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Abstract Complex geodesics are fundamental constructs for complex analysis and as such
constitute one of the most vital research objects within this discipline. In this paper, we
formulate a rigorous description, expressed in terms of geometric properties of a domain, of
all complex geodesics in a convex tube domain in C" containing no complex affine lines.
Next, we illustrate the obtained result by establishing a set of formulas stipulating a necessary
condition for extremal mappings with respect to the Lempert function and the Kobayashi—
Royden metric in a large class of bounded, pseudoconvex, complete Reinhardt domains:
for all of them in C2 and for those in C" whose logarithmic image is strictly convex in the
geometric sense.
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Extremal mapping
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1 Introduction

A non-empty open set D C C" is a tube domain if for some domain 2 C R" one has that
D = Q 4 iR". We call Q the base of D and, in this paper, denote it by Re D. In [16],
convex tube domains were investigated from the holomorphically invariant distances theory
viewpoint with a particular focus on the notion of complex geodesics. Given a convex domain
D c C", we call a holomorphic map ¢ : D — D a complex geodesic for D if there exists a
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left inverse of @, i.e. a holomorphic function f : D — D such that f o ¢ = idp. Complex
geodesics of D are precisely the holomorphic isometries between the unit disc D C C
equipped with the Poincaré distance and the domain D equipped with the Carathéodory
pseudodistance (see [12—-14]). Lempert’s theorem yields that if D C C”" is a taut convex
domain, then for any pair of points in D there exists a complex geodesic passing through
them (see [9] or [5, Chapter 8] and also [11,15]).

The problem of finding an explicit description of all complex geodesics in a given domain
is fundamental to the geometric function theory, and so far it has been solved completely
only for a few classes of domains (see e.g. [1,4,6,10]). This study, which may be considered
as a continuation of the recent paper [16], centres on the family of convex tube domains
in C" containing no complex affine lines. As the main result of this paper, we establish an
exhaustive characterization of all complex geodesics for any domain of this type.

The restriction to convex tube domains with no complex lines is made for several reasons,
among which the most important is that it results in every holomorphic map with the image in
such a domain admitting the boundary measure ([16, Observation 2.5]). Furthermore, from
[16, Observation 2.4] it follows that narrowing research to this family does not cause the
loss of generality. In [16], we demonstrated an equivalent condition for a holomorphic map
¢ : D — D to be a complex geodesic in a convex tube domain D which is taut (what in
this case is equivalent to containing no complex affine lines; see e.g. [2]). The condition is
expressed in terms of the measure theory and formulated using the boundary measures of
coordinates of ¢. For the sake of clarity, we shall follow the notation of Zajac [16] and refer
to the n-tuple of these measures as the boundary measure of the map ¢.

The derivation of the main result of this paper, Theorem 3.1, draws upon the equivalent
condition from Zajac [16] and the following, ‘spherical’ decomposition of n-tuples of mea-
sures (Lemma 2.1): given real Borel measures up, ..., u, on T, there exist a finite positive
Borel measure v on T singular to the Lebesgue measure £ on T, a Borel-measurable map
o from T to the unit sphere 3B, and amap g : T — R” with components in L' (T, £T) such
that

(1, -y ) = gdLT + o dv.

The objects v, o and g are correspondingly unique. Theorem 3.1 states that a holomorphic
map with the boundary measure u = (u1, ..., 4,) is a complex geodesic for D if and only
if the parts v, o and g of the decomposition of p satisfy a number of geometric conditions.
So, strictly speaking, in Theorem 3.1 we describe every n-tuple of measures which defines
a complex geodesic for D. Then, the complex geodesic itself can be easily recovered, up to
an imaginary constant, from its boundary measure employing the Schwarz formula (1).

