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Abstract We present analytical solution of relativistic
hydrodynamics for a system having cylindrical symmetry
with boost-invariant longitudinal expansion and Hubble-like
transverse expansion. We also consider analytical solution
for Hubble-like spherically expanding system. For these
two cases, we calculate analytical expression for trans-
verse momentum spectra of hadrons, at constant temperature
freeze-out hypersurface using Cooper—Frye prescription. We
compare our results for transverse momentum spectra with
experimental results from Large Hadron Collider and CERN
SPS where one expects cylindrical and spherical geometry of
the fireball, respectively. In the case of low-energy collisions
with spherical geometry, we calculate rapidity spectra and
compare with the results from CERN SPS.

1 Introduction

The earliest hydrodynamic approach for describing nucleus-
nucleus collisions dates back to Landau’s work in 1953,
where he focused on longitudinal expansion along the colli-
sion axis [1]. Landau’s non-dissipative expansion model pro-
vided an approximate analytical solution to ideal hydrody-
namic equations, known as Landau hydrodynamics, resulting
in Gaussian-like rapidity distributions of produced particles
[1,2]. Subsequent developments in hydrodynamics included
the Hwa-Bjorken framework, proposing a boost-invariant
scenario with a plateau-like rapidity distribution [3,4]. How-
ever, the applicability of boost-invariance symmetry was lim-
ited to the mid-rapidity region in ultra-relativistic heavy-ion
collisions. In contrast, the transverse-momentum (pr) inte-
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grated yield across the entire rapidity region demonstrated
an overall better agreement with the Gaussian structure sug-
gested by Landau [2,5-10]. Since Landau and Hwa-Bjorken
solutions, several different forms of analytical solutions were
proposed motivated by anticipated collective behaviour in
relativistic heavy ion collisions [11-17]. Analytical solu-
tions of relativistic hydrodynamics in simple symmetric cases
are important because they serve as benchmarks for test-
ing more realistic hydrodynamic simulation codes. In the
last two decades, relativistic hydrodynamic simulations have
been successfully applied to model the space-time evolution
of the hot and dense matter produced at the Relativistic Heavy
Ion Collider (RHIC) at BNL and the Large Hadron Collider
(LHC) at CERN [18-32].

Majority of studies in hydrodynamic modelling of the
evolution of hot and dense QCD matter, formed in rel-
ativistic heavy-ion collisions, rely on numerical simula-
tions. The hydrodynamic evolution equations, comprising
of energy-momentum and current conservation equations,
are solved numerically with appropriate initial conditions.
The conversion from hydrodynamic fields to the particle
degree of freedom is achieved via the Cooper—Frye freeze-
out prescription [33], which leads to the momentum dis-
tribution of observed hadrons. Semi-analytical framework
of hydrodynamics-inspired phenomenological models pro-
vides another approach to study hadron momentum distri-
bution [34-39]. Due to their simplicity, these phenomeno-
logical models have been employed extensively to analyze
the momentum spectra of produced hadrons, offering insights
into the properties of the strongly interacting matter at kinetic
freeze-out [40-58]. These phenomenological models, like
the Blast-wave model, primarily rely on the Cooper—Frye
freezeout prescription with ad-hoc parameterization of fluid

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-025-13751-8&domain=pdf
https://orcid.org/0000-0003-1207-0607
https://orcid.org/0000-0003-0140-9900
https://orcid.org/0000-0001-5692-9167
https://orcid.org/0000-0002-8585-7382
mailto:deeptakb@gmail.com

30 Page2of 12

Eur. Phys. J. C (2025) 85:30

variables at the freeze-out hypersurface. While the parame-
terization of the fluid variables are inspired by hydrodynamic
solutions, a direct correspondence between them has not yet
been established. Therefore it would be highly beneficial to
have a simple and fully analytical hydrodynamic framework
for computation of hadron momentum distribution.

