t r o n s .

I I I .  THE EFFECTIVE HAMILTONIAN

The e s s e n t i a l ,  f e a t u r e  o f  t h e  t h e o r y  w h ich  we would 

. l ik e  t o  d e v e l o p  now i s  t h a t  we t a k e  i n t o  a c c o u n t  ab i n i ­

t i o . .  th e  f a c t  t h a t  i n t r a - a t o m i c  f o r c e s  a r e  s u f f i c i e n t l y  

s t r o n g  ( |t | << U) , t o  p r e v e n t  two e l e c t r o n s  o f  o p p o s i t e  

s p i n s  f r o m  o c c u p y i n g  t h e  same a t o m i c  s i t e ,  e x c e p t  i n  v i -  

t u a l  t r a n s i t i o n s  . To s t a r t  w i t h  we d i v i d e  t h e  s i t e - o c c u -  

p a t i o n  number H i l b e r t  s p a c e  i n t o  two s u b s p a c e s :  t h e  f i r s t  

one w h ich  i n c l u d e s  s t a t e s  w i t h  o c c u p a t i o n  number n^=0 

and 1 i n  e a ch  l a t t i c e  s i t e  i ,  and t h e  h o p p i n g  b e tw een  

them, and t h e  s e c o n d  one -  t h e  s u b s p a c e  o f  d o u b l e - o c c u p i e d  

s i t e s  ( n i σ , = n i - σ  = 1 ) ,  and t h e  h o p p i n g  b e tw e e n  them.

Next we t r e a t  th e  h o p p i n g  b e tw e e n  t h e s e  s u b s p a c e s  a s  a p e r ­

t u r b a t i o n  w hich  we want t o  e l i m i n a t e  b y  t h e  p r o p e r l y  c h o ­

sen  u n i t a r y  t r a n s f o r m a t i o n  o f  t h e  H a m i l t o n i a n .  Such a t r a n s ­

f o r m a t i o n  h a s  b een  r e c e n t l y  c o n s i d e r e d  by  S t e v e n s ^ .  F o l l o w ­

i n g  h i s  c o n c e p t ,  and w i th  t h e  h e l p  o f  t h e  i d e n t i t y :

we d i v i d e  t h e  h o p p i n g  p a r t  o f  t h e  H a m i l t o n ia n  ( 1 )  i n t o  t e rm s  

which  o p e r a t e  i n  p a r t i c u l a r  s u b s p a c e s  o r  t r a n s f o r m  t h e  e l e c ­

t r o n  f r o m  one t o  t h e  o t h e r .  F o r  c o n v e n i e n c e  we w r i t e  t h e  

f u l l  H a m i l t o n i a n  a s  f o u r  t e r m s :  a p r o j e c t i o n  o f  i t  o n t o  t h e  

f i r s t  s u b s p a c e  ( P oHPo ) , o n t o  t h e  se con d  s u b s p a c e  (P NHPN.),  

and t h e  m ix in g  term  (PoHPN + PNHPo ) , where Po and PN a r e
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p r o j e c t i o n  o p e r a t o r s  o f  t h e  f i r s t  and se con d  s u b s p a c e s ,  r e ­

s p e c t i v e l y  ( Po+PN = 1) :

( 4)

w h e r e :

( 4a)

(4 h )

and

L e t  u s  d e f i n e  t h e  o p e r a t o r :

( 5 )

where ( H o = P 0 H P 0  +  P N  H P N ,   H 1=H -H 0)  , and w hich  r e p r o -

d u c e s  t h e  H a m i l t o n i a n  H f o r  E  = 1 .  We l o o k  f o r  a t r a n s -  

f o r m a t i o n :

( 4 c )

(4d) -

w i t h  S = S+ , such t h a t  HE h a s  a l l  i t s  o f f - d i a g o n a l  e l ­

em ents  o f  o r d e r  l e s s  t h a n  e  . Of c o u r s e ,  t h e  e f f e c t i v e  

H a m i l t o n i a n  ^  . Assuming t h a t :

( 6)
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n)
we o b t a i n  t e r m s  'up t o  o r d e r

The l i n e a r ,  term i s  a b s e n t  when:

rs)

T h i s  c o n d i t i o n  s u b s t i t u t e d  i n t o  Eq.  ( 8 )  g i v e s :

E q.  ( 9 )  may be s o l v e d  w i t h  r e s p e c t  t o  S .  I t  ca n  be p r o ­

j e c t e d  o n t o  s u b s p a c e s  and t h u s  can  be w r i t t e n  a s :

( 9a)

f 9 c )

E q . ( 9 b )  and ( 9 c )  a r e  s a t i s f i e d  i f  we p u t  P0 SP0 =  P0 and
.