Only thereafter we apply Theorem 3.1 to obtain more detailed form of complex geodesics
for special classes of convex tube domains. In Sect. 3.1, this is done for, inter alia, convex
tubes D C C" with the base being bounded from above on each coordinate and satisfying the
equality Re D + (—o0, 0]" = Re D. Considering these domains is beneficial when studying
extremal mappings with respect to the Lempert function and the Kobayashi—Royden metric
in bounded, pseudoconvex, complete Reinhardt domains in C". We treat this topic in Sect. 5,
where we postulate formulas for extremal mappings for all such domains in C2 and for those
in C" with strictly convex, in the geometric sense, logarithmic image. Next, in Sect. 3.2 we
investigate complex geodesics in convex tube domains in C2. The obtained result, together
with the considerations made in Sect. 3.1, simplifies the conclusion of Theorem 3.1 in the
two-dimensional case.

This paper is organized as follows: Sect. 2 presents the notation and recalls crucial
properties of the boundary measures of holomorphic maps. Also, therein we prove the afore-
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mentioned lemma allowing for the decomposition of measures’ n-tuple. Then, we introduce
objects describing vital geometric properties of convex tube domains in C". In Sect. 3, we
formulate the main result of this paper, Theorem 3.1, and demonstrate its applications to
special classes of tube domains, providing also a number of illustrating examples. Section 4
contains the proof of Theorem 3.1 together with additional remarks. In Sect. 5, we apply
results from Sect. 3 to obtain formulas for extremal holomorphic mappings in some classes
of Reinhardt domains in C”. Section 5 concludes this paper.

2 Preliminaries

We begin by introducing basic concepts and notation setting grounds for the rest of this study.
Let the symbols D, T, C denote the unit disc in C, the unit circle in C and the punctured
plane, i.e. the set C \ {0}, respectively. By 4;,, we mean the Dirac delta at a point 1o € T,
while x4 is the characteristic function x4 : T — {0, 1} of aset A C T. Letalso ey, ..., e,
be the canonical basis of R” or C". The Poincaré distance in D is denoted by p. By (x, y),
we understand the standard inner product of vectors x, y € R”, by || - || the euclidean norm
in R” and by B, the unit euclidean ball in R”. For a set A C R”, the symbol A~ denotes the
set{veR":VaeA: (v,a) =0}

We use the symbol (-, --) also for measures and functions. For example, if u is a tuple
(1, ..., uy) ofreal, i.e. complex with real values, Borel measureson T and v = (vy, ..., V)
is areal vector or a bounded Borel-measurable mapping from T to R”, then (du, v) or (v, du)
is the measure Z’;:] v;du;, etc. The fact that a real measure v is positive (resp. negative,
null) is shortly written as v > 0 (resp. v < 0, v = 0). The variation of a complex measure v is
denoted by |v|. Unless stated otherwise, any measure considered in this paper is understood
as a real Borel measure on T.

Henceforth, we shall use the following families of mappings:

H":={he OC,C"):VreT: k(1) eR"},
"i={heO(C,C"):YreT: Xh(d) €[0,00)"}.

We have

H'={heO(C,C"):3aeC" beR" : h(h) =ar’ +br+a,reC}
and (see e.g. [5, Lemma 8.4.6]),

HL={heO©) :3c>0,deD:h(h) =c(h —d)(1 —dr),reC}.

In particular, for i € Hj_ it follows that Ak (A) = ¢|A — d|?, » € T. Hence, h has at most
one zero on T (counting without multiplicities). Moreover, the choice of the field, R or C,
has no effect on the linear dependence, or independence, of functions Ay, ..., h, € H1
Both of these properties are equivalent in view of the fact that )_Lh.,' () e Rforall A € T and
j=1,...,m.

Let us now recall the most important results for the boundary measures of holomorphic
maps. A real Borel measure w1 on T is called the boundary measure of a holomorphic function
¢ : D — C, if the Schwarz formula

1 [+

o) = 27 e mdll@) +ilmg(0), 1+ € D, M
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is satisfied or, equivalently, after taking the real parts of the both sides of the above equation,
if
Rep(}) 1/1_|M2<1() reD )
e = — , .
YO =5 et

If it exists, the measure u is uniquely determined by ¢.

For a mapping ¢ = (¢1,...,¢,) € O, C"), we introduce the boundary measure of
¢ as the n-tuple (w1, ..., u,) of the boundary measures of ¢y, ..., ¢,, provided that they
exist. Then, with the coordinate-wise integration, formulas analogous to (1) and (2) connect
@ and u.