In this work, we obtain an analytical solution for relativis-
tic hydrodynamics in a system characterized by cylindrical
symmetry with boost-invariant longitudinal expansion and
Hubble-like transverse expansion. Additionally, we explore
an analytical solution for a Hubble-like spherically expand-
ing system. These straightforward profiles allow us to derive
a simple analytical solution for the temperature evolution
relative to the proper time, facilitating a connection with
the freeze-out hypersurface. For both cylindrical and spher-
ical flow profiles, we compute the analytical expressions for
the transverse momentum spectra of hadrons on a constant
temperature freeze-out hypersurface, utilizing the Cooper—
Frye prescription. We then compare these results for trans-
verse momentum spectra with experimental findings from
the Large Hadron Collider (LHC) and CERN SPS, where
the fireball is expected to exhibit cylindrical and spherical
geometries, respectively. In the case of low energy collisions
with spherical expansion, we further calculate rapidity spec-
tra and compare them with results from CERN SPS. The
paper is organized as follows, in Sect. 2 we provide the deriva-
tion of the analytical hydrodynamic solutions for spherical
and cylindrical geometries. Subsequently, in Sect. 3 we for-
mulate the hadron momentum spectra using Cooper—Frye
prescription for spherical and cylindrical freezeout hyper-
surface. Further, in Sect. 4, we apply the derived expressions
for hadron momentum distribution to compare with exper-
imental results for hadron transverse momentum spectrum
and rapidity spectrum. Finally in Sect. 5, we provide the
summary and conclusion of the present work. Throughout
the text we employ natural units where i = ¢ = kp = 1
and use (4, —, —, —) for the metric signature. We use dot to
denote scalar products of both three- and four-vectors, i.e.,
a-b=a""—G-b.

2 Analytic solution of hydrodynamics

Hydrodynamic evolution of the hot and dense QCD mat-
ter is governed by the conservation equations for particle
charge current as well as energy and momentum conser-
vation. Assuming a system with no conserved charges, the
hydrodynamical equations are

9, T™ (x) =0, (1)

where THV(x) is the local energy—momentum tensor. In the
following, we consider non-dissipative evolution of the sys-
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tem where the energy—momentum tensor takes the form
T"" = (¢ + pyu"u’ — pg"", 2

where ¢ and p denote the energy density and pressure of the
system, respectively. The local four-velocity is denoted by
ut*(x) = y(x)(1, v(x)), with y(x) = 1/4/1 — v%(x) being
the local Lorentz factor. We use the Minkowski metric for
our calculations, given by g"V = diag(1, —1, —1, —1).

Using the thermodynamic expressions 7's = ¢ + p and
dp = sdT, we can express Eq. (1) in terms of temperature
T as

uh9,(Tu”) —3"T =0, 3)

where s is the entropy density. The above equation can be
re-written in the following form

0 I .2 -

g(Tyv) +V(Ty)=vxV x (Tyv). @)
For non-dissipative fluid, the entropy conservation implies
du(sut) =0, 5)

which can be re-written in the following form

ol = o
3,6V V- Gsyn) =0. (6)

In the following, we will seek solutions to Eqs. (4) and (6)
for a hydrodynamically expanding system with spherical and
cylindrical symmetry.

2.1 Spherical solution

In the case of radially expanding system, it is convenient to
work in the (¢, r, 6, ¢) co-ordinates. Due to spherical sym-
metry, the hydrodynamic variables depend only on time ¢
and radial distance r from the origin. In this case, the fluid
velocity vector is given by v = (v,, 0, 0). For such a system,
Egs. (4) and (6) become

0 0

5 Ty + - (Ty) =0 7
d 1 0
5 67+ r—za—r(rzsyv» =0. ®)

Above equations admit scaling type analytical solution with
the fluid flow velocity of the form v, = r/t [59,60]. Assum-
ing this flow profile, Egs. (7) and (8), become

oT oT
— 4 — =
ar

T 0 ©)
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as as 3 0 10
IE + VE +3s =0. (10)
We now require the equation of state relating energy density
and pressure. We assume an equation of state of the form
p= c? &, with the speed of sound ¢ kept constant.

By employing thermodynamic relations, we reformulate
the equation of state to relate entropy density and temperature
ass o T/ Substituting this expression for s in Eq. (10),

we obtain

z3T+ 8T+32T 0 (11
— +r— c:T =0.

ot or §

The above equation can be solved using the method of charac-
teristics. The equation for obtaining the characteristic curves
is given by

dt d dT

ST (12)
t r 3¢2T

Solving the above equation, we obtain

T ~ 7% 7 (%)), (13)

The above equation implies that any functional form for
f(r/t) is a solution of Eq. (11). This functional form can
be fixed by employing Eq. (9). Substituting the expression
for T (r, t) from Eq. (13) in Eq. (9), we get

) —w?) = 3cwf(w) =0, (14)

where we have defined w = r/t. The above equation can be
easily integrated to obtain

1
a- w2)3c§/2'

fw) ~ (15)

Using the above equation in the expression for 7' (r, ) and
s(r, t), we obtain the solution to Eqgs. (7) and (8) as

5 573¢2/2
Iy — 1o

nnn=m[2 2} : (16)
t2—r
5 2732
Iy =19

s(r,t) = 50 |:t2 — r2:| , a7

r
v =7 (18)

where T and s are constants denoting the initial temperature
and entropy density, respectively, at position 7y and initial
time 7. We note that the scaling solution, given in Eqgs. (16)—
(18), is in agreement with the family of solutions obtained in
Refs. [12,14].

