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Abstract In this paper the sensitivity of optimal solutions to control problems
described by second order evolution subdifferential inclusions under perturbations
of state relations and of cost functionals is investigated. First we establish a new exis-
tence result for a class of such inclusions. Then, based on the theory of sequential
I'-convergence we recall the abstract scheme concerning convergence of minimal val-
ues and minimizers. The abstract scheme works provided we can establish two prop-
erties: the Kuratowski convergence of solution sets for the state relations and some
complementary I"-convergence of the cost functionals. Then these two properties are
implemented in the considered case.

Keywords Evolution subdifferential inclusion - Control problem - Sensitivity - The
Clarke subdifferential - Multifunction - Pseudomonotone and maximal monotone
operators - PG- and I"-convergences

1 Introduction

It is well known ([39,44—46]) that many problems from mechanics (elasticity theory,
semipermeability, electrostatics, hydraulics, fluid flow), economics and so on can be
modeled by subdifferential inclusions or hemivariational inequalities. The latter are
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generalizations of partial differential equations (PDEs) and variational inequalities
[26] in the sense that besides of physical phenomena leading to classical PDEs one
has to take into consideration some nonlinear, nonmonotone and possibly multivalued
laws (e.g. stress—strain, reaction—displacement, generalized forces—velocities, etc.)
which can be expressed by means of the Clarke subdifferential.

In this paper, which is in a sense a continuation of [22,25], we deal with con-
trol problems for systems governed by evolution second order inclusions which are
equivalent to second order hemivariational inequalities. More precisely, we consider

minimize {F(, y) = FO0) + FO@ + FO00 + FO00}  (€P)
subject to

Y (1) + (AY) (@) + (By) (@) + F3J (1w (1))
+50J%(1y' (1)) 3 f(t) + (Cu)(t) forae.t € (0,T) (P)
yO0)=yo, YO)=y1, yeV, Yy eW,y, uel,

where T > 0, A and B are the Nemitsky operators corresponding, respectively, to
a pseudomonotone operator A and a linear one B, J' and J? are locally Lipschitz
superpotentials defined on a reflexive Banach space Z (9 denotes their Clarke subdif-
ferentials), ¢ is a linear, continuous and compact operator and C is an operator acting
on the space /. The control is given as u = (u, yp, y1) € 4 C U x V x H, and the
cost functionals F, (i = 1,...,4) are typically in integral form (for details and
definitions of spaces V, H, V and W, see Sect. 3).

Our goal is twofold. First prove a new existence result for the Problem (P) with the
sum of two superpotentials, dependent, respectively, on displacement and its velocity.
Second we investigate the sensitivity of optimal solutions to the control problem (C P);
i.e., we are interested in the behavior of optimal solutions under perturbations of the
system (state relations; e.g. coefficients in inclusion or parameters in superpotential
are perturbed,...) as well as of perturbations of the cost functional (e.g. integrands
depending on parameters).

Our approach is based on the sequential I'-convergence (epi-convergence in terms
of [3]) theory (see [7,13,14,16,48]) in the sensitivity part, while for the existence of
optimal solutions, we use the direct method. The nonemptiness of the solution set for
(P) follows from the theory of pseudomonotone operators (cf. [24,51]) and it can
be obtained for fairly general classes of operators. However, for sensitivity results,
we restrict ourselves to special classes of maximal monotone operators for which the
notion of P G-convergence can be applied.

The basic properties assuring the convergence of minimal values and minimizers
of perturbed control problems to the minimal value and to a minimizer, respectively,
of unperturbed problem are: on one hand the Painlevé-Kuratowski convergence (we
use the nomenclature Kuratowski convergence in the sequel, for consistency with our
previous works) of solution sets, which can be expressed as I'-convergence of their
indicator functions and on the other hand some “complementary I"-convergence” of
cost functionals.
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The sensitivity of control problems was largely considered in the literature in papers
on optimal control for systems governed by ordinary differential equations ([7-9,27]),
partial differential equations ([15,31-34], Chapter 4.2 of [24]), partial differential
equations and differential inclusions ([1,2,6, 16]). We mention that the related control
problems for systems described by Clarke subdifferential inclusions and hemivaria-
tional inequalities were studied in [5,22,25,29,36,37] the shape optimization prob-
lems for Clarke subdifferential inclusions were considered in [18-21,28,43] and the
corresponding inverse and identification problems were treated in [35]. More recently,
the P G-convergence approach was used in homogenization problems for initial and
boundary value problems for second order (in time) equations with linear damping
and nonlinear elliptic terms (the homogenization was done with respect to coefficients
present in the elliptic term) by Svanstedt [50], whose work was further extended
in [40-42].

The paper is organized as follows. In Sect. 2 we present an abstract setting for
the multivalued operators and subdifferential inclusions as well as the sensitivity
analysis which is based on the I'-convergence theory. Moreover, we recall some use-
ful definitions and results from the theory of Clarke subdifferential and theory of
pseudomonotone operators. In Sect. 3 we recall the definition and properties of PG
convergence. Next, we present the control problem formulation and provide a priori
estimates as well as the existence result for the underlying Problem (P). Furthermore,
we analyze the perturbed problems and provide results on the Kuratowski conver-
gence of solution sets, and we formulate sensitivity result. In Sect. 4 we discuss the
I"'-convergence of cost functionals and present the main result on the sensitivity of
optimal solutions. In Sect. 5 we give examples of concrete operators and functionals
which satisfy the abstract assumptions of preceding sections.

2 General Setting and Preliminaries
2.1 Abstract Scheme

In this subsection we recall the abstract scheme based on the I'-convergence theory
which we use to study the stability of optimal control problems.

We consider a control system governed by a relation R which links the state y € Y
to the control variable u € 4, ) and Y being the topological spaces of states and
controls, respectively. Generally, the relation R can be chosen as an ordinary differen-
tial equation, a partial differential equation or a partial differential inclusion. It is also
possible to consider variational inequalities (VI) or hemivariational inequalities (HVI).

The optimal control problem under consideration reads as follows: find (u*, y*) €
R which minimizes a cost functional F:

minimize {F(u,y) : (u,y) € R} (: F*, y*) =: m) , (CP)R
where the set R of admissible control-state pairs is defined by:
R =graphSr ={(un,y) : y e Sp(w), ueil

@ Springer



382 Appl Math Optim (2015) 71:379-410

and the solution map is given by
Sp Usu— Srw)={ye): @y eR}C).
The set of optimal solutions to (C P)R is denoted by R*, i.e.,
R ={W* y) e R : Fu*, y*) =m}.

The sensitivity (stability) is understood as a “nice-continuous” asymptotic behavior
of optimal solutions to the perturbed problems, i.e. perturbed state relations Ry and
perturbed cost functionals Fj. So we consider the sequence of optimal control prob-
lems indexed by k € N = NU {occ}, where the index k € N indicates “a perturbation”
and k = oo corresponds to the unperturbed original problem:

minimize {Fi(u,y) : (u,y) € Ri} (= Fe(ug, yp) =: my) (CP)R,

and Ry = graph Sg,. We are looking for conditions which assure the following
stability results:

@) my — Moo a8 k — 00,
(ii) KU x Y) —limsup R} C RE,,
where K (4 x )) —lim sup stands for the sequential Kuratowski upper limit of sets. It is
worth to recall (see e.g. Proposition 4.3 of [16]) that (ii) is equivalent to the following
condition: if {k,} is an increasing sequence in N, (u;ﬁn, y,fn) € R,’:ﬂ, u;; converges to
uz, in thand y; converges to y3, in Y, then (u3,, y3)) € R%.

In order to establish the conditions (i) and (ii), first we reformulate the problem
(C P)R, as the unconstrained optimization one:

minimize {Fi(u, y) + g, (u, y) : (u,y) € t x Y}, (CP)R,
where § denotes the indicator function of the set R, i.e.,

0 xeR
Sr(x) =

+o00 x ¢ R,
and then we apply an approach based on the theory of I'-convergence (epi-
convergence), cf. [7,13,48], and the references therein.