Next, we define the family

M" .= {p € O(D, C") : ¢ admits the boundary measure}.

Although M" # O(D, C"), the inclusion O(D, D) C M" remains valid for any convex tube
domain D C C" containing no complex affine lines (see [16, Observation 2.5]). Hence, the
radial limit * (1) = lim,_, - ¢(rA) of ¢ exists and lies in D for £T-almost every A € T .

Noteworthy, if 1 is the boundary measure of a holomorphic function ¢ € M, then u is
also the weak-* limit of the measures Re ¢(r1) dLT (1), when r — 17 (see e.g. [8, p. 10]).
Here we treat complex measures as linear functionals on C(T), i.e. the space of all complex-
valued continuous functions on T equipped with the supremum norm. The aforementioned
weak-* convergence means that

/ u(MReo(rn) dcT () 25 / u(h) du(r), u € C(T).
T T

Also, the following fact is of great importance: if & = ¢ dCT + p is the Lebesgue—Radon—
Nikodym decomposition of u with respect to £, i.e. g € L' (T, £T) and p is a real Borel
measure on T singular to £T, then Re ¢* (1) = g(1) for £LT-a.e. A € T (see e.g. [8, p. 11]).
In particular, Re ¢* € L!(T, £T) and if ¢, is a holomorphic function with the boundary
measure /i, then Re ¢} (1) = 0 for LT-ae. reT.

Henceforth, given a n-tuple © = (u1,..., iun) of real Borel measures on T, by its
Lebesgue—Radon-Nikodym decomposition with respect to £T we understand a unique
decomposition

p=gdc" + s,

where g = (g1, ..., 8n) : T — R”" is a Borel-measurable map, g, ..., g, € LT, £T) and
s = (Us,1, ..., Us,n) 1S a n-tuple of real Borel measures on T, each being singular to LT
In other words, for every j,

wj= gLt + s j

is the Lebesgue—Radon—-Nikodym decomposition of 1 ;. We refer to g d£T and puy shortly
as the absolutely continuous part and the singular part of u, respectively, assuming they are
meant with respect to £T. The following essential lemma allows for expressing the singular
part of n ‘spherically’:

Lemma 2.1 Let i be a n-tuple of real Borel measures on T. Then there exist a unique
finite positive Borel measure v on T singular to LT, a unique, up to a set of v measure
zero, Borel-measurable map o : T — 3B, and a unique, up to a set of LT measure zero,
Borel-measurable map g : T — R" with components in L' (T, LT) such that

w=gdl" +oav. 3)
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In particular, g dCT and o dv are the absolutely continuous and the singular parts of w in its
Lebesgue—Radon—Nikodym decomposition, respectively.

One can immediately deduce Lemma 2.1 by applying Lemma 2.2 to the singular part of 1.

Lemma 2.2 If (X, A) is a measurable space and © = (U1, ..., [n) is a n-tuple of real
measures j1j : A — R, then there exist a unique finite positive measure v : A — [0, 00)
and a unique, up to a set of v measure zero, A-measurable map o : X — 0B, such that
n=odv.

Proof of Lemma 2.2 Define a finite, positive measure v as
V=il 4+ il

Since w1, ..., 1, are absolutely continuous with respect to v, the classical Radon—Nikodym
theorem ensures the existence of an .A-measurable map F = (Fy, ..., F,) : X — R”" such
that Fy, ..., F, € L'(X, V) and

wj=F;dv, j=1,...,n.
Then |u ;| = |F;| dv. Therefore,
|Fi(x)| + -+ |F,(x)] =1 forv-ae. x € X.

