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MINIMAL PROJECTIONS ONTO SPACES OF SYMMETRIC
MATRICES

BY DOMINIK MIELCZAREK

Abstract. Let X, denote the space of all n X n matrices and Y,, C X,
its subspace consisting of all n X n symmetric matrices. In this paper we
will prove that a projection P,: X, — Y, given by the formula P,(A) =

% is a minimal projection, if the norm of matrix A is an operator

norm generated by symmetric norm in the space R". We will show that
the assumption about the symmetry of the norm is essential. We will also
prove that this projection is the only minimal projection if our operator
norm is determinated by the /2 norm in the space R".

1. Introduction. Let X be normed space over the field of real numbers
and let Y be a linear subspace of X. A bounded linear operator P: X — Y is
called a projection if P }Y = Id. The set of all projections from X onto Y will
be denoted by P(X, Y). A projection P is called minimal if

IRl =int{IP]| : P e P(X, )}
Analogously, Py is said to be co-minimal if
11d — Ry|| = inf{HId _P|| : PeP(X, Y)}.
The constant
AX, Y) = inf{||P\| . Pe P(X, Y)}

is called the relative projection constant.

The problem of finding formulas for minimal projections is related to the Hahn—
Banach Theorem, as well as to the problem of producing a “good” linear
replacement of an € X by a certain element from Y, because of the inequality

[ = P(z)[| < (1 + [|P[))dist(z, Y),
where P € P(X, Y).
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For more information concerning minimal projections, the reader is referred to
(1234151234151 234/51234512345|, [8910111213891011121389101112138910111213891011/121:

In this paper we are interested in finding a minimal projection from X,, =
L(R™) equipped with operator norms onto its subspace Y, consisting of all
symmetric n X n matrices. The main result here is Theorem which shows
that if the norm in X,, is generated by a symmetric norm in R", then the
averaging operator P,(A) = # is a minimal projection. However, this is
not true in general (see Theorem [2.3). We also show that if the norm in X, is
generated by the Euclidean norm in R", then P, is the only minimal projection
(Theorem7 some other results concerning P, also will be presented. In the
sequel we need

THEOREM 1.1. (see, e.g., [1]). Let Y = NI, ker(f;), where {f1, ..., fx}
1s linearly independent subset of X*. If P is a projection of X onto Y, then
there exist y1, ..., yr € X such that fi(y;) = di; and

k
P(z) =z - Zfi(l")yia
i=1

forx e X.

Now assume that G is a compact topological group such that each element
g € G induces isometry A, in the space X. Let Y C X be subspace of X
invariant with respect to Ay, g € G, which means that A,(Y) C Y for each
g € G. We shall assume that the map (g, ) — Agz from G x X into X is
continous. We will write ¢ instead of A, and ul|g|| instead of ||A]|.

THEOREM 1.2. (see, e.g., [14]). Let group a G fulfil the above conditions.
If P(X, Y) # 0, then there exists a projection P which commutes with group
G, i.e. for each g € G, AjP = PA,.

Moreover, if @ € P(X, Y) then P can be defined as

P=/91Q9d9,
G

where dg is the probabilistic Haar measure on G.
If there exists exactly one projection witch commutes with GG, we can state

LEMMA 1.1. (see, e.g., |6]). If a projection P: X — Y is the only projection
which commutes with G, then P is minimal and cominimal.

PRrROOF. Let Q € P(X, Y). We show that
1Pl < lell.
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Since P is the only projection which commutes with G, by Theorem

P—/g_ngdg,
G

where dg is the probabilistic Haar measure on G. Making use of the properties
of Bochner’s integral, we obtain the following estimate

1 Pl = -1 dH -1 d

1) 1Pl HLQC%Q < [ o lellslds
/dMQWﬂ@W

G

Therefore, P is minimal. Now we shall show that P is also co-minimal. Let
Q@ € P(X, Y). Then ther occur inequalities hold:

(2)

HmmszLf@mﬂ

— | [ ua- Q| <11l
and thus the projection P is also co-minimal. O

2. Minimality of averaging projection. Let us denote
X, = L(R").

Then the space X,,, after fixing a base in R”, can be treated as the set of all
real square matrices of dimension n. Set

Yn:{AeXn : A:AT}.