PNSPN= PN • I t  i s  t h e  o n ly  s o l u t i o n  o f  t h e s e  e q u a t i o n s  

b e c a u s e  P0 [ Ho , S ]  PN ≠  0 and t h u s  S  i s  n o t  a f u n c t i o n



One may s o l v e  t h i s  e q u a t i o n  by  t h e  f o l l o w i n g  i t e r a t i o n  p r o ­

c e d u r e .  Assuming t h a t  on t h e  r . h . s .  o f  Eq.  ( 1 1 )  P0 S (O) PN=0
  

we g e t  an e x p r e s s i o n  f o r   P0S (1) PN   ; n e x t  s u b s t i t u t i n g
( 1 )

P o S PN t o  t h e  r . h . s .  o f  Eq.  ( 1 1 )  we o b t a i n  an e x p r e s s i o n  

f o r  P0 S (2 )pN, e t c .  I t e r a t i n g  up t o  i n f i n i t e  o r d e r  we con ­

s t r u c t  a g e o m e t r i c  p r o g r e s s i o n ,  w hich  l e a d s  t o  t h e  f i n a l  

f o r m u l a  f o r  P 0 S P N  o f   t he  f o r m :  ( 1 2 )

o f  H0 , b u t  commutes w i t h  i t  when p r o j e c t e d  o n t o  s u b s p a c e s .  

With  r e g a r d  t o  t h a t  we h a v e :

The s i m p l e s t  a p p r o x i m a t i o n  o f  (P NHPN- P 0 HP0) i s  t h e  r e - 

p la c e m e n t  o f  i t  'by t h e  e n e r g y  d i f f e r e n c e  b e tw een  c e n t e r s  

o f  g r a v i t y  o f  two subbands  w h ich  i s  e q u a l  Δ =  U  . So 

f r o m  Eq.  ( 1 1 ) :

and w i t h  r e g a r d  t o  Eq.  ( 1 0 )  we h a v e :

w h e r e :

M3 )

( 14)

( 1 5 a )



S u b s t i t u t i n g  Eq.  ( 4 c )  and E q .  ( 4 d )  t o  E q .  ( 1 5 a )  and ( 1 5 b ) ,  

we g e t  a f t e r  some m a n i p u l a t i o n s  and n e g l e c t i n g  t e r m s  co n ­

n e c t i n g  more t h a n  two l a t t i c e  s i t e s :

where fh -  S_L f o r  d  = -  1 f r e s p e c t i v e l y .  The p a r t  ( 1 7 ) 

o f  t h e  e f f e c t i v e  H a m i l t o n i a n  d o e s  n o t  i n f l u e n c e  t h e  m a g n e t i c

s t a t e  in  t h e  c a s e  ) t [  U and |t| ^  k-nT
B (w h ic h  means

t h a t  < n i a , > ~  <  V) .<J>  ) ,  and t h u s  can he n e g l e c t e d .  Ro t h e

e f f e c t i v e  m a g n e t i c  H a m i l t o n i a n  H^ can  he r e w r i t t e n  w ith

new o p e r a t o r s  i n t r o d u c e d :  (1 8 )

(15b)

i n  t h e  f i n a l  f o r m  a s :
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In  t h e  p a r t i c u l a r  c a s e  o f  t h e  Mott  i n s u l a t o r  n =1—n
ltf i - t f  '

and ■ r e d u c e s  t o  t h e  H e i s e n b e r g  H a m i l t o n i a n  w i t h . p o s i ­

t i v e  e x ch a n g e  i n t e r a c t i o n s  due t o  t h e  k i n e t i c  e x c h a n g e .  

T h e r e f o r e ,  t h e  d e r i v e d  h e r e  H a m i l t o n i a n  ( 1 9 )  can  be co n ­

s i d e r e d  a s  a g e n e r a l i z a t i o n  o f  t h e  A n d e rso n  k i n e t i c  ex­

change  H a m i l t o n i a n  t o  t h e  c a s e  n^ ^ 1 .