Let o : X — 0B, be an A-measurable map satisfying F(x) = o(x)||F(x)|| for v-a.e.
x € X. Setting v := | F(x)| dv(x), we obtain

uw=Fdv=opdy,
which gives the desired decomposition.
Itremains to show the uniqueness. To this end, assume that V', ¢’ satisfy the same conditions
asv, . Clearly, itholds that o dv = ¢’ dv'. We putw := v+v" andlet G, G’ : X — [0, c0) be

A-measurable functions, integrable with respect to w and such thatv = G dwand V' = G’ dw.
We have

Godw =podv =0 dv' = G'¢ dw.
Thus, the maps Go and G'¢’ are equal w-a.e. on X. This yields
G(x) = [Ge I = IG'(0' (V) = G'(x) for w-ae xeX.

In consequence, v = V' and v-almost everywhere on X it holds that o = o, because
odv=o dv. ]

Example 2.3 In this example, we employ Lemma 2.1 in order to obtain the corresponding
decomposition of the following n-tuple of measures:

w= gd.CT =+ ((x18;\1, .. .,anS;\n) ,

where g = (g1,.-.,8n), 81,---+8n € LYT, 2T, o1, ...,00p € Rand Ay, ..., A, € T.
As the measure v is required to be singular with respect to £T, the first part of the desired
decomposition is clearly equal to g d£T. The second part arises from Lemma 2.2 applied to
(183, - - ., ay8y,). To find it, we follow the proof of the lemma with X = T and A being
the o -field of Borel subsets of T.

Forj e {l1,...,n}let

Aj:={lefl,....,n}: 4 =X}
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We have
T)': |a1|8k1 + -+ |an|8)\,17

SO we may set

Fi=| =20 -
Sien, ol S g M

Let us underline that the mapping F is well defined v-almost everywhere, because if
Z,eA]_ laz] = 0O for some j, then x(3,) is v-a.e. equal to 0 and so is the jth coordinate
of the right-hand side of the above definition. Since v = ||F(1)|| dv()), the measure v is
supported on the set {Af, ..., A,} and

Xpdv = ZO‘IZ &, J=1...,n
ZEAI'

This yields
" Z[eAj of
j=1

where #A ; denotes the number of elements of the set A ;.
A map o : T — 9B, has to be taken so that the equality F (1) = o(1)||F(A)|| holds for
v-a.e. A € T, or equivalently, for v-a.e. A € T. It means that

o1 (77
0= 72)({“, R 72)({)\/1} v-a.e.on T. 5)
\/ ea, @ . Diea, %

The right-hand side is v-almost everywhere well defined, and it does not matter what values
o takes outside the set {A; : j € {I, ..., n}, ZzeAj |a7| # 0}. The desired decomposition
consists of the map g, the measure v given by (4) and a map o satisfying (5).

The problem simplifies in the case when A1, ..., A, are pairwise disjoint. Indeed, then

v =]y + -+ lonldy,

0= X{A1)s - v X{hn
oy |7 g A

Let us now introduce special sets describing certain geometric aspects of the base of a
given convex tube domain D C C". Define

and

v-almost everywhere on T.

Wp:=qveR": sup (x,v) <oof,
xeReD

Sp:={y eR":Vve Wp:(y,v) <0}
and, for a vector v € R",

Pp(w) :={peReD:{(x —p,v) <0 forall x € Re D}.
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It is clear that all these sets are convex, Pp(v) C d0Re D andifv € Sp, w € Wpandt > 0,
thentv € Sp andrw € Wp, that s, the sets Sp and Wp are infinite cones. A number of their
elementary geometric properties are presented by the next observation.

Observation 2.4 Let D C C" be a convex tube domain and let v € R". Then:

(i) the sets Pp(v) and Sp are closed,

(i) if Pp(v) # O, thenv € Wp,

(iii) if p, q € Pp(v), then the vectors p — q and v are orthogonal,

(iv) ifthe domain Re D is strictly convex (in the geometric sense, i.e. it is convex and 0Re D
does not contain any non-trivial segments), then the set Pp(v) contains at most one
element,

(v) ve Spiffforalla € Re D andt > 0 it holds that a + tv € Re D,

(vi) if Re D contains no complex affine lines, then int Wp # &,

(vii) if Re D is bounded, then Wp = R" and Sp = {0}.