DEFINITION 2.1. A projection P,: X,, — Y, given by

A+ AT
P,(A) = 5
for A € X, is called the averaging projection.
DEFINITION 2.2. We will state that the norm || - || in the space R" is
symmetric if there exists a base {v1, ..., vy} of R” such that

9

n n
E a;iv; E Eilg(i)Vi
i=1 i=1

for any a; € R, any permutation o of the set {1, ..., n} and ¢; € {—1, 1}.
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Now we show that if the operator norm of A € X, is generated by sym-
metric norm in R™, that is

[A]} = sup [[Az]jo,

l[zllo=1

where [|+||o is @ symmetric norm in the space R™, then projection P, is minimal.
Let us define

N=A{1, ..., n}x{1l, ..., n},
L={G,i)eN ie{l, n}}
S=N\L and

Forl, p, ke N

ai(p) = { 0 if p£1,

u(p) = a(p) + Ok (p)-

Then codim Y = #M and
Y, = () ker(f2),
zeM

where for z = (i, j) € M, A = (aij)i, jlen € Xn, fij(A) = ai; — aji. By
Theorem there exists a sequence of matrices {B,}.cpr C Xj, such that

fw( z) = 511127 and

Py() =1d(-) = Y f.()B..

zeM

Pa(') = Id() - Z fz()Bz

LEMMA 2.1. Let

zeM
Then, for each z = (i, j) € M the matriz B, = (bj,), kyen has the form
% if (k) =G, j),
le = 2 Zf (lv ) = (]7 2)7

0 i (I, k) # (i j)-
PROOF. Let z = (i, j) € M. Since for any A € X,, P,(A) = P,(AT),
0= P,(B,) = P,(BI') = BT + B,.
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Therefore, B, = —BY. Hence
bix + by =0,

for each (I, k) € N.
Since fy(B;) = 0wz, for w, z € M,

% it (I, k)= (i, j),
lzk: = _% if (l7 k) = (.77 Z)a
0 if (, k) # (@ J),
which completes the proof. ]

Now, for any z = (i, j) € S, define
Lij(e1, €2) = Z ou + €10, jy + €205, )
le{1, .., n}\{s, 5}
£1, €2 € {—1, 1}.
For any (i, j), € S, set
Ly = I;(1, 1),

I; = Iij(-1, 1).
It is easy to see that for any (i, j) € S, 1, ea € {—1, 1}
(3) Lij(e1, €2) = Lji(e2, €1),
(4) Ij(1, 1) = I (1, DT,
(5) Iij(—1, —=1) = Ijj(-1, =1)7,
(6) Li(—1,1) = I;(—1, 1) and
(7) Lij(e1, e2)ij(e1, e2)T = Lij(e1, e2)' Iij(e1, e2) = Id.

It is also easy to verify that if a norm in the space R" is symmetric, then every
map I;;j(e1, €2) is an isometry in R™.
Let G be the group generated by the matrices of this form. Each element I of
G induces a linear isomorphism W¥; in the space X,,, given by the formula

U, (A) =TT AL
for A e X,,.
If the norm in X, is generated by a symmetric norm in R”, then it is easy
to verify that for any I € G ¥y is an isometry in X,,. It is obvious that Y,
is invariant under ¥y, I € G. By Theorem there exists a projection @)
which commutes with our group G. In order to show that the projection P, is
minimal it is enough to show that P, is the only projection commuting with
the group G. For the purpose of simplification, let ®;; = Wy, i ¢, =V I We

are ready to state the main result of this paper
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THEOREM 2.1. If an operator norm in X, is generated by a symmetric
norm in R™, then the averaging projection P, is minimal.

Proor. We will show that P, is the only projection witch commutes with
G. By Theorem it follows that there exists a projection Q: X,, — Y,
commuting with G. It is sufficient to show that Q = P,. By Theorem

Q) =1d() = f-(-)B:,
zeM

where fi,(B;) = 0y, for w, z € M.
In order to show @ = P, it is sufficient to prove that, for every z = (i, j) € M,
B. = (b,)q, kyen has the form

Since the projection Q commutes with G, for any (i, j) € M there is:

(8) QP = 9450,

9) Qe; = 2,0Q.

By definition of ®;;, it follows that

(10) Pijdu, ) = G, i)

(11) 06,5 = =0,

for each (i, j) € M. Hence we obtain
(13) Q3o = ig(Id(5.p) — Y f:(5.5)B: ).

zeM

Hence after simple re-formations
(14) 03, ) + B, 5) = 0G. 1) — i (B, 5);
and therefore,

(15) B, jy = —®i5(Bg, j))-
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Since each ®;; exchanges the i-th row with j-th row, and the i-th column with
j-th column for any A € X,,, by we obtain:

(16) bi, = 0,
(17) bir, +bjr, =0,
(18) bri + brj =0,
(19) bi; +b;; =0,
(20) bij +b;;i =0,

for k, e {1, ..., n}\ {4, j}.
Since f(;, 5 (B, ) = 1, by

bij — bji =1,
bij + bjz' =0.
Therefore, b;; = %, bj; = —%.
Making use of equation @D, we get
(21) Q(I);J(S(%J) = <I>;]Q5(Z’])
By , there is
(22) — Q0,9 = 0 (1406, ) = Y £:006,5)B: ).
zeEM
Hence
(23) B, j) = ®3;(B, j)-