2.2 Cylindrical solution

In the case of a longitudinally and transversely expanding
system, itis convenient to work in the (¢, p, ¢, z) coordinates.
Due to cylindrical symmetry, the hydrodynamic variables
depend only on time ¢, radial distance p from the origin in
the transverse plane, and the longitudinal distance z. In this
case, the fluid velocity vector is given by ¥ = (vp, 0, v;). For
such a system, Egs. (4) and (6) leads to

0 0 0 0
E(Tyvp) + %(TV) — 1z [%(T)/UZ) - 8_Z(T7/Up):| =0
(19)

9 T 9 T 9 T 9 T =0
E( sz)+a_z( V)_Up a_Z( va)_%( Y | =
(20)

d 10 0
E(SVH‘;%(Psyvp)‘i‘a—z(s)/vz)zo-
(21)

In the following, we consider boost-invariance for the lon-
gitudinal expansion, i.e., v; = %. Bjorken’s notion of boost-
invariance implies that the expansion geometry of the fireball
is identical in all longitudinally boosted frames. Therefore,
considering the z = 0 slice, Eqgs. (19)-(21) reduces to

0 a
5(7"7/%) + %(TV) =0, (22)

d 9 v, 1
9 Z L4 )=o. 23
at(sy)+ap(syvp)+sy<p + t) (23)

As done in the previous case of spherical expansion, we again
assume an equation of state of the form p = ¢2 ¢ with con-
stant c?.

In order to find the solution of Egs. (22)-(23), we introduce
the potential ®(7') and define a4 as [60]

dinT
dd = =c;dlns, (24)
Cs
ar = e®*, (25)

where « denotes the transverse rapidity, i.e., o = tanh™! (vp).
The above equations can be inverted to write the hydrody-
namic variables in terms of these new variables a4 as

1
O(T) = 3 Inaja_, (26)
ay —da—
= —. 27
b a +a-— @7
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In terms of the new variables a4, Egs. (22) and (23) can be
rewritten as [60]

3a+ Vp + ¢y 3a+

1
+&<v—”+;>=0, (28)

at I+uvyc, 9p I+voes \ p

da_ Vv, —Cs 0a— csa_ v 1

— L 2 T (24 )=0. (29
at I —vycs 9p I—voes \ p t

We intend to find a self-similar solution for the above set of
equations.

We start with a simple scaling ansatz for the transverse
component of the fluid velocity, v, = p/t. Using this ansatz
in Eq. (27), the variables a1 become

ar(p.0) = A(p.0) (1+ §) (30)

a-(p.0)=A(p,0) (1- §) 31)

where A(p,t) is a constant of proportionality. Substituting
the above expressions in Egs. (28) and (29), we get

0A JdA
t(t—i—pcs)g—i-t(p—i-lcs)%+Acs(3t—p)=0 (32)

0A A
t(t—pcs)g—i—t(p—tcs)%—i—Acs(:%t—i—p)=() (33)

Assumption of the form of the scaling solution v, = p/1,
along with Egs. (28) and (29), puts constraints on A(p, ?).
The form of A(p, t) must be such that it satisfies the above
differential equations. By adding and subtracting Eqgs. (32)
and (33), we obtain a simpler set of equations given by

04 pdA | 3Ac
at  t dp t

94 194 Ao )
aa  pop

=0, (34)

The above equations can be solved using the method of char-
acteristics.

Let us first consider the partial differential equation in
Eq. (34). The characteristic curves are obtained by solving
the equations

dt d dA
2o 2 (36)
t P 3¢A

It is interesting to note that the above equations for charac-
teristic curve are similar in structure to Eq. (12), suggesting
that they belong to a broader family of solutions [12]. The
solution of the above equations is given by

Ap.n) ~ 17 g(2). (37

@ Springer

where g(p/t) is an arbitrary function. The form of g(p/1)
is obtained by substituting Eq. (37) in Eq. (35). Defining
w = p/t, we get

(% - w) g (w) — (14 3c¢5)g(w) = 0. (38)

The above equation can be easily integrated to obtain g(w)
which leads to

o\ —(143¢5)/2
) 1 (39)

P
A(p,t)~<l—t—2

Using this result for A(p, ¢) in Egs. (26), (30) and (31), we
get

O(T) ~ =3¢; In(t> — p?). (40)