Proof (i) Given (py)m C Pp(v) and p,, — p, we have that (x — p,v) < 0 for each
x € ReD. As Pp(v) # &, then it yields v # 0. Hence, the map x + (x — p, v) is open.
Combining this with the fact that it is non-positive on the open set Re D, we conclude that it
is negative on Re D.

(iii) If p, g € Pp(v), then %(p—i—q) € Pp(v).Since p, g € Re D, wehave (p — %(p-i—q),
v) <0and (g — %(p 4+ q), v) <0, what gives (p — g, v) = 0.

(vi) It follows, for example, from Zajac [16, Observation 2.4].

(ii), (iv), (v), (vii) The proofs are immediate. m}

3 Description of complex geodesics in an arbitrary convex tube domain
and its applications in special classes of domains

One of the goals of this section is to present Theorem 3.1, which is the main result of this
paper. It is formulated in terms of geometric properties of a domain, namely the sets Pp(v),
Wp and Sp. Next, we use the theorem to formulate a more detailed characteristic of complex
geodesics for certain classes of tube domains. The proof of Theorem 3.1 is later derived in
Sect. 4.

Theorem 3.1 Let D C C" be a convex tube domain containing no complex affine lines and
letp € M" be a holomorphic map with the boundary measure . Consider the decomposition

,u=gd£T+de,

where ¢ = (g1,...,8n) : T — R" and o : T — 0B, are Borel-measurable maps,
8l 8 € LY(T, £T) and v is a finite positive Borel measure on T singular to L.
Then

o) C D and ¢ is a complex geodesic for D
iff there exists amap h € H", h # 0, such that the following conditions hold:

(i) g(A) € Pp(Ah (L)) for LT-a.e. 1 €T,
(i) (ML), 0(V)) = 0 forv-a.e. A €T,
(iii) o(A) € Sp forv-a.e. L €T,

(iv) Re¢(0) € Re D.
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Moreover, if (D) C D, ¢ is a complex geodesic for D and h € H", h % 0 is a map
satisfying the conditions (i)—(iv), then additionally the following statements are true:

(v) o(r) € Sp N{Ah (W)} for v-a.e. » €T,
(vi) v({r € T: Ah(A) € int Wp}) = 0.
(vii) Ah(X) € Wp for every A € T.

Note that from (vi) and (vii) it follows that the measure v is supported on the set {A € T :
AR (X)) € dWp}.

Remark 3.2 Let us notice that none of the above conditions, except (iv), contains at the same
time the absolutely continuous and the singular part of 1. This makes it relatively not difficult
to construct a measure which gives a complex geodesic for D. The part g d£T has to satisfy
(i), while for the part ¢ dv we require that the conditions (ii) and (iii) hold. To create a measure
w defining a complex geodesic for D, it suffices to choose a map & € H", h # 0 such that

Pp(Ah(M) £ for LT-ae.reT (6)
and next:

e take a Borel map g with integrable components satisfying (i) (note that it may happen that
it is impossible, even if (6) holds—see Example 3.7),

e take a measure v singular to £T and satisfying (vi),

e take a Borel map o : T — 0B, satisfying (v).

Then, if © = gdlT + odv and additionally ﬁ u(T) € Re D, which simply means that
Re ¢(0) € Re D, then p is the boundary measure of a complex geodesic for D.

Remark 3.3 1If D C C" is a convex tube domain with the base bounded, then Wp = R” and
Sp = {0}. So, Theorem 3.1 (iii) yields that o(1) = O for v-a.e. A € T. Hence, v is the null
measure, because the image of o lies in dB,,. Then also the condition (ii) is automatically
fulfilled. Thus, a holomorphic map ¢ with the boundary measure p is a complex geodesic
for D iff

w=gdc”

for some g, h satisfying (i) and (iv).

In general case, when the base of D is unbounded, Theorem 3.1 (i) determines the
absolutely continuous part of by the same token. However, to find the singular part, we
will need to appeal to the entire scope of Theorem 3.1.