2.2 Sequential I'-convergence

For the convenience of the reader in this subsection we recall some material from
the I'-convergence theory, the generalized Clarke subdifferential and the theory of
multivalued operators of monotone type.

We quote here the definition of I'.,-convergence for functions of two variables.
The case of one variable follows easily by omitting the other. For the case of functions
of many variables we refer to Buttazzo and Dal Maso [7].
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Let 4l and ) be two topological spaces. For u € {land y € ) we putoy := {{wx} C
U:uw —ulandoy = {{w} CY : y = y}.Given Fi: UxY — R = RU{z£o0},
k € N, we define

Fgeq (U, Jﬁ) lim inf Fi (u, y) = inf sup lim inf Fy (ug, yk),
k— 00 %u o k— 00

Dyeq (U™, y+) lim sup Fi (u, y) = inf sup lim sup Fy (ux, yi),
ou o

k—o00 y  k—>o00

and if both these extended real numbers are equal, we say that there exists
Fseq(uiv y+) lim Fi(u, y). ()
k— 00

Similarly, for other combination of signs (+ and — denote sup and inf, respectively)
we have

Tyeq (U™, Y7) liminf Fy (u, y) = inf inf lim inf F; (ur, yi),
k— 00 oy Oy k—00

LCyeq (U™, Y7) limsup Fi (u, y) = inf inf lim sup F (ug, yk),
k— 00

Ou Oy  kosoo

and if they are equal there exists
Fseq(uiv Y7) lim Fr(u, y). 02))
k—o00
In turn, if the numbers in () and (jj) are equal, we say that there exists
Fyeq(17, Y5) lim Fi(u, y)
k— 00
and then we write simply
Lieg U™, V) lim Fi(u, y) = (j) = (j))-
k— 00
The general definition of a topological I' —limit is given by De Giorgi and Franzoni

in [14], where one can also find the following theorem concerning the variational
convergence of minimal values and minimizers.

Theorem 1 Let X be a topological space and let fi: X — R = RU {00}, k € N
be such that foo =T(X7) klim Je- If
—00

liminf f;(x;) = lim inf (inf fk(x))
k— 00 k— 00 X
(in this case Xy, is called to be “quasioptimal”) and

Xk, = Xoo @S N —> 0O,

@ Springer



384 Appl Math Optim (2015) 71:379-410

then foo(X¥oo) = inf foo(x) = lim fi (Xp).
X k— 00
In the sequel we put

X=UxY, Ri=(Pk
Sk =Sr, and fi(x) = Fr(u, y) + 0, (1, ).
Remark 2 If the topological space X satisfies the first axiom of countability, then
the sequential I'se, (X ™)-convergence coincides (see Proposition 8.1 of [12]) with
the topological I' (X ~)-convergence of De Giorgi and Franzoni [14]. Moreover, the

sequential I"-limit operation is not additive, i.e. it is not enough to know I" lim F} and
I'lim §, in order to calculate I' lim(F; + 6, ), cf. Example 6.18 in [12].

In order to calculate the I'-limit of the sum of two functions we use the following
two theorems

Theorem 3 (Buttazzo and Dal Maso [7]) If

Fu,y) = Fseq(u_a V) klirgofk(uv »),

Glu,y) = Fseq(us Y7) lim G (u, y),
k—o00
then
Fu,y) + G, y) =TqU,Y7) kli)ngo (Fr(u, y) + Ge(u, y)) -
Theorem 4 [f there exist
FOx) = Tyeg(X7) lim FV(x)
k—o00
and
FO(p) = Tyeq(V7) lim F2(y),
k—o00
then there exists also
. (1) 0]
LCseq (X x V) )klin;o[]:k () + F 7 ()]
and we have
Loeg (X x D)) tim (700 + FZ 001 = FO @) + FO ).

Note that Theorem 4 follows directly from Theorem 3. Moreover, due to Theorem 3,
the convergences
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@) myr — Moo (of minimal values) and
(i) K@U x Y) —limsup R} C R,
follow from the following result (see also Propositions 4.1 and 4.5 in [16]):

Proposition 5 Suppose
fOO:Fseq(uia V) lim F, (D

(S'Roo = Fseq W, Y7) lim 5'Rk~ (2)

Let (U, Vi) be optimal or “quasioptimal solutions” to the problems (C P)R, such
that

lim inf 7 (i, yk) = liminf (inf ]-'k) (3)
k—o00 k—oo \ Ry
and
Uk, » Yky) = (Moo, Yoo) as n — 00. (4)

Then Foo(lso, Yoo) = inf Foo(u, y) = lim (inf Fi(u, y)).
Reoo k—00 \ Ry

Remark 6 The condition (2) of Proposition 5 is equivalent (cf. Propositions 4.3 and
4.4 of [16]) to the sequential Kuratowski convergence

Ser) XX s ) forall e - u, )

1.e.

K(Y) — limsup Sy () C Seo() C K (V) — liminf S; (ug) forall 1 —> u,
27

while the condition (1) (the complementary I"-convergence), roughly speaking, means
a continuous convergence of cost functionals with respect to y and I" (L[™) convergence
with respect to u. Note that for the sequence of operators Gy : X — ), where X
and ) are topological spaces, we say that G converges continuously (sequentially)
to G (G LN G o) if for every sequence x;y — Xoo, We have G (1) = Goo(Xx0)-
We also recall that for a sequence of sets {A,},cN in the topological space X, by
K(X) —liminf A, we mean the set of all limits of sequences {x,} such that x,, € A,,
while the set K (X)) — lim sup A, consists of all limits of subsequences {x;} such that
X € Ay, for any increasing sequence {nx} C {n}.

2.3 Clarke Subdifferential

Given a locally Lipschitz function J: Z — R, where Z is a Banach space, we recall
(see [10]) the definitions of the generalized directional derivative and the generalized
gradient of Clarke. The generalized directional derivative of J at a point u € Z in the
direction v € Z, denoted by J O(u; v), is defined by

J tv) —J
Jo(u; v) = limsup O+ 1) (y).
y—u, t]0 t
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The generalized gradient of J at u, denoted by 9J (), is a subset of a dual space Z*
givenby 8J(u) = {¢ € Z* : J%(u; v) > (¢, v) g+, forall v € Z}. For the properties
of Clarke subdifferential, see for example [10].

2.4 Multivalued Operators

We give the basic definitions for multivalued operators and then we quote the main
surjectivity result for the operator classes under consideration (see e.g. [24,39,47]).
Let Y be a reflexive Banach space and Y* be its dual space and let 7: Y — 2" bea
multivalued operator.

We say that T is:

(1) upper semicontinuous if for any closed subset C € Y*, the set T~ (C) = {y €
Y : TynNnC # @} isclosedin Y,
Let L: D(L) C Y — Y* be a linear, densely defined and maximal monotone
operator.
(2) T is L-generalized pseudomonotone, if the following conditions hold:
(a) forevery y € Y, T'y is a nonempty, convex and weakly compact subset of Y*,
(b) T is upper semicontinuous from each finite-dimensional subspace of Y into
Y* equipped with the weak topology,
(c) if {y,} € D(L), y, —> y weaklyinY,y € D(L), Ly, — Ly weakly in
Y*, y¥ e Ty, y; — y* weakly in Y* and limsup (y;}, y, — y) < 0, then

n—-+0o

y* e Tyand (y}, yu) — (", y).

The crucial point in the proof of the existence of a solution to the subdifferential
inclusions considered below is the following surjectivity result.

Proposition 7 If Y is a reflexive, strictly convex Banach space, L: D(L) C Y — Y*
is a linear, densely defined, maximal monotone operator and T: Y — 2V \ {7}
is a bounded, coercive and L-generalized pseudomonotone operator, then L + T is
surjective.