Substituting the above expression in Eq. (24), we obtain the
solutions for temperature and entropy density as,

s 5 3¢2/2
Iy — Py
T(p,t) =Ty |:t2_p2} , 41)
3/2
2 2
Iy — Py
s(p, 1) =50 |:t2—p2:| . (42)

where Tj and s( are constants denoting the initial temperature
and entropy density, respectively, at position pg and initial
time #(. Note that the solution given in Egs. (41) and (42) has
been derived for the z = O slice. It is then straightforward to
show that

3¢2/2
2 2 2 s
Iy =Py — %
T(p’ z,t) =Ty |:t2—,0—2—Z2:| s 43)
32
2 2 2
_ Iy — Py — %
s(p,z,1) =50 |:l‘2—,0—2—zzi| ; (44
0
Up(p’ th) = ?» (45)
Z
v.(p,2,1) = . (46)

form a solution of Egs. (19)—(21) for all z. We note that the
scaling solution, given in Eqs. (43)—(46), is in agreement with
the family of solutions obtained in Refs. [12,14].

We would like to reiterate that the solutions in Ref. [60]
are obtained numerically without assuming a specific veloc-
ity profile, by solving Eq. (27). While these non-trivial pro-
files provide a more detailed understanding, we believe that
a simplified analytical solution offers a valuable baseline
for studying the evolution, complementing more complex
numerical approaches. We note that the analytical solutions
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obtained in Egs. (16) and (43) are scaling in nature. Defining
13 = V12 =12 = /12 — p2 — 22, we find that the initial
conditions corresponds to 7 = T, s = sp at initial proper
time t3(ty, ro) and t3(to, po, zo) for the spherical and cylin-
drical case, respectively. Additionally, we emphasize that our
findings are in line those from Ref. [60], which indicate that a
scaling solution is valid when both r and ¢ are large compared
to the initial size of the system.

3 Freeze-out and momentum spectra

The hadron momentum spectra can be derived by applying
the Cooper—Frye prescription for particle production at the
freezeout hypersurface

a if ds" f(x, p) (47)
d3p - (271_)3 p# X, D),

where g is the particle degeneracy factor,! E is the relativistic
particle energy, d ¥, is the freeze-out hyper-surface, p* is the
particle momenta and f (x, p) is the phase-space distribution
function of the particles. In this work, we consider the form
of the equilibrium distribution function to be semi-classical
generalization of Maxwell-Jiittner distribution,

1
Jeqx, p) = ————7, (48)
“ exp[B(u - p)l+e
where ¢ = —1 for Bose—Einstein statistics, ¢ = +1 for
Fermi-Dirac statistics and € = 0 for classical Maxwell-

Boltzmann statistics. In the above equation, we have defined
B = 1/T as the inverse temperature. For ease of calculation,
we rewrite Eq. (48) in the form

feg(x, p) =) enexpl—nB(u - p)], (49)

n=1

where, €, = (—€)"~! with ¢; = 1 for classical Maxwell-
Boltzmann statistics.

To proceed further, we need to specify the freeze-out
hypersurface for the case of spherical and cylindrical expan-
sion. Defining (3 + 1)-dimensional proper time 173 =
V12 —r2 = /12 — p2 — 22, we see from Egs. (16) and (43)
that analytical solution for temperature, in case of both spher-
ical and cylindrical expansion, leads to

36‘52
T(r3) =Tp <%°> . (50)

! Not to be confused with g(w) introduced in the previous section.

From here, we can easily conclude that T is the initial tem-
perature at initial proper time 730. The above equation also
suggests that the scaling nature of the solution determines
the initial temperature profile of the fireball.

Kinetic freeze-out in heavy-ion collision is considered to
occur when the constituent hadrons stop interacting and free
stream to the detectors. In hydrodynamic simulations, this is
imposed when the temperature reaches the kinetic freeze-out
temperature due to the cooling caused by the expansion of the
fireball. In the present work, we also assume that the freeze-
out hypersurface is specified at a constant temperature 7'y.
From Eq. (50), we see that the T = T’y hypersurface uniquely
corresponds to a constant proper time hypersurface t3 = 73 .
In the following, we calculate this freeze-out hypersurface
and the corresponding hadron momentum spectra for the two
cases of spherical and cylindrical expansion.