3.1 Convex tube domains with Wp = [0, 00)”

In this subsection, we study the family D,, consisting of all convex tube domains D C C"
satisfying the equality

Wp = [0, 00)".
A convex tube domain D belongs to D, if and only if ey, ..., e, € Wp and
Re D + (—00,0]" =Re D.
The base of such a domain D contains no real affine lines. Also, it follows that

Sp = (—o0, 0]".
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Corollary 3.4 provides a characterization, more detailed than Theorem 3.1, of all complex
geodesics for a domain D € D,. It is next employed in Sect. 5, where we establish formulas
for extremal mappings in certain classes of Reinhardt domains in C”.

Corollary 3.4 Let D € D, n > 2, andlet ¢ € M™ be a holomorphic map with the boundary
measure [L. Consider the decomposition

n=gdl" +odv,

where g = (g1,...,8n) : T — R"and 0 = (01, -..,0n) : T — 0B, are Borel-measurable
maps, g1, ..., gn € L'(T, £T) and v is a finite positive Borel measure on T singular to L.
Then

o) C D and ¢ is a complex geodesic for D
iff there exists a map h € H", h # 0 such that the following conditions hold:

(1) heH",
(i) g(A) € Po(Ah(X) for £LT-a.e. 1 € T.
(iii) o(A) € (—o0, 0]" for v-a.e. 1 € T,
(iv) Re(0) € Re D,
) ifj e{l,...,n}issuchthat hj # 0, then

Qj dv = Otj5M
for some Aj € T and oj € (—00, 0] such that ajhj(A;) = 0.

Let us note that the condition (iii) simply means that the singular part of u, i.e. the measure
o dv, is just a n-tuple of negative measures.

Proof of Corollary 3.4 Assume that ¢(D) C D and that ¢ is a complex geodesic for D.
Taking £ is as in Theorem 3.1, we immediately obtain the statements (i) - (iv) from the
conclusion and it remains only to show the condition (v). The expression (Ah (1), 0(1)),
vanishing v-almost everywhere in view of Theorem 3.1 (v), is equal to the sum of v-almost
everywhere non-positive terms Ay MNo1 (v, ..., My, (X))o, (A). Thus, all these terms are v-
a.e. equal to zero. If j is such that i; # 0, then the function z; € HL has at most one root
on T (counting without multiplicities). Hence, up to a set of v measure zero, 0 = Bj x(1,)
for some A; € T and B; € (—oo, 0] such that 8;%;(A;) = 0. This gives the condition (v)
with aj := B;v({A;}).

On the other hand, if /4 is such that the conditions (i)—(v) are satisfied, then the statements
(1), (iii) and (iv) from Theorem 3.1 clearly hold. To prove that ¢ is a complex geodesic for
D, it suffices to ensure that (ii) is also fulfilled. From the assumption (v), we conclude that
if j is such that #; # 0, then

Mj()ej () dv(h) = ajihj(h) dy; (M) = ajhjhj(hj)ds,; () = 0.

This implies that (A4 (1), 0(1)) dv(1) is the null measure, what involves the condition (ii).
The proof is complete. O

Remark 3.5 Under the assumptions of Corollary 3.4, if ¢ is a complex geodesic for D, h is
as in the corollary and 7| # 0, ..., h, = 0, then the statement (v) yields

odv = (0418;”, .. .,an8,\n)
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Fig. 1 The base of D

Lo .;(0, 0)...

10, -D)

for some «y, ..., o, € (—o0,0]and Ay, ..., A, € T such that
alhl()\l) == anhn()‘-n) =0.

Thus, the singular part of p is of special form in this case.

Conversely, when the set A := {j € {l,...,n} : h; = 0} is non-empty, for every
J € A the jth component of the singular part of 1 may be almost arbitrary. More precisely,
if w1, ..., ®, are finite negative Borel measures on T, singular to LT such that w i =
ojdv forevery j € {1,...,n}\ A, then a holomorphic map v with the boundary measure
gdLT+ (w1, ..., wp)isa complex geodesic for D, provided that Re 1/ (0) € Re D. One can
conclude this fact directly from Corollary 3.4, because  satisfies the conditions (i) - (v) with
the above h.