The proof of Proposition 7 can be found in [47], Theorem 2.1, p. 345.

3 Control Problem for Second Order Subdifferential Inclusion
In this section we consider optimal control problem for systems described by evolution
of second order subdifferential inclusion. We first recall the notion of parabolic G-

convergence (P G-convergence) of operators, then we state a result on the sensitivity
of the solution set.

3.1 Notation

Let €2 be an open bounded subset of RN andlet V = W(;’p(Q), H = LZ(Q), V* =
W—14(Q), where2 < p < ocoand 1/p +1/g = 1. Moreover, we consider a reflexive

@ Springer



Appl Math Optim (2015) 71:379-410 387

and separable Banach space Z and a linear continuous and compact mapping ¢ : V —
Z.Then V C H C V* with compact embeddings. We denote, respectively, by (-, -)
and (-, -) the duality between V and its dual V* and the inner product in H, and by || - ||,
[-], |- |lv+ thenormsin V, H and V*, respectively. Moreover, the adjoint operator to ¢ is
denotedby (* : Z* — V*.Given0 < T < +4o00,let Q = Qx (0, T'). We introduce the
following spaces V = L (0, T; V), Z =LP(0,T; Z), H = LZ(O, T, H) >~ LZ(Q),
Z¥=L90,T; Z%),V*=L90,T; V*)and W), = {v € V : V' € V*}. The duality
for the pair (V, V*) is denoted by ({f, v))p+xy = fOT (f (@), v(t))dt. It is well known
[51] that

Wy CV CHC V",

and W, is embedded in C(0, T'; H) continuously. Weset) = {v e V : v € Wp,}.
The space ) is endowed with the topology E defined in the following way

v, — v weakly in V),
Vy— v & v, = v/ weakly in V,
v/ — v” weakly in V*.
We assume that the Nemytskii operator ¢ : W,, — Z corresponding to ¢, is compact
(for simplicity in the sequel we use the same symbol ¢ for its Nemytskii operator).

For example, in particular application, we put Z = L”(€2) and ¢ being the embedding
operator. Then, by the Lions—Aubin Lemma, we know that required compactness of

t holds. Note, moreover, that if vni>v, then, by the Lions—Aubin Lemma, v, — v

and v, — v’ strongly in H. Moreover, if vn—aw, then v, () — v(¢) weakly in V and
vy (1) — v'(¢) weakly in H forall 7 € [0, T].

3.2 PG-Convergence of Parabolic Operators

Following Svanstedt [49] we start with the following definition.

Definition 8 Given nonnegative constants mg, m1, mp and 0 < o < 1, we set
M = M(mo, mi, ma, a) :={a: O x RY — R" such that (i) — (iv) below hold}

@) la(t,x,0)] <mga.e.in Q;

(ii) a(-, -, &) is Lebesgue measurable on Q for all & € RY;
(i) la(t,x,&) —a(t, x,n)| <mi(1+ &+ n)?~"“|g —n|* ae.in Q , forall &, n;
(iv) (a(t,x,&) —a(t,x,n), & —n)py > ma|é —n|* ae.in Q, forall &, n € RN,

Remark 9 If a € M, then the following inequalities hold

la(t, x, &) < ci(1+1&))P" " ae.in Q, forall £ € RN

E1P < ea(1 + (a(t, x, €), E)gw) a.e.in Q, forall &€ € RY
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so the mappings from the class M are uniformly bounded, coercive and monotone.

Definition 10 A sequence of maps a; € M is PG convergent to a map

. PG .
doo € M, written as ay —> deo, if for every g € V* we have

w=Wpq
Yk —> Yoo

w—L9(Q,RN)
ar(t, x, Dyy) — aoo(t, X, Dyso),

where yi, k € N=NU {oo}, is the unique solution to the problem
y' —divai(t,x, Dy) = g, y(0) =0. ©)

Here and in the sequel the symbol D denotes the gradient operator taken with
respect to the space variable x € €2 and the symbol div denotes the divergence with
respect to the space variable x € Q.

Remark 11 Givenay € M, itcan be shown that the Nemitsky operators Ay : V — V*
of the form

(A (1) = Ak(t,y), 1€(0,T)

corresponding to the family of operators Ay (¢, y) = —divag(t, x, Dy) are boun-
ded, coercive, hemicontinuous and monotone. Therefore, by Proposition 7, for every
k € Nand g € V*, there exists a unique solution y; € W)y to the problem (5). The
compactness of the class M with respect to the P G-convergence was established in
[49]. The Definition 10 generalizes the one given for a class of linear operators by
Colombini and Spagnolo in [11].

Remark 12 'We use the notion of parabolic convergence to deal with the second order
(in time) problem. This approach is possible due to the fact that the viscosity operator is
coercive and hence the nature of the problem is parabolic. It remains an open problem,
whether Definition 10 can be modified to include the second time derivative in the
auxiliary problem (5). This would require to show the compactness of the underlying
class of operators with respect to this new mode of convergence.

3.3 Problem Statement

We consider the following sequence of second order subdifferential inclusions:
Y1) + Art. y' (@) + By (1)

FRATL WY (1)) + TRy (D) 3 fillt) + (Cru) (1) ae.t € (0, T) (P)x
yO0) =y, YO =yl, yel,
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for k € N, where Jklz Z — R and sz: Z — R are superpotentials. Furthermore
fr eV*,Ck:L{—>V*,y,9€ Vandy,: € H.
The hypotheses on the data of (P); are the following.

H(A): Ag:(0,T) x V — V* are the operators of the form
Ap(t,y) = —divag(t, x, Dy) withay € M, k € N and a; £e oo
H(B): By € L(V; V") is the family of operators such that

(i) (Bry,v) < M|ylllvll, (Bky,y) > 0forall y,v e V,k € Nwith M > 0;
(ii) the sequence By : V — V* of Nemytski operators corresponding to By defined
by (Bry)(1) = Biy(1) satisfies

if yk—E> Yoo then Bryr — Booyoo strongly in V¥,

HJY: Jkl : Z — Rare locally Lipschitz functions that satisfy
uniformly in k the conditions

() 11071 @Iz < 31+ 1[2]157") forall z € Z with some ¢3 > 0;
(i) infecyp1()(8, 20 zexz = 4 — csllzll?, forall z € Z with ¢4 € R and ¢s5 > 0;
(i) K(s — Z, w — Z*) —limsup Gr 3J! c GraJL.

k—o00

H(J?) : sz : Z — Rare locally Lipschitz functions that satisfy
uniformly in k the conditions

@) [18J2@Iz= < co(1 +|1zl15 ") forall z € Z with some ¢ > 0;
(i) K(s —Z,w— Z*) — limsup Gr 3J2 C Gr 3J2,.

k— 00
H(C): Cye LU,V*) and ||Cyllzqs;v+) are bounded uniformly for k € N, where

U is a reflexive separable Banach space and C - Coo continuously.

- s—V s—H s—P*
(H): yeV,yleH, fieV,keNy) 5y v 2550, i ™= oo
(Hy) : The following relation holds

1
lell? (cs +c6TP—1) <.
e

We start with a priori estimate for the solution of the problem (P)g. To this end,
we give the following lemma.

Lemma 13 Ifthe assumptions H(A), H(B)(i), H(J'), H(J?), (Hy), H(C) and (H})
hold and y is a solution of the problem (P)y, then it satisfies

19120 7wy + 17 1oy + 1915 + 1" 1
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< CA+IYNP + 13 P A+ NCKN G gy el + 11 Fell ), (6)
with a constant C > 0 dependent only on T, 2 and the constants M, c;,i = 1,...,6.