3.1 Spherical geometry

Points on a spherically symmetric hypersurface can be
parametrized as [61]

x* =1t(¢), r(¢)sinf cos @, r(¢)sin@sing, r(¢) cosf],
(51)

where r, 8, ¢ are usual spherical polar coordinate variables.
Here ¢ is the parameter which defines the spherical hypersur-
face with 0 < ¢ < 1 such that 7(0) = 0 and (1) = R, with
R being the radius of the fireball at freezeout. The surface
element of the hypersurface can be obtained as

dr dt . dt . . dt
d¥? = |—, —sinfcos¢, — sinf sin¢, — cos 6
dc de d¢ de

xr2sin@ dt do dé. (52)

For radially expanding fireball, the spherically symmetric
flow velocity profile can be written as

u* =y (@) [1,v,(¢) sinb cos ¢, vy () sin O sin @, vy (Z) cos O],
(53)

Where we recall that we have Hubble-like solution for the
fluid flow velocity, v,(¢) = r(t_c)

Using spherical polar co-ordinate variables in
momentum space, the four-momentum of a hadron, p#* =
(E, p*, p”, p%), can be written as

pt = (E, psiné,cos¢,, psinf,sing,, pcosd,), (54)
where 6, and ¢, denote the polar and azimuthal angle,
respectively, in the momentum space. Spherical symmetry

can be employed to restrict our considerations to 6, = 0,
which leads to

@ Springer
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u-p=yE@)E—-y&)v(5)pcoso, (55)
(g% _ ary\ oo
p-d¥ = <E dc pcos6 dC) re(¢)sinfd¢ do de.
(56)

Substituting the above expressions in Eq. (47), along with
the form of the equilibrium phase-space distribution function
given in Eq. (49), we get

E Ee/dr/d@sm@ Ed—
d3 (271)2 " ¢ dc
dt
—pcosf %> e Pup) (57)

We notice that the 6 integral in the above equation can also
be done analytically.

After performing the 6 integral in Eq. (57), the expression
for the momentum distribution is given by

_ dr smh(not)
- npyE
O R L

dt (smh(noz) — no cosh(na))] 2 ¢
ikl r=dg,

+T
dc¢ n2ayv,

(58)

where o = By v, p. To proceed further, we make use of the
condition for constant temperature freezeout hypersurface
resulting in r32f = const. = 1> — r2. This choice of freezeout
hypersurface leads to

ﬂ — r d_r (59)
dt t d¢

Using the above relation, we obtain the final form of the
particle momentum distribution to be

CgRP N
Zen/ —nBE~/vZ+x?/v E

d3p 272

) (sinh(nax) —nay cosh(nax)):| x2dy, (60)

nza)( v2 + X2

sinh(nay)

nay

where x = r/R, v = w3¢/R, and a = p/(Tv). At this
point, we would like to emphasize that the above expression
for hadron spectrum is the exact analytical hydrodynamic
result for spherically expanding fireball produced in rela-
tivistic heavy-ion collisions.

It is instructive to calculate the average radial velocity
of the fireball in terms of the parameters on the freezeout
hypersurface. The average radial velocity can be defined as

[ v /dE, dEF 61
[Jdz,d=r b

(vr) =

@ Springer

With v, = r/t and employing Eqgs. (52) and (59), we obtain
the final expression for the average radial velocity as

1402 10g<1+u2>
\/1+v2—v210g[

(vr) = (62)

v
v l+v2—l]

It is straightforward to verify that the maximum value of (v,
is 1 forv =0.

3.2 Cylindrical geometry

Points on a longitudinally boost-invariant and cylindrically
symmetric hypersurface can be parametrized as [61]

= [t(¢) coshng, p(¢)cosdp, p(¢)sing, T(¢)sinhng]
(63)

where p = /x2+y? and © = /2 — z2. Here again, ¢
is the parameter which defines the cylindrical hypersurface
with 0 < ¢ < 1 such that p(0) = 0 and p(1) = R, with R
being the transverse radius of the fireball at freezeout.” Note
that space-time rapidity 7y is independent of the parameter
¢ owing to the boost-invariance symmetry considered here.
The surface element of the hypersurface can be obtained as

dp dt dt
wo— (22
axt = (d{ cosh ng, — dc cos ¢, s1n¢ smh Us)
XT(§)p(E)dsdpdn;. (64)

Defining longitudinal fluid flow rapidity, 1 7, and transverse
flow rapidity, nr as

1 1+ v,
=—1 , 65
ny 20g<1_vz> (65)
-1 Vp
nr = tanh — (66)

the fluid four-velocity can be written as
ut = (cosh nr coshn g, sinhnr cos ¢, sinh nr sin g,
x cosh nr sinh ’7f)- (67)

In terms of the transverse momentum and rapidity variables,
the four-momentum of a particle, p* = (E, p*, p”, p%),is
given by