Because the map P, exchanges, in any matrix from X,, i-th row with j-th
row, and the i-th column with the j-th column, as well as multiplies ¢-th row
and the ¢-th column by —1, then

bi — bjr = 0,
bri — br; = 0,
bii — bj; =0,

for ke {1, ..., n}\ {4, 5}
From equations , , , , we obtain that By; ;) has the form

1
2

by = —% it (I, k)
0 i

Hence Q = P,, as required. O
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Now we show that the assumption about the symmetry of the norm in
Theorem [2.1|is essential. For x = (z1, ..., z,) € R" define

n
[zllbo = |z1| + Z |z — mi1],
i=2

and for A € X, set
[Allow = sup ||Az|lpp.

ll]lpo=1

In the sequel we need

THEOREM 2.2. (see, e.g., [14]). Let X be the normed space, Y be the closed
subspace of finite codimension n. Then

AX,Y)<Vn+1.

THEOREM 2.3. In the normed space (X, || - |[pw), the averaging projection
s not a minimal projection.
Proof.
Since codim Y,, = @, by Theorem
-1
A(Xyp, Yy) < n(n2) 41
Hence we need to show that
n(n—1
(2) +1 < | Pallow-

Let .
A == Z 6(1, 1).
=1

A simple calculation shows that [|A||p, = 1 and || Py(A)|[py > 2. Hence

2n+1
”PaHbvz 9

Obviously, for any natural number n,

n(n—1) 2n+1
Consequently P, is not minimal.
Let

[AllL = sup |[[Az]]s,

[lz[l1=1

n
where ||zlly =) |z @ = (21, ..., 2n) € R
=1
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THEOREM 2.4. In the space (Xp, || - ||1) the relative projection constant is
equal to ”+1

PROOF. By Theorem
A(Xnv Yn) = HPaHla
where P, is the averaging projection.
To conclude this proof, it is enough to show that
n+1

AT

Note that for A = (aij)(i7j)€N e X,,

n

Al = max {3 lagl}.

)ty

i=1
and HAJFTAT < ”?“ But for any i € {1, ..., n} and
n
A= "065),
j=1
H # H = ”TH This concludes the proof of Theorem O

Let for any A € X,,
[Alloo = sup [[Az|oo,
l[zlloo=1

where ||z||oc = max }\xi|, for x = (z1, ..., x,) € R™
e

g eey

THEOREM 2.5. In the space (X, || ||oo) the relative projection constant is
equal to ”+1

PROOF. By Theorem
A(Xna Yn) = ||Pa”o<>a
Note that for any A = (aij)(, jen € Xn,

|Alloe = max {Dam}

and HA‘FTAT <ol Let for j € {1, ..., n}

n
A= %)
i=1
then ||A]lcc = 1 and H A“‘TAT H = ”7“ This concludes the proof of Theorem
L]
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3. The unique minimality of averaging projection in the space
(Xn, ||+ l]2). For A € X, let

[All2 = sup [[Az]z,

[[=]l2=1

1

where [|z]]2 = <§”: \xZ-]Q)i, for . = (x1, ..., x,) € R". It is well-known that
for A € X,, =
[All2 = /(AT A),
where 7(A) is the spectral radius of A. In particular
471, = vt

Hence || P, |2 = 1.
In this section we will show that P, is the unique norm-one projection.
Define

Aij(0) = > 8- + sin(0) (8¢, 4y + 6(j, j)) + cos(8) (8¢, 1y — 8¢5, 1))
2€L\{(4, 9), (4, )}
for fixed (i, j) € M, 6 € R.
It is easy to show that A;;(#) is orthogonal, that is
A33(0)T Ay (0) = Aij(0) Ay (0)" = Id.
Hence ||A;5(0)|]2 = 1, for each (i, j) € M, § € R.

THEOREM 3.1. In the normed space (X, ||-||2), Pa is the unique norm-one
projection.

PrROOF. We will show that Q € P(X,, Y;,) is a norm-one projection, then
Q = P,. Applying Theorem we obtain:

Q() = Id() - Z fz(')BZa
zeM
where f,(B;) = 0wz, for w, z € M.
In order to complete the proof of Theorem by Lemma [2.1] it is sufficient
to show that any matrix B, = (bj,) ¢, r)en is given by

1ot (1 k)= (i, j),
0 if (I, k) # (i, j).