Proof Let y € ) be a solution of the problem (P). Taking the duality brackets with
y'(t) € V and integrating over (0, t) for any z € (0, T'), we have

1 t t

/(y"(S),y’(s»ds +/<Ak(s,y’(S)),y’(S)>ds +/<Bky(S),y’(S))ds

0 0 0
t t

+/(E(S),ty/(8))z*xz ds +/<§(S),ty/(5))z*xz ds

0 0
t t

= /(fk(S),y/(S))dS +/((Cku)(s)’y/(s))d5 (N

0 0

with&(s) € aJkl W'(s))and ¢(s) € aff(ty(s)) fora.e.s € (0, t). From the integration
by parts formula (Proposition 23.23(iv), pp. 422-423 of [51]), we get

t

i / 1/2112
(ﬂy®J®»%=EW®I—?nL ®)
0

From H(A) and Remark 9 we obtain

t

t
1
5/ Iy ($)Ily ds — 119 < /(Ak(say/(S)),y/(S))dS- &)
0

0
Since By is linear, symmetric and monotone, it follows that

t 1

1 d
/(Bky(S),y’(s»ds = 5/71’ (Bry(s), y(s))ds
S

0 0

1 1 0 .0 1 02
= E(Bk}’(f), y(@®) — §<Bkyk, Vi) = —EMIkaII . (10)

From H (J1)(ii) we obtain

t

t
/(S(S),ty/(snz*xzds > cat —Cslltll”/ Iy (NP ds. (1)
0

0
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In order to estimate the last term of left hand side of (7), we will use the relation

N

y(s) = y,? +/y/(‘[) dt forall s € (0,7) (12)
0

and the fact that for all a,b > 0, p > 1 there exists a function ¢ : Ry — R, such
that forall ¢ > 0

(a+b) <1 +e)al +c(e)b?. (13)
From H (J?%)(i) and (12) we obtain

t

t
/(C(S),lyl(s))zds 5/||C(S)||z*||ly/(S)||zdS
0

0
t

< [es (14 ©IL™) o)1z ds
0

t K p—1

S/cs 1+ Ly19+/LY’(T)dT ey ()l z ds
0 0 zZ
t K p—1
5/66 L+ | 1Rz +/||ty/(f)||zdf ey ()1 z ds. (14)
0 0

Using (13) and the Jensen inequality, we obtain

p—1

p—1 s
/ ~ 0,p—1
=(l+e) ey (Ollzdt +c(@) eyl
0

N
10002 + / I/ (D)2 d
0

t
_ -1 ~ —1
< (1 4e)r / o (15" ds + &) 012"
0

Combining the last inequality with (14), we obtain

t

t
/(E(S),ty/(S))z ds| < ce(l +5(8)||ty;?||127_1)/ ' ()llz ds
0

0
1 t
+Cs(1+8)t”_2/||ty'(S)IlzfldS/IILy/(S)Ilz ds. 15)
0 0
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After simple calculations we obtain,

t t
co(1 + &) 15" / I/ ()l zds < e / 1 (1L ds + d(e) + d© 12115
0 0
(16)

t t t
/ I ()15 ds / I ()l zds <t / 1/ ()12 ds, (17)
0 0 0

where d(¢), J(s) > 0. From (15) to (17) we obtain for any ¢ > 0

t

t
[ wonzas| < (e +) [ 161 ds + 26 +delofi
0

0
(18)

with ¢(¢) > 0. In order to estimate the right hand side of (7), we use the Young
inequality with ¢ > 0 and obtain

t

t
/ (), ¥ () ds + / (Coan)(5), ¥'(5)) dis
0

0

t
<e / 1/ 17 ds + c(&) (el + NCk g ey luly) (19)
0

Combining (8), (10), (11), (18) and (19), we obtain

t
1 1 _
S OF + (5—c5||t||”—c6||t||"t" 1—2»3)/||y/<s>||"ds (20)
0
< {0 ! 02 _ 0 d POy P
<1191+ S MNP = cat + &) +d@” 15
1
+ 5P @ISl + @ ICkIZ g pm) Il

Hence due to (H;), we can choose ¢ > 0 such that the coefficient in front of
fot lly'(s)||” ds is positive, getting

1Y 0.7+ 1515 < CAFINP 4198+ UCk NG g Il + 1 5150, 2D

where the constant C depends on the problem data and 7" but it is independent on the
initial conditions and k. From the formula
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t

y(t) = yp —i—/y'(s)ds forall ¢ € [0, T]
0

by a direct calculation we obtain
ly@1” < CAyP P + 1y'I15) forall £ €10, T1,
with the constant C > 0. Thus, using (21), we have
Y18 0.7:vy < CA IR+ NC G g el + 13217 + 1 fl$), (22)

with C > 0. Moreover, since y solves (P)y, from H(A), Remark 9, H(B), H(J")(i),
H(J?)(i), H(C) and (Hp) we obtain

Iy" I3 <€A+ IIyIIZ(O,T,V) +1y'1I3 + IICkIIqE(u;V*)IIMIIZ, +1flL0. @3)
The assertion follows from (21) to (23). O

We introduce the family of mappings K : V — C(0,T; V) by means of the
formula

t
(Kiy)(©) =y,8+/y(s)ds for yeV and ¢ € [0, T].
0

Using this definition, the problem (P); can be equivalently rewritten as follows

2 (1) + (A2) (1) + (BeKyz) (1) + 9 J] (1z(1))
+TFW(Kk2) (1) > fi(t) + (Cru) () ae.t € (0, T) (P)i
2(0) = yl, z€ Wy,

for k € N, where A¢: V — V* and By: V — V* are the Nemitsky operators
corresponding to Ay, and By, respectively, i.e., (Axv)(t) = Ar(t, v(t)), (Byv)(t) =
By (v(t)) forveVandr € [0, T].

Now we formulate the existence theorem for the problem (P)g, k € N. Its proof is
analogous to the existence proof of [38], and therefore it will be sketched only briefly
here.

Theorem 14 If the assumptions H(A), H(B)(i), HJY, H(J?), (Hy), H(C) and
(Hy) hold, then the problem (P)y, k € N admits a solution.

Proof Let us fix k € N. We will proceed in two steps.
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Step 1. First we assume that y,l € V and introduce the operators .A,i, B,i Y =V
N, Mg+ V — 2V" given by

A,lv = Ar(v + y,i) for v eV, (24)

Blv = B(Kr(v+ y))) for veV, (25)
Nev={w e V*: wt) e T ) +y})) ae.t € (0,T)) for veV, (26)

Mv={weV*: w() € L*asz(L/Ck(U +y)(@) ae.r € (0,T)} for veV.
(27)

We also consider the operator L : D(L) C V — V* defined by Lv = v’ with
D(L) = {v € W : v(0) = 0} and observe that z € W, solves the problem (P); if
and only if z — y,l € D(L) solves the following one:

Lz+Tiz 3 fi + Cuy, (28)
where the operator 7 : V — 2V s given by
Tez = Aiz + Biz + Niz + Myz for z € V.

Recall (see e.g. [51], Proposition 32.10, p. 855) that L is linear, densely defined and
maximal monotone operator. Moreover, we will prove that for each k € N, the operator
7Ty is bounded, coercive and L-generalized pseudomonotone. The solvability of the
Problem (28) follows then from Proposition 7. We will state the following four lemmas
on the properties of the operators A}, B!, Ni and My. The proofs of these lemmas
are analogous to the proofs of the lemmas 7, 8, 9 and 12 of [38] (see also Remark 11).

O

Lemma 15 If H(A) holds and y,l € V, then for each k € N the operator .A,l defined
by (24) satisfies:

(a) ||A,£v||'\])* < d1||v||{7; +dp forallv € V withdy, dy > 0;

(b) (Ao, vDvesy = (& = &) Il - ds(e)
forallv eV, ¢ > 0, where dz(¢) > 0;

(c) .A,l is monotone and hemicontinuous (so also demicontinuous);

(d) .A,]( is L-generalized pseudomonotone;

(e) Forevery{v,} C Wpq withv, — vweakly in W andlim sup,,_, o ({(Axvp, v, —
)iy < 0, it follows that Agv, — Agv weakly in V*.