Let us note that if the domain Re D is strictly convex in the geometric sense, then i #
0,...,h, # 0. Indeed, Corollary 3.4 (ii) implies that £ -almost all sets Pp(Ah (L)) are
non-empty. Thus, the note is a consequence of the following geometric property of domains
from the family D,: if a vector v = (vy, ..., v,) € R" satisfies Pp(v) # @ and v; = O for
some j, then dRe D contains the half-line p + (—o0, 0] ¢; for any p € Pp(v).

Example 3.6 Consider the following domain from the family D,,
D = {(x1, x2) € R? : (max{x; + 1, 0}))? + (max{x2 + 1,0})? < 1} + iR

The base of D is drawn on Fig. 1.
One can verify that
[ -an}) ifveno?
Pp(v) = | (=00, =11 x {0}, ifv € (0} x (0, 00),
{0} x (=00, —1], ifv € (0, 00) x {0},
J, otherwise.

Take a complex geodesic ¢ = (@1, ¢2) : D — D with the boundary measure p =
(1, n2) and let g = (g1, 82), v, 0 = (01,02) and h = (hy, h2) € Hi_ be as in Corollary
3.4.

Assume that the functions 41, h are linearly independent. By Corollary 3.4 (ii), for £T-a.e.
A € T we have

k@) (1,1)] .

A) € Pp(Ah(L) = | — -
g(A) € Pp(Ah(R)) [Wz(x)n
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Thus, Remark 3.5 yields

_ ( A ()

_ T
ool (1, 1)) AL (A) + (a1685,, 262,) (7

for some a1, ap € (—o0, 0] and Ay, A € T such that
arhy (A1) = axh2(22) = 0. 3)

Conversely, Corollary 3.4 guarantees that if a holomorphic map has the boundary measure of
the form (7) with some linearly independent i1, hy € le and some aj,ap <0, A, A €T
satisfying (8), then it is a complex geodesic for D. The condition (iv) is then a consequence
of linear independence of /1, h».

Now let us analyse the situation when &1, i, are linearly dependent, but 1, hy #£ 0. We
have hy = yh, for some y > 0. Since Pp(Lh (L)) = Pp((1, y)) for LT-a.e. A € T, the map
g is £T-almost everywhere constant and equal to ”8:;;” — (1, 1). Employing Remark 3.5,
we conclude that the singular part of u equals to (16;,, #28y,) for some o1, ap € (—00, 0]
and A1, X2 € T such that a1hy(X1) = apyhi(X2) = 0. Moreover, Corollary 3.4 (iv) yields
that (a1, @2) # (0, 0), so hy, hp have a common root Ao € {A1, Az}. Thus,

d,y) T
2 (||(1,y)|| (1, 1)) dL” + (a1, a2)85,- ©
Conversely, if the boundary measure of a holomorphic map ¢ is of the form (9) with some
y > 0,10 € Tand oy, oy < Osatisfyingoj+a2 < 0, then ¢ is acomplex geodesic for D. One
can deduce this claim by applying Corollary 3.4 to ¢ and h(A) = (A — Xo)(1 — XoA) - (1, ).

Itremains to consider the case when ] = Qorhy = 0.1fh; = 0,then g(A) € (—o0, —1]x
{0} for LT-ae ) €T, by (ii). Moreover, from (v) it follows that oo dv = @76;, for some
ar < 0and X, € T such that aphi2(A2) = 0, and (iv) gives that oy # 0. Therefore

no= (1, @285,). (10)

On the other hand, one can check that if a holomorphic map has the boundary measure given
by (10) with some o < 0, A € T and a real Borel measure 11 on T such that ) < -7,
then it is a complex geodesic for the domain D. If sy = 0, then a similar argument leads to
the conclusion that

p = (@183, 12) an

for some a1 < 0, Ay € T and up < —£T. Any holomorphic map having the boundary
measure of this form is a complex geodesic for D.

Example 3.7 In this example, we examine the domain
D :={(x1,x2) € R? 1 x1,x2 <0, x1x0 > 1} +iR?

belonging, as the previous one, to the family D>. We have

v v
PD<v>=[(—,/v—f,—,/é)], (12)
when v = (v, v2) € (0, 00)2, and Pp(v) = & otherwise.