2 We use the same notation for transverse freezeout radius as well as
spherical radius at freezeout as introduced in the previous section, for
reasons that will become apparent later.
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1.0f=
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0.8;
> 0.7}
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00 02 04 06 08 10 12 14

Fig. 1 Average radial and transverse velocity as a function of the
freezeout parameter v. These average velocities are calculated using
Eqgs. (62) and (75) for spherical and cylindrical expansion geometries,
respectively

p'* = (mr coshy, prcos¢,, prsing,, mrsinhy),
(68)

where y is the longitudinal rapidity of the particle and ¢,
is the azimuthal angle in momentum space. Here mr =

Jm?+ p% is the transverse mass with p7 being the trans-
verse momentum of the particles.

The longitudinal boost-invariance for fluid velocity profile
is guaranteed for v, = z/t whichleads to n s = n,. Imposing
this boost-invariance condition, we have

u - p =mr cosh(nr) cosh(y — ny)

— pr sinh(nr) cos(¢p — ¢p), (69)
d
p-ds = [mr cosh(y — m)ﬁ
dt

—pr cos(p — ¢p) } t(§) p(§)dE dedns. (70)

d¢
Substituting the above expressions in Eq. (47), along with
the form of the equilibrium phase-space distribution function
given in Eq. (49), and performing the ¢ and n; integrations,
we get

dN
d3p
o0

1
8 . dp
=—= ) ¢ I sinh K cosh —
2712;:] n/o [mr o(nBpr nr) Ky(mnpmr 77T)dé,

. dt
—pr Iy aBpr sinhnr) Ko(mBmy CoshnT)E]pde (71)

where, I,,(x) and K, (x) are modified Bessel functions of first
kind and second kind, respectively.

To proceed further, we make use of the condition for con-
stant temperature freezeout hypersurface resulting in r3zf =

const. = 72— p2. This choice of freezeout hypersurface leads
to

dc  t©d¢’

Considering Hubble-like flow in the transverse plane, i.e.,
v, = p/tleads to p = 737 sinhny, T = 137 coshnr on the
freezeout hypersurface. Using Eq. (72) and these relations,
we obtain the final form of the particle momentum distribu-
tion to be

dN
d3p

3 1 2
gR nppr x X
= 2722 enfo [mm/vz + X210<T> K| (nﬂmT,h +73 '
n=1
nBpr x x2
—xprh (7\) ) Ko (nﬁmr,/ I+ ” xdx. (73)

where x = p/Randv = 137/ R. Comparing the above equa-
tion with Eq. (60), we find that the form of the overall nor-
malization factor, appearing outside the integration onr.h.s, is
identical. At this juncture, we would again like to emphasize
that the above expression for the hadron spectrum is the exact
analytical hydrodynamic result for a cylindrically expanding
fireball produced in relativistic heavy-ion collisions.

In the simplified model presented, the speed of sound (cy)
does not explicitly appear in the particle spectra. However,
here we assume a constant ¢ throughout the evolution, which
influences the temperature profile’s slope, as shown in Egs.
(16) and (43). The spectra are calculated at a fixed freeze-out
temperature, where this temperature also implies a constant
freeze-out proper time, crucial for determining the spectra.
This can be understood in two steps: first, the temperature
evolution is governed by the equation of state (e.o.s.), where
¢s plays a significant role; second, the spectra are determined
at freeze-out, where the temperature is constant. This process
effectively links the temperature evolution, controlled by c;,
to the final spectra evaluation.

Further, it is informative to calculate the average trans-
verse velocity of the fireball in terms of the parameters on
the freezeout hypersurface. The average transverse velocity
can be defined as

Jvp/dE, dEH 24
[dZ,d=r 7

With v, = p/t and employing Egs. (64) and (72), we obtain
the final expression for the average transverse velocity as

(vr) =

(75)

<UT> = 1+ U2 — \)210g [ﬁ} .
U —
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It is again straightforward to verify that the maximum value
of (vr)is 1 forv =0.

It is important to understand the physical meaning of the
freezeout parameter v. To achieve this, we have calculated
the average radial and transverse velocities in Egs. (62) and
(75). In Fig. 1, we show the v-dependence of average radial
velocity for spherical expansion, given in Eq. (62), as well as
average transverse velocity for cylindrical expansion, given
in Eq. (75). We find a monotonic decrease of the average
velocities as a function of v; recall that v = 737/R has a
dimension of inverse velocity. Therefore the observed mono-
tonic decrease is expected. Moreover, we see that for the
same value of v, the average radial velocity is slightly larger
than average transverse velocity. In the next section, we shall
use the expressions for the hadron momentum distribution,
Eqgs. (60) and (73), to fit the experimental data for the trans-
verse momentum spectrum of hadrons. The fit parameters,
i.e., temperature 7" and v which represent average expansion
velocity, would be interpreted in the context of experimental
results. Furthermore, in the blast wave model, the parameter
B is treated as a fitting parameter, whereas in our approach
the average transverse velocity is directly obtained from the
hydrodynamic profile at freeze-out.