Lemma 16 If H(B)(i) holds and y,l € V, thenforeachk € N the operator B,l defined
by (25) satisfies:

(a) ||B,1v||y <ds(1 +|vlly) forallv e V withdy > 0;
(b) ||B,1U — B,lw”w <ds|lv—wl|y forallv,w € V withds > 0;
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(c) ((B,lv, V) vexy = —dellvlly —dy forallv € V withdg > 0 and d7 > 0;
(d) B,l is monotone and weakly continuous.

Moreover, if H(B)(i) holds and y,i € H, then the Nemitsky operator By corresponding
to By satisfies

(f) {{Brv — Brw, v — w'))yeyy > 0 for all v, w € W such that v(0) = w(0);
(g) By is weakly continuous as a mapping from W, to V*.

Lemma 17 If H(J") holds and y,l € V, then for each k € N the operator Ny, defined
by (26) satisfies:

(a) for each v € V, Nyv is a nonempty, convex and weakly compact subset of V*;

(b) Nlwli. < ds(1+ ||vl|}) for all w € Nyv and v € V, with dg > 0;

(c) ((w,v))p+xy = —do(e) — (c5||t||? + 8)||v||§f0r all w € Nyvandv € V and
e > 0withdy(e) > 0;

(d) ifv, — v strongly in Z, w, — w weakly in Z* and w,, € Nyv,, then w € Nyv.

Lemma 18 If H (J?) holds and y,i € V, then foreachk € N the operator My, defined
by (27) satisfies:

(a) for each v € V, Myv is a nonempty convex and weakly compact subset of V*;
(b) llwll. < dio(1 + |[v]1})) for all w € Myv and v € V, with dyg > 0;

(c) ((w, V))pexy = — (collPTP~! + &) Ilvllﬂ";—du(é?)forallw € Myandv € V;
(d) if v, — v strongly in Z, w, — w weakly in Z* and w, € Myv, then w € Nyv.

We continue the proof of Theorem 14.

Claim 1 7 is bounded. This follows directly from Lemmata 15 (a), 16 (a), 17 (b) and
18 (b).

Claim 2 7y, is coercive. This follows directly from Lematta 15 (b), 16 (¢), 17 (c), 18
(c) and from (Hy).

Claim 3 7; is L—generalized pseudomonotone. It can be proved by the argument
that exactly follows the lines of the proof of Theorem 6 in [38]. We omit the proof for
brevity.

Step 2. Now we pass to the more general case and assume that y,l € H. The proof
is analogous to Step 2 in the proof of Theorem 6 in [38]. However, we provide the
proof, since we deal with more general case involving a sum of two subdifferentials.
Since V C H is dense, we can find a sequence {y,:”} C V such that y,l" — y,i in H,
as n — oo (index k is now fixed). Consider a solution y, of the problem (P); when
y,l is replaced by y,l”, i.e., a solution of the following problem

Yn () + (Aky,) (@) + Bieyn) () +

CFATLWL (1) + FITE(wya(0)) 3 fi(@) + (Cru) (@) ae.t € (0, T) (P!
yn(0) =y, y(0) =", yu €.
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The existence of y,, for n € N follows from the first part of the proof. We have

Y O+ Ak, 3, () + By yn (1) +1 80 (1) +1°8 (1) = fie (1) +(Cru) (1) forae. t€(0, T),

(29)
or equivalently
Y+ Akyy + Beyn + & + 8y = fi + Cru in YV
where
(1) € T 1y, (1)) forae. t e (0,T) (30)
and
(1) € 3./]3(Lyn(t)) fora.e.t € (0, T). 31D

From Lemma 13, since all terms in the right-hand side of (6) excluding y,} do not
depend on n, we have

1l o vy + 13n MG @720 + 190115+ 13n 15 < CU+ 19" ).

Since { y,:”} isboundedin H also {y,} and {y, } are bounded in V and W, , respectively.
So passing to a subsequence, we have

-

Yn—>Y. (32)

We will show that y is a solution of the problem (P);. From (32) we also have y, — y
weakly in W, . From the continuity of embedding W, C C(0, T'; H) it follows that
v,(0) — y(0) weakly in H and since y,(0) = y,? for all n € N we conclude that
y(0) = y,?. Moreover, y,(0) — y'(0) weakly in H and since y, (0) = y,i” — yll
strongly in H, it follows that y'(0) = y,l. From Lemma 16 and (32), it follows that

Biyn — By weakly in V*. (33)
Now we pass to the limit in (30) and (31). Since y, — y and y, — y’ weakly in
Whg and ¢ : Wyy — Z is compact it follows that ¢y, — ¢y and ty, — 1y’ strongly in
Z. From growth conditions H (J (1) and H (J?)(i), it follows that {€,} and {¢,} are
bounded in Z*. From the reflexivity of this space, we have for a subsequence &, — &
and ¢, — ¢ weakly in Z*. From the convergence theorem of Aubin and Cellina (see
[4]), we have

£(t) € 31y’ (1)) and ¢(1) € 3J2(ty (1)) forace. t € (0, T).

Since (* : Z* — V* is linear and continuous, and hence weakly continuous, we have

*E, — *€ and ("¢, — *¢ weakly in V*. (34)
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In order to pass to the limit in the term Ay y,’l, we will show that

lim sup((Axy,, ¥y, — Y )vexp <0 (35

n—0o0

and use Lemma 15 (e). Since lim,— oo ({ft + Cktt, y, — ¥’ ))p+xy = 0 and
limy, s 00 (& + Cns yy, — 1Y) 22 x 2 = 0 from (29), we have

lim sup((Axy,, i — ¥ )vexy

n—oo

< limsup((y,, ¥ — y,)vexy + imsup((Bxyn, ¥ — yu))vexy- (36)

n—oo n— 00

We calculate

limsup((y,, y' — ypy ) vexy = limsup((y, — y", ¥ — yp))vexv
n—0oo

n—o00

1 2 2 L. 1 1,2
= S lim sup([;,(0) =/ (O)* = |y, () =y (D)) < 7 lim_ [y{" = y{* = 0. 37)

n—oo

On the other hand, by the Lemma 16 (f), we have

lim sup((Byn, ¥ — yy))vexy = lim ((Bey, ¥ — yp))vexy
n—0o0

n—00
+ 1ir?lsolip((3kyn =By, y' = yphhvexy < 0. (38)
From (36) to (38), we obtain (35), so we conclude that
Ayl — Ary' weakly in V*. (39)
From (32), (33),(34) and (39) it follows that y solves (P)x. The proof is complete.

Theorem 19 [f, in addition to the assumptions of the Theorem 14, we admit p = 2
and for k € N:

(ar(t, x, &) — ap(t,x,n), & — Mpy > b1|E —n|* a.e.in Q forall £, € RY,

(40)
(M — M. 21 — 22)zexz = —bollzs — 22| forall z; € Z,m; € 3T (z), i = 1,2,
(41)
J} € CH(Z) with |D*J2 ()l c(z: 2+ < b3 forall z € Z,
(42)

with by, by, bz > 0 and by > b2||t||2, then the solution of the problem (P)y is unique.

The proof of Theorem 19 is based on a standard technique and follows from a simple
direct calculation and application of the Gronwall lemma.
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3.4 Sensitivity of Solution Sets for (P)x

In this section we provide the result of the sensitivity of the solution set of the second
order subdifferential inclusion.

We assume that u € Y C U x V x H, where U is the set of admissible controls.
Moreover, for a sequence of controls {u;} C L, k € N we say that (uy, y,?, y,l) =

U :}31 Uso = (Ueo, ygo, yéo) ifuy ﬂ uoo,y]? i ygo,andyll s=8 yéo,ask — 00.
Let us define the multivalued mappings S; : ¢ — 2¥, which assign to the control
u € Y the set of all solutions of the problems (P ) corresponding to this control, where
k € N. First we observe that under the hypotheses of Theorem 14, the mappings S
have nonempty values. We prove the following theorem.