Rl
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Let (i, j) € M. For any § € R

(24) Q(Ai;(0)) = 1d(Ay5(0)) = > f-(Ai(0)B. =
zeM

(25) = Aij(0) —2cos(0) By, -

Since [|Q]|2 = 1,

(26) 1455(6) — 2c08(9) By ll2 < 1,

for every 6 € R.
Fix z = (I, 1) € L\ {(4, i), (4, 7)}. We will show that b;; = 0.
By , we obtain

(27) (A4 (6) — 2c08(0) By 3))ell2 < 1.
for any 6 € R. It implies that

(28) |1 —2cos(0)b| <1,

for any 0 € R. Consequently, bj; = 0 and

(29) by =0,

(30) w =0,

for any k € {1, ... ,n}.
Now we will show that b7, = bjj =0.

By (26),
1(A(0) — 2cos(0)By;, jy) sin(f)e;l2 < 1,

and consequently,

(31) —1<sin”f — 2sinfcosHbf; < 1,
for any 6 € R.
From (31)) one can easily get
in0 —1 in26+ 1
B) Sy Sty dwoe (0 3) aud
<2 2
sin“ 6 +1 sin“ 0 — 1 T
33 —— <b; < ————dlaf (——,0).
(33) sn2 0= sm2e VST 3
Hence
.2
sin“ 0 — 1
34 lim ————— < p% d
(34) 9_1}%1* sin2g i An
20 -1
(35) b < lim o ,
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therefore, b7; = 0. Analogously we obtain b%; = 0.
To end the proof, it is necessary to show that bi; =3, b5, = —§
Set a := 1 —2b;. It is easy to check that the charactemstlc polynomial ¢ of
the matrix A;; (9) —2cos(0) B, 5) is

©(A) = (A =1)""2((\ —sinf)? — cos? fa?).
Since A;;(0) — 2cos(0) B, 5

HAZJ(G) - 2COS(9)B(Z-7 j)||2 = T(AZ](Q) - 2COS(0)B(¢7 ]))

is symmetric,

Straightforward calculations show that the zeros of polynomial ¢ are 1,
sinf — | cosf||a| and sin 6 + | cosb||al.
Since ||A;;(0)|| < 1, for each § € R there is

(36) sin@ + | cosf||al < 1.
Hence
la] < 1—sind
a
~ cosf ’

for 6 € [0, %), which gives

. 1 —sin®
0<l|a| < lim —— =
0—I cos 6

Consequently, b7, = % The proof is complete. O

4. The unique minimality of averaging projection in /,-norm. For
any 1 <p < oo, A= (ai)i, jen € Xn define

non 1
lAl, = (32D lail?)”
i=1 j=1
and
[Alloo = max |ag.

)

It is easy to see that

I Pally = sup{ IPa(A)p < (1Al =1,} =1

for any 1 < p < .

Hence P, is a minimal projection. We will show that P, is the only minimal
projection if and only if 1 < p < co. To do this, recall that a normed space
(X, || - 1) is called smooth if for any x € X, ||z|| = 1 there exists exactly one
functional fy, ||fz| = 1 such that f;(z)=1.
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THEOREM 4.1. (see, e.g., [7]). Let X be a smooth Banach space and'Y be
linear subspace of X. Then if there exists a norm-one projection from X onto
Y, then this projection is the unique minimal projection.

Since for 1 < p < oo, space (X, || -|lp) is a smooth Banach space and
| .|| = 1, then P, is the only norm-one projection. Now we consider the two
remaining cases, p = 1 and p = oc.

THEOREM 4.2. In the space (X, || -|1), P. is the unique norm-one pro-
jection.

PROOF. Let QQ: X,, — Y,, be a projection and ||Q|; = 1. We will show
that Q = P,. By Theorem

Q() = Id() - Z fz(')BZa

zeM
where f,(B;) = 0wz, for w, z € M.
Since ||Q|l1 = 1, then
(37) 1Q(6¢, )l <1,
(38) 1Q(6¢, )l <1,
for fixed (i, j) € M. This leads to
(39) > b + 11— b5 + [b%] < 1, and

(1, K)eN\{(i, 4), (4, 1)}
(40) > [bige| + [03;] + 11 + 05 < 1.
(I, K)EN\{(i, 4), (4, 9)}
Since bj; — b3, =1,
(41) 2065 = |1 = b + |b%] < 1,
(42) 2|b7;| = [1+ bj;| + |b5;] < 1.
Hence
. 1
(43) ’bji| < 5
. 1
(44 bl < 5.
z _ 1 pz2 _ 1

Therefore, there must be bj; = 3, b3, = —3. O
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THEOREM 4.3. In the space (Xp, || - |lco) Pa, is not the only norm-one
projection.

PROOF. For A = (az'j)(i,j)eN € X, define a projection Q: X,, — Y,,, by
Q(A) = (@), j)en, where

_ o Joaii if (i, j) € M,
= ay i (4, j) € N\ M.

It is easy to show that the operator @ is a projection of X,, onto Y, ||Q|lcc=1,
and Q # P,. The proof is complete. O
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