4 Numerical results and discussions

In this section, we apply our exact analytical results for
hadron momentum spectra to fit experimental data. In low-
energy heavy-ion collisions, one expects the expansion
geometry of the fireball to be spherical. To this end, we apply
our analytical results for spherical geometry to Pb-Pb colli-
sions at 30 AGeV in Super Proton Synchrotron (SPS). We
consider y = 0 in Eq. (60) to obtain the transverse momen-
tum, pr, distributions corresponding to the mid-rapidity
range. We then employ chi-square minimization to obtain
the best-fit result by analyzing the SPS experimental data for
mid-rapidity pr spectra. In this case, apart from the overall
normalization, there are two fit parameters, 7 and v (or equiv-
alently (v,)). In the left panel of Fig. 2, we have successfully
characterized the charged pion and kaon spectra using our
calculated spectra, with a freeze-out temperature of 81 MeV
and average radial velocity (v,) = 0.65. These fitted results
are in agreement with earlier analyses [57,58].

With a suitable fitting of the pr spectra with a reduced
X2 of 5.6, it would be interesting to check the momentum-
integrated rapidity spectra. The deviation from boost-
invariance necessitates that the rapidity spectra exhibit a
Gaussian distribution, initially proposed by Landau [1].
Recently, in Ref. [10], a more generalized form of rapidity
spectra has been proposed, accommodating a non-conformal
equation of state. The distribution in Eq. (60) depends on
transverse momentum ( pr) and rapidity (y) viaa = p/(Tv),

@ Springer

where momentum p = \/ p% + sz sinh(y)2. Integrating the
distribution over pr leads to the rapidity spectrum dN /dy.
On the other hand, we note that the distribution in Eq. (73)
is independent of y and depends only on pr. In the present
work, we evaluate the rapidity spectra for the SPS collision
energy 30A GeV using the parameters 7 and v obtained from
fitting the slope of the corresponding mid-rapidity pr spectra
using our analytical results. It is to be noted that the overall
normalization is different for different particle species con-
sidered in this work.

In the right column of Fig. 2, we present the rapidity spec-
tra, computed using the parameters derived from the fitting
of the mid-rapidity differential pr data, as discussed earlier.
While the Gaussian-like structure is apparent in the result-
ing rapidity distribution, there exists a noticeable quantita-
tive discrepancy with the data at higher rapidities. This dis-
crepancy can be attributed to the fact that, for fitting the pr
spectra, mid-rapidity data was employed, whereas the same
parameter set was utilized for computing this differential
rapidity variation across the entire rapidity range. Moreover,
the assumption of a completely spherical geometry for this
SPS collision energy may not be valid. For a suitable agree-
ment between the data and model estimation of the rapidity
spectra, one has to perform fits to the pr spectra for different
rapidity windows, as discussed in Ref. [63], which is beyond
the scope of the present study.

‘We note that the feed-down contribution from higher mass
resonances are not incorporated here and the fitting is per-
formed considering the primary hadrons only. In the lower
momentum region, decay contributions from higher mass
resonances dominate total pion yields. Atthe LHC energy, the
fits for pions are customarily performed for pr > 0.5 GeV/c,
whereas the pr range for k and p are 0.2-1.5 GeV/c and
0.3-3 GeV/c respectively [64]. For the SPS energy, the pion
spectra from Ref. [62] are weak decay corrected and the fit
are generally performed for the interval 0.2 < m7 —m < 0.7
GeV. To perform state-of-the-art estimation of the freeze-out
parameters, one can consider the decay contributions sep-
arately following the process mentioned in Ref. [57]. Nev-
ertheless, this work focuses on the analytical solutions and
their connections with the spectra. Keeping this in consider-
ation, we perform the simultaneous fits for the available pr
range, considering only the primary hadrons, and have pro-
vided qualitative descriptions consistent with earlier works.