Theorem 20 Under the hypotheses H(A), H(B), H(J'), H(J?), H(C), (Hy) and
(Hy), from any sequence {yx}, k € N such that y; € S (ux) where uy E>1uoo, one can

extract a convergent subsequence yi, —> Yoo, Where Yoo € Soo(Uso), that is

K(E —Y) — limsup S () C Saotio) for every g S use.  (43)

Moreover, if the limit problem (P) o has a unique solution (for example, if the assump-
tions of Theorem 19 hold for k = o0), then we also have

Soo(Uo) C K(E — Y) — liminf S (i), (44)

K(E—
so in this case Sy (uy) (—>y) Soo(Uxo), as k — o0.

Before we give the proof of the Theorem 20, we prove a lemma, which to the best
of our knowledge is a new result.

Lemma 21 Let Z be a separable and reflexive Banach space, and let Ji: Z — R
k € Nbe afamily of locally Lipschitz functions such that ||d Jy. (2)|| z+ < c(1+]|z| |§_1)
forall z € Z with some ¢ > 0 independent of k and

K(s—Z,w—Z% —limsupGrdJ, C GrdJx. (45)

k— 00
Then

a) for every sequence zy — z Strongly in Z and for every v € Z we have

lim sup J (zx; v) < J2 (23 v), (46)

k— o0

b) for all sequences zx — z strongly in Z and & — & weakly in Z* such that
Er(t) € 0Jr(zk () fora.e.t € (0, T)wehave&(t) € 0Jx(z(2)) fora.e.t € (0, T).
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Proof For the proof of a) assume that for a subsequence J,? (zk; v) = a € R (note that
due to the growth condition the case « = oo is excluded here). It is enough to show,
that o < Jgo (z; v). From the basic properties of the Clarke subdifferential, we have

J,?(zk; v) = max{(&,v) : & € 0Jx(zx)} = (&, v) fork e N

where & € 0Jx(zx). From the growth condition, since {z;} is bounded, it follows
that for a subsequence, we have & — & weakly in Z* for some & € Z*. Hence
(&k, v) — (€, v) = a. From (45) we have & € 0J55(2), 50 = (£, V) < Jgo(z; v) and
the proof of part a) is complete.

Now we pass to the proof of b). Fix v € Z. Since zx — z strongly in Z, then using
Proposition 2.2.41 in [23] for a subsequence zi,, we have zx,(f) — z(t) for a.e.
t € (0,T)withn — oo, and forall n > 1, ||z, (t)||z < h(¢) forae. t € (0, T) with
some h € LP(0, T). From the growth condition, we have

6k, (), V(D)) 22 xz = &k, DIz IV ]Iz
< c(l+ Iz, O DIz < el +hOP D) 2.

Since the last function belongs to L 1(0, T), we can use the Fatou lemma and obtain

T T

lim sup / (&, (D), (D) di < / lim sup (&, (1), v(©)) dt. @7)
0

k— 00 k— o0

Since & — & weakly in Z*, we have

T
[0, omndr = tim_ [ &, 0. 000 (48)
0 0

Applying the assertion a) of the Lemma as well as (47), (48), and the definition of the
Clarke subdifferential, we obtain

T

T
/ E@), v < / lim sup (&, (1), (1)) di
0

n— 00
0

T T
5/limsupJ,Sl(an(t);v(t))dt 5/]20(z(t);v(t))dt.

n— 00
0

We have shown that

(Jgo(z(t); v(1)) — (E(D), v(t))) dt >0 forall ve Z. (49)

St~
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Next, we will show that forall v € Z, the integrand in (49) is nonnegative fora.e.t €
(0, T). Indeed, to the contrary, suppose that for some v € Z, we have Jgo (z(t); v())—
(&(t),v(t)) < Oforallt € N C (0, T), where N is of positive measure. Define

{v(z) forz e N,
w(t) =
0 forte(0,T)\N.

Then

T

[ (22w we) - ¢o.wm) ar = [ (300w - ¢o.00m) d <o
0 A

and, since w € Z, we have a contradiction with (49).

Now, by the separability of Z, consider a countable dense subset {v,}7>, of Z.
Taking in place of v in (49), the constant functions w,, € Z defined by w, () = v,
for t € (0, T), we observe that the inequality Jgo (z(t); vy) — (E(1), v,) = 0 does not
hold on the set N,, C (0, T') of measure zero. Now, we have (£(¢), v,) < Jgo (z(1); vy)
for all n € N and ¢ belonging to the set of full measure (0, T) \ |J;— Ny. Since
Jgo (z(1); -) is locally Lipschitz and hence continuous (see Proposition 2.1.1 in [10]),
then, by density, we have (£(¢), v) < Jgo(z(t); v) for all v € Z on the set of full
measure and the assertion follows. O

Proof (of Theorem 20). First observe that from Theorem 14, it follows that the sets
Sy (ug) are nonempty for k € N. Suppose that y; € Sg(ug) for k € N. From Lemma
13, it follows that y; is bounded in C(0, T; V), y,’{ is bounded in C(0, T; H) NV

and y;/ is bounded in V*. Hence, for a subsequence, we have yx—> yoo. It remains to

show that yoo € Seo(iteo). In a standard way, from yk—E> Yoo, it follows that y; (0) —
Yoo (0) weakly in V and y; (0) — y.,(0) weakly in H. Hence, from (Hp), we obtain

Yoo(0) = ¥3, and y4, (0) = yi.

From the fact that y; € Sy (uy), it follows that for a.e. r € (0, T), we have

V(@) + A (t, y (1) + Bryr (1) + & (1) + 75 (1) = fi(0) + (Crug) (1), (50)
where & (1) € 3J!(ty; (1)) and & (1) € dJZ(Lyk(t)) for ae. t € (0, T). From the
growth conditions, we know that both {&} and {¢;} are bounded in Z*, so for a
subsequences numerated by k again, we have

& — & and ¢ — ¢ weakly in Z* as k — oo. (51)

Moreover, since yy — yoo and y; — y., both weakly in WW,,, and the Nemytskii
operator ¢ : Wy, — Z is compact, we have

LYk — Yo and Ly,/{ — 1y, strongly in Z as k — oo. (52)
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From (51), (52) and Lemma 21, we obtain
£(t) € 3JL (1l (1) and ¢(1) € 8J2 (1yso (1)) forae.r € (0,T).  (53)
From Remark 9, we may assume, possibly passing to a subsequence, that
ar(x,t, Dy;) — b(x, 1) weakly in LI(Q; R") (54)
withsome b € L91(Q; RM). Let n e RY and let  be an open set such that Qo CC €2,

and let A be an open interval with A CC (0, T). Let ® € C3°(R), ¥ € C3°((0, 7))
be such that ®|o, = 1 and W|A = 1. We define

v(x, 1) = Px)V()(n, x)gy forall (x,1) € 2 x[0,T].
Let us consider a sequence {vi} C W), of solutions to the following auxiliary problem

v, — divag(x, t, Dvp) = v'(t) — divaee(x, 1, Dv) (55)
(0 = 0. (56)

By H(A), we have
vy — v weakly in W, (57
ak(x,t, Du) — aso(x,t,n) weakly in L4(S9 x A; RV). (58)

Letg € CSO(QO X A), ¢ > 0. The monotonicity of ai(x, ¢, -) implies

(ak(x, 1, Dy;) — ag(x, t, Dvg), Dy, — Dvp)g dxdt > 0. (59)
QoxA

From (50) and (55), we have

Vi — v —div(ax(x, 1, Dy) — ar(x, t, Dvg)) + Bryr + Uk + T4k
= fi + Cruy — v +divas (x, t, Dv).