■ I V . CONCLUSIONS

l e t  u s  summarize s h o r t l y  t h e  main p o i n t s  o f  t h i s  

p a p e r .  We h a v e  a p p l i e d  t h e  c a n o n i c a l  t r a n s f o r m a t i o n  method 

i n  a n o n s t a n d a r d  s i t u a t i o n ,  n am ely  f e  h a v e  n o t  assumed 

t h a t  Hq i s  d i a g o n a l .  The c a n o n i c a l  t r a n s f o r m a t i o n  h a s  been  

u sed  t o  c o n s t r u c t  t h e  e f f e c t i v e  H a m i l t o n i a n  i n  w hich  t h e  

s p i n  d e g e n e r a c y  o f  t h e  Hubbard m odel  i s  r e m o v e d .  Hor t h i s  

p u i p o s e  we h a v e  d i v i d e d  ( p r o j e c t e d )  t h e  h o p p i n g  term  in  

Eq_. ( 1 )  i n t o  f o u r  p a r t s  c o n n e c t e d  w i t h  h o p p i n g  f r o m  s i n g l e — 

t o  d o u b l e - o c c u p i e d  s i t e s  and v i c e - v e r s a  by  t h e  s p i n - d e p e n d ­

en t  i n t e r s i t e  i n t e r a c t i o n s .  The o b t a i n e d  f o r m u l a  ( 1 9 )  f o r  

t h e s e  i n t e r a c t i o n s  r e d u c e s  t o  t h e  A n d e rso n  k i n e t i c  exchange^" 

f o r  t h e  Mott  i n s u l a t o r  w hich  i s  n o t  t h e  c a s e  i n  t h e  p e r t u r -  

b a t i o n a l  a p p r o a c h ^ .  M o r e o v e r ,  t h e  c a n o n i c a l  t r a n s f o r m a t i o n  

method i s  more u n i v e r s a l  t h a 51 ^he p e r t u r b a t i o n  t h e o r y  i n  

t h i s  s e n s e  t h a t  i t  r e n o r m a l i z e s  t h e  ground s t a t e  o f  t h e  s y s -

The new o p e r a t o r s  h t rf and f u l f i l l  a n t i c o m m u ta -

t i o n  r e l a t i o n s :
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tern. I t  means t h a t  we r e p l a c e  i n t e r a c t i o n s  "between "bare

p a r t i c l e s  by i n t e r a c t i o n s  "between q u a s i p a r t i c l e s .  The same

method h a s  "been a p p l i e d  i n  t h e  t h e o r y  o f  s u p e r c o n d u c t i v i t y

where a t t r a c t i v e  i n t e r a c t i o n s  "between e l e c t r o n s  a r e  c o n -

s t r u c t e d  f r o m  e l e c t r o n - p h o t o n  i n t e r a c t i o n 6 .

However ,  we h a v e  c o n s i d e r e d  h e r e  t h e  c a s e  when

| t | « U  o n l y ,  so t h e  m e t a l l i c  p h a s e ,  a f t e r  t h e  Mott  

t r a n s i t i o n ,  i s  "beyond t h e  s c o p e  o f  t h i s  p a p e r .  I t  r e q u i r e s  

t h e  i n c l u s i o n  o f  r e a l  h o p p i n g  f r o m  s i n g l e -  t o  d o u b l e - o c ­

c u p ie d  s i t e s  which  h a s  b e e n  h e r e  d i s c a r d e d  by t h e  c a n o n i ­

c a l  t r a n s f o r m a t i o n .  A n a l o g i c a l  p r o b le m  o c c u r s  i n  t h e  BCS 

t h e o r y ^  w hich  i s  n o t  a p p r o p r i a t e  f o r  t h e  d e s c r i p t i o n ,  o f  

a n orm a l  m e t a l l i c  p h a se  a b o ve  t h e  c r i t i c a l  t e m p e r a t u r e  TC . 

S in c e  we h a v e  r e p l a c e d  t h e  h o p p i n g  b e tw een  s i n g l e -  and 

d o u b l e - o c c u p i e d  s i t e s  by t h e  v i r t u a l  h o p p i n g ,  t h e  o n l y  c o n -

c l u s i o n  a b o u t  n o n m e t a l - m e t a l  t r a n s i t i o n  w hich  can  be drawn 

fro m  th e  t h e o r y  p r e s e n t e d  h e r e  i s  t h a t  t r a n s i t i o n  t o  th e  

m e t a l l i c  s t a t e  c a n n o t  o c c u r  i n  a m a g n e t i c a l l y  o r d e r e d  

s t a t e .
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