At ultra-relativistic high energies, the system exhibits lon-
gitudinal boost-invariance, a characteristic we have incorpo-
rated into our analytical hydrodynamics framework by adopt-
ing cylindrical geometry with boost-invariance along the z
direction. This solution has been translated into the form of
transverse momentum spectra as given in Eq. (73). We have
applied this result to fit the transverse momentum spectra
observed in LHC collisions at ,/syny = 2.76 TeV energy.



Eur. Phys. J. C (2025) 85:30

Page9of 12 30

SPS 30 AGeV: T = .084 GeV, <V, > =0.64, x/d.o.f=5.2

1000 ¢

02 04 06 08 1 12 14
pr (GeV)

Fig. 2 (Left) mid-rapidity pr spectra for 7 ~(black), k* (red) and k—

(blue) at SPS collision energy of 30 AGeV. Square boxes denote the data

from Ref. [62] and the line represents the model estimations. (Right)
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Fig. 3 (Left) mid-rapidity pr spectra for 7 ~(black), k~ (blue) and p
(red) at LHC collision energy of 2.76 ATeV. Square boxes denote the
data from Ref. [64] and the line represents the model estimations

Utilizing mid-rapidity pr spectra data for pions, kaons, and
protons, we conducted a chi-square minimization process.
The fitted spectra are plotted along with the data in Fig. 3.
The resulting temperature is found to be 112 MeV, which
is higher compared to the value observed at SPS (81 MeV).
These reference values align with our general expectation of
a higher freeze-out temperature at LHC due to the increased
collision energies. Additionally, we obtain (vr) = 0.72 at
LHC which aligns with the conventional blast wave parame-
terization detailed in Ref. [64]. In contrast, the average radial

100

90+ SPS 30 AGeV: 1T
k+
K

30|
20

10 &

25 3

y

pr integrated rapidity spectra d N /dy of the same species of particles
calculated using parameters from fit to pr spectra

velocity ((v,)) at SPS energies is lower, indicating a higher
value of v. This observation suggests a relatively later freeze-
out time at lower collision energies.

5 Summary and conclusions

Analytical hydrodynamic solutions play a crucial role in
establishing a benchmark for understanding the evolution of
QCD matter created in heavy-ion collisions. While providing
a general solution remains challenging, one can focus on spe-
cific geometries and flow profiles that facilitate formulation.
In this study, we obtained analytical solutions for relativis-
tic hydrodynamics in a system characterized by cylindrical
symmetry with boost-invariant longitudinal expansion and
Hubble-like transverse expansion. Additionally, we explored
an analytical solution for a Hubble-like spherically expand-
ing system. These straightforward profiles allowed us to
derive a simple analytical solution for the temperature evo-
lution relative to the proper time, facilitating a connection
with the freeze-out hypersurface. For both cylindrical and
spherical flow profiles, we computed the analytical expres-
sions for the transverse momentum spectra of hadrons on a
constant temperature freeze-out hypersurface, utilizing the
Cooper—Frye prescription.

At this juncture we would like to note that the results
for analytical solutions of relativistic hydrodynamic equa-
tions have been obtained earlier [12,14]. In separate works,
the analytical expressions for hadron spectra have also been
obtained earlier within a phenomenologically motivated
paramterized blast-wave model [61,65]. In this work, for the
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first time, we make the connection between the analytical
hydrodynamic solutions and the analytical expressions for
the hadron spectra. Moreover, we also show that these results
are consistent with constant temperature freeze-out hypersur-
face (as considered in hydrodynamic simulations) rather than
the blast wave assumption of constant time freeze-out hyper-
surface. Further, we have derived the analytical expressions
for average radial and transverse velocity on the freeze-out
hypersurface, which are exact results.

We emphasize that the expressions obtained for hadron
momentum distributions are exact analytical hydrodynamic
results. Our analytical results can serve to test numerical cal-
culations of particle spectra obtained by solving more realis-
tic hydrodynamical equations. We compared our results for
transverse momentum spectra with experimental data from
SPS and LHC energies. Adhering to the symmetry of the
expanding system, we have employed the spherical solu-
tion for lower-energy collisions at SPS while opting for the
cylindrical description at the LHC. We used x? minimiza-
tion to analyze available pr spectra data for SPS collisions
at 30 AGeV and LHC collisions at 2.76 TeV. The successful
description of the data with our analytical results provides a
validation to this solution. However, we note that the inclu-
sion of equation of state in the analytical solutions to hydro-
dynamic equations are rather restrictive and does not allow
for incorporating realistic equation of state such as lattice
QCD results. On the other hand, it may be possible to extract
an average speed-of-sound from analysis of experimental
observables. A more detailed phenomenology of heavy-ion
collision experiments, within the presented framework, is left
for future work.
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