Multiplying the last equality by (y; — vi)¢ and integrating by parts, we obtain

(ak(x,t, Dy;) — ag(x, t, Dvg), Dy, — Dvp)g dxdt
QoxA
=— / (ak(x, t, Dy) — ar(x, t, Dvg), y, — vk) Do dxdt
Qox A

— (W = Vs O — V@IV — Ek + Gk T, — V@) 2o x 2
+{fx + Crup — v +divas (x, t, Dv) — By, (y,’( — V)@)yexy.  (60)
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We claim that

V= v O —v)@)vexy = (V' =0, () = v)@)yep, as k— oo, (6])
Indeed, let z; = y]’( —vg and z = y' — v. We know that z;z — z weakly in Wpq and

also strongly in H. Since

1
(2h> kP Ve xy = =5 @ 29 )M
we have

[(zk, 2@ )1 — (2, 20 ) H) < Izl @z — D¢ 11 + lzk — zllxllze I — 0,

which proves (61). Since the embedding Wy, C L”(Q) is compact, and moreover,

t: Wpq — Z is compact operator, from (57) and Vk—> Yoo, We conclude that

v — v and y; — y. strongly in L7(Q), (62)
Lt — (v strongly in Z. (63)

From (54), (58) and (62), we obtain

/ (@ (v, 1, D)) — ax (x, 1, D), v, — vi) D dxdt

QoxA
— / (b(x,1) — aco(x, 1, 1), yio — v) Do dxdt, (64)
Qox A

and from (51), (52) and (63)

Ek+ o T —v)@) 2wz = (E 4+, 1Yo — V@) z5x 2 (65)

with k — oo. Using (61), (64), (65), H(B), H(C) and (Hp), we pass to the limit in
(60) and we obtain

/ (ak(x, t, Dy;) — ax(x, t, Dvg), Dy, — Dvg)p dxdt
QoxA

- — / (b(x, 1) — aso(x, t, 1), yoo — v) Do dxdt
Qox A
—(3% =V, e — V@) Vrxy — (£ + 8,10 — V@) 2552
+{foo + Coolice — V' + divaos (x, , DV) — Boo Yoo, (Yoo — V)P)V*xV
= <_ygo + divaco(x, 1, DV) — BooYoo — 1€ — T°¢ + foo + Coolloos (yc,xy —V)@)Vrxy

— / (b(x, 1) — aso(x, 1, 1), yoo —v)Dodxdt = I, + I». (66)
Qox A
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On the other hand, taking the V*  -limit in (50), we get

weak
ygo —divb(x,1) + BooYoo + "6 + 17 = foo + Coolioo- (67)
Inserting the last equality to /1 and integrating by parts, we have

I = / (b(x. 1) — oo, 1, 7). (v — v) Dg)dxds
QoxA

+ / (b(x,1) — aco(x,t,1m), (Dys, — Dv)p)dxdt.
Qox A

Hence, and from (60) we get in the limit

/ (b(x,1) — aco(x, 1, 1), (Dys, — ne)dxdt > 0.

Qox A
Denoting g(x, 1) = (b(x, 1) — aco(x, 1, 1), (DY, — 1)) € L'(€0 x A), we can take

a family of mollifier kernels ¢, centered in (y, s) € Qg x A in place of ¢ and get,
setting g(x, t) = 0 outside 2 x (0, T)

8e(y,s) = / g(x,Dpe(y —x,s — 1) dxdt > 0.
Qox A

Since g. — g in L'(Qo x A), for a subsequence, we know that g.(x, 1) — g(x,1)
fora.e. (x,1) € Q2o x A. Hence, we have

(b(x,1) — aco(x, 1, 1), (Dys, — 1)) = g(x,1) > 0 ae.in Qo x A, forall n € RV,

and hence also a.e. in Q for every n € RY. Let w € RY and A > 0. Taking n =
Dyl + Aw we obtain

(b(x,1) — aso(x,t, Dy,, + Aw), w) > 0 ae.in Q.

Recalling that a (x, £, -) is continuous (by the definition of class M (mq, my, ma, )),
we pass to the limit with A — 0 in the last inequality and obtain

(b(x,1) — aso(x, 1, Dy, ), w) > 0 ae.in Q.
If wereplace w by —w we deduce thatb(x, t) = ao(x, t, Dy.,) a.e.in Q. This together
with (67) implies that yoo € Soo(Uteo). The proof of (43) is completed. Moreover, if

Soo(Uxo) is a singleton, than it follows that the whole sequence y; converges to yoo
and hence (44) follows. O
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4 T-Convergence of Cost Functionals

In this section we state conditions which guarantee the suitable I'-convergence of the
cost functionals in the control problem (C P)R, .
In the sequel we replace H (C) with the following, stronger, assumption:
HO)Y : Cr e LU, L1(Q)), k € N are uniformly bounded and Cy —> Cuo.
We consider the following costs

Fiew,y) == F 0 )+ FP @) + FE o) + FP ), (68)
for ye Y, uel, yOGV,yleH,

where

FOy, ) = / FV 1, y(x, 1), ¥ (x, 1)) didx, (69)

0
F ) = / F® (x, 1, (Cru)(x, 1)) drdx, (70)

0
F00 = / FY (x, ' (x), DY’ (x)) dx. (71)

Q
FPOH =/Fk(4)(x,yl(x))dx. (72)

Q

In the following hypotheses the conditions (i), (ii), and (iii) hold uniformly with
respect to k € N.

H(FD):
@) Fk(]): 0 x R x R — Ris measurable in (x, t) € Q, Fk(l)(x, t,0,0) € LP(Q);
Gi) |1FV etz wi) — BV (ot 20, o))

= C1 (12l Dlar = 220+ (L + [P~ Hlws = wal) ae. (x,0) € O,

for all (z1, z2, wi, wa) € R* for some C; > 0;
(iii) at least one of the following two conditions holds

!
(iiia) £V (2 w) =S ED - 2 w) for all (z, w) € R2and [F) (x, 1, 2, w)]

< Cpforall (z, w) € R? ae. (x,1) € Q with some C, > 0;
Giib) £V 1,2, w) — FQ(x, 1,2, w) forall (z, w) € R? ae. (x,1) € Q;
H(F®):

@) Fk(z): 0 x R — R is measurable in (x, 7) € Q, convex in z € R;
(i) 1FP (x,1,2)| < C3(1 4 |2|9) for all z € R ae. in Q with some C3 > 0;
(iii) at least one of the following two conditions holds
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g1
(iiia) Fk(z)(-, - 2) Y AQ) ch)(~, -,z) for all z € R and |Fk(2)(x, t,2)| < C4 for all

z € Ra.e. (x,1) € Q with some Cy4 > 0;
(iiib) FP(x,1,2) —> F2(x,1,2) forallz € Rand ae. (x,1) € Q;

H(F®):

) Fk(s): Q x R¥*! 5 R is measurable in x € , convex in z € RV*t!:
(ii) |Fk(3)(x, 2)| < Cs(1 + |z|?) forall z € RVt ae. in © with some Cs5 > 0;
(iii) at least one of the following two conditions holds

—r!
(iiia) F< )( , ,z) (Q) Fég)(~, ., z) for all z € RN*! and |Fk(3)(x, t,z)| < Cg for

all ze RN lae. (x,1) € Q with some Cg > 0;
(iiib) Fk(3)(x, t,2) — FQ(x,t,z) forall z € RV and ae. (x,1) € 0;
H(F®):

1) Fk(4): Q2 x R — R is measurable in x € 2, convex in z € R;
(i) F\P(x,2) < C7(1 + |z/*) forall z € R ae. in Q with some C7 > 0;
(iii) at least one of the following two conditions holds

71
(iiia) Fk(4)(~, - 2) v SQ) FS)Q, -,z) for all z € R and |Fk(4)(x, t,z)| < Cg for all

z€eRae. (x,t) € Q with some Cg > 0;
Giib) FV(x,1,2) — F(x,1,2) forall z € Rand ae. (x,1) € Q;

Proposition 22 For every fixed k € N, under the regularity assumptions (i), (ii) of
H(FWD), H(F®), H(F®) and H(FW), respectively, we have
() 7/51)(') iss — WhP(0, T; LP(R)) so also sequentially 8 — Y continuous,
(i) ]_-122)(.) is s — U continuous,
(ijj) .7-',53)(~) is s — V continuous,
(jv) .77154)(-) is s — H continuous.

Also, under the convergence conditions (iii) of H(FD), H(F®), H(F®) and
H(F®), respectively, we have

FP) -5 FOw),

FOu Tz,
—_wh -
]_-]53)())0) I'(s W_f(Q) )fcg)(yo)’

's—H7)
FEGH T T FEDOY,

and for functional Fi(u, y y y) defined by (68), we obtazn Foolut, y y y)
= Fseq( U ,s—V ,s—H ,E y) hm]-"k(uy y y).
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Proof For the proof of (j) assume that y, — y strongly in Wh7(0, T; LP(Q)).
This means that y, — y strongly in L?(Q) and y, — y’ strongly in L?(Q). From
H(FW)(ii), we obtain

IFD ) = F Gl

1 1
< / IF (et ye, 1), ¥/ 0, 1) = D G, 1, ya(x, 1), vl (x, )] dxdt
0

1

< /2q*‘(1+|y(x,r)|f’)dxdt 1y = ylLro)
0

1

+C /2"*1(1+|y/(x,t)|p) dxdt | Ny, = ¥'lr o), (73)
Q

and the assertion follows. The continuity of ]-',Ei) for i = 2, 3,4 follows from the
fact that convex and locally bounded functions are continuous and from Carathéodory
Continuity Theorem (see Example 1.22 in [12]).

To prove the continuous convergence of F, D "assume that yk — yin E. We have

IFP ) = FO < 1F i) = FO D1+ 15 () = FO ).

The first term on the right hand side tends to zero uniformly in k by (73). To prove the
convergence of the second term, we proceed separately for the cases H (F M) (iiia)
and H (FW)(iiib). For the proof in the first case choose y € ) to get

FOo) = FOW < / ED (1 y(x, 0, ¥ (6, 1))
0

—FD (1, y(x, 1), ¥ (x, 0))| drdx.

By the Luzin theorem we know that for every ¢ > 0 we can find a compactset K C Q
such that y(x, t) and y’(x, t) are continuous on K and uy11(Q \ K) < & (where
Un+1 stands for N 4 1 dimensional Lebesgue measure). Hence, we have

1FP () = FO )| < 2Cae

IOy ) = POy, ) drd,
K

Now the fact that the last term in above inequality can be made arbitrarily small follows

71
from the convergence Fk(l)(~, 7, W) v LﬁQ) Fg)(-, -, z,w) forall (z,w) € R? in
the similar way as the convergence (13) in Lemma 4.1 in [17]. The proof in the case
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H (F()(iiib) follows by a direct application of the Lebesgue dominated convergence
theorem. For the proof of I"-convergence of ]—",52), }‘153), and .7-',54) observe that these
functions are convex and locally equibounded. Hence, by Proposition 5.12 in [12], the
I'-convergence is equivalent to the pointwise convergence. The pointwise convergence
follows from (iii) in the same way as for 7). This completes the proof. O

Now, the main result on the sensitivity of optimal control problems follows from
Proposition 5, Theorem 20, Proposition 22 and the direct method for the existence
part.

Theorem 23 Under the hypotheses H(A), H(B), H(J"), H(J?), H(C)"V, (Hy) and
(Hy) for (P)k, we admit the hypotheses H(FY), Jj =1, 2,3, 4 for cost functionals
Fi(u, y0, y', y) given by (68). Moreover, let the space of admissible controls i be
compactinU x V x H (alternatively we can assume that sublevel sets of the functionals
.7-“,52’3’4) : 8 — R defined as .7-',52’3’4)(11) = ]_-152)(“) + 5’:153)()10) + .7:,54)()11) are
compact). Then

(i) For every k € N the problem (CP)RA has at least one optimal solution y €
Sk(uk yk ,yk*) my = ]:k(uk yk ,yk ,yk) being its minimal value.

(ii) If the limit (original) problem (C P)R_ has the “uniqueness of solution prop-
erty”, i e. f0r allu e U, Soo() = {yoo (1)} (see Theorem 19), then the sequence
(uf, yk , yk . Y¢) has a cluster point and, moreover, every cluster point to this
sequence is an optimal solution to the problem (C P)R_, i.e.,

(s— U)X(st)X(s H)x(E-Y)

W o Y YE) Ul Yor, yar. vk, and

Vi € Skl ¥ vi0.

(iii) We also have my — myo as k — o0.

5 Examples

In this section we give examples of particular operators and functionals, for which the
results of the paper are applicable. Let p =2 and V = HO1 (£2). We provide examples
for the following hypotheses

H(A) Note that the operators Ay, k € N, are given in the explicit form in the assump-
tion H(A). Svanstedt (see Theorem 3.1 in [49]) proves that any sequence

{ak},foz1 such that a; € M has a subsequence such that ay P—G> aso With some
oo € M.
H(B) The condition H (B)(ii) holds for the operators defined by

(Bry,v) = /gk(x)y(x)v(x) + (Vy () - he(x))v(x)dx,

Q
for y,vEV,keN,
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where gr — goo in L®¥(Q) and hy — heo in WH®(Q; RY). Moreover,
if iy = 0 and g > O, then also the condition H (B)(i) holds. Note that
the second order operator (for example the Laplace operator) is not allowed
here.

H(J) Let j : R — R be a locally Lipschitz function such that & > 0 for
all r € Rand & € 9j(r), and |£] < C( + |r|P~") for all » € R and
& € 9j(r). For example, we can put j(r) = |r|. We define Z = LP(RQQ)
andJ : Z - Ras J(z) = fQ j(z(x)) dx. We take a sequence of mollifier
kernels o = ko(kx), where o € C*(R), supp(0) C [—1,1] and o(x) > 0
for all x € R. We define j,(r) = fR on(s)j(r — s)ds, and the associated
functional given by J,(z) = fQ Jn(z(x))dx. A straightforward computation
proves that J and J, satisfy H(JY(1)-(ii) and H(J?)() uniformly in n € N.
To show that H (J1)(iii) and H (J?)(ii) hold, we observe that by the compu-
tation analogous to the one given in the proof of Theorem 3.1 in [30], we
have

K —limsup Gr j; C Grdj.

k— o0

Using Theorem 3 in [52], we recover H (J')(iii) and H (J?)(ii). Note that
Theorem 1 of Zolezzi in [52] formulates abstract conditions which assure that
H (J)(iii) and H (J?)(ii) hold.

H(C) Note that H(C) holds provided Cyu — Coou strongly in V* for all u € U
and Cy € LU, V*) are uniformly bounded. Let U = RM M e N and

for u € U, we denote u = (uy,...,upy). Define Cru = Zf‘il u,-wf‘,
where wf € V¥fori = 1,...,M and k € N are such that wlk —
w® strongly in V* for all i = 1,..., M. Then the required convergence
holds.

H(F) We give example of the sequence of functionals F; k(]), with k € N, that satisfy
H(F®D). Note that corresponding examples that satisfy H(F®) — H(FW)
can be constructed analogously. Let zz € LP(Q) for k € N be such that
2k(x, 1) — Zoo(x, 1) for ae. (x,1) € Q and wy € LP(Q) for k € N be
such that wi(x, t) = weo(x, ) for a.e. (x,1) € Q. Define Fk(l)(x, t,zZ,w) =
|z — ze(x, )] + |w — wi(x, 1)|. Then H(FM) (i)—(ii) and (iiib) obviously
hold.
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