Take a complex geodesic ¢ : D — D with the boundary measure p and let g, v, o and
h=(hy,hp) e H%_ be as in Corollary 3.4. As before, first consider the case when /1 and />
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are linearb/ independent. It holds that 7 ; (1) = c;(A —A;)(1 — )_Lj 2) for some ¢y, ¢o > 0 and
A1, A2 € D such that &1 # A,. By Corollary 3.4 (ii), for LT-ae. 1 € T, it holds that

2 A=Azl cr |A— Al
g =\-./—= s == .
cr A=Al 2 |A— A2l

Since both components of g lie in LT, £T), we have A1, A2 € D. Moreover, odv =0, by
Remark 3.5. In summary,

H:(c 1A = A2 1M_M)dc%) (13)
=21l ¢ A =2l ’
where ¢ = — (%)% . Notice that ¢ extends analytically on a neighbourhood of the closed unit

disc, because the map g is real analytic on T. Corollary 3.4 implies that any holomorphic
map with the boundary measure given by (13), with some ¢ > 0 and A1, Xy € D, X1 # A2,
is a complex geodesic for D.

If the functions h1, h; are linearly dependent, then arguing similarly as in Example 3.6,
we conclude that

1 1
= (=7 =r72) dL" + (@ ), (14)

forsome y > 0, 19 € T and &1, @2 < 0 such that «; + o < 0. And again, any holomorphic
map with the boundary measure given by (14) is a complex geodesic for D.

We see that in this example every complex geodesic admitting a map & with linearly
independent components extends holomorphically on a neighbourhood of the closed unit
disc D. However, even for some ‘similar’ domains, this claim no longer remains valid. For
example, let

D = [(xl,x2) eR?:x1,x0 < 0,13 < —xf2} +iR%.

For v = (v1, v2) € (0, 00)2, we have

1 2
2vp\3 v \3
me-|((2) @)
V] 2vn
Seth(L) := (L +1)2, 1) (it belongs to the family ’}-(3_) and take g so that g(A) € Ppr(Ah(}))
for £T-ae. L € T, ie.

1 2 2 4
g0 = (=23 + 175, 275 o+ 115)

Both components of g lie in L! (T, ET). Corollary 3.4 yields that if «; < 0, then the holomor-
phic map given by the boundary measure p := gdLT + (a16_1, 0) is a complex geodesic
for D’. But this map does not extend continuously on D.

Analysing these examples, one can also notice the possibility that for some / there is no
map g with components in LY(T, £T) such that g(A) € Pp(Ah())) for £LT-a.e. A € T, even
if the latter sets are non-empty for £T-a.e. A € T (cf. Remark 3.2).

Remark 3.8 Although in the examples presented above we focused on domains whose base
are subsets of (—oo, 0)", the family D, is essentially broader. For example, the base of D :=
{(x1,x2) € R?:xp < —et} + iR2 is not contained in any set of the forma + (—o0, 0)2,
a € R, but Wp = {(0,0)} U [0, co) x (0, co) and thus D € D,. Applying Corollary 3.4 in
the same way as previously, we can find the boundary measures of all complex geodesics for
D.

@ Springer



Complex geodesics in convex tube domains II 1877

3.2 Domains in C2

Let D C C? be a convex tube domain containing no complex affine lines. In view of Obser-
vation 2.4, the set Wp is a closed, convex, infinite cone with the vertex at the origin and
non-empty interior. Thus, Wp, is precisely one of the following: the whole R?, a half-plane
or a convex infinite angle, i.e. the set

{(rcosf,rsinf) :r >0,0 € [0, 6]}

forsome 0; < 61 < 0) +7.If Wp is the whole R2, then Re D is bounded. Convex tubes with
bounded base are analysed in Remark 3.3. If Wp is an angle, then D is affinely equivalent
to a convex tube domain D’ C C? having Wpr = [0, 00)?, i.e. belonging to the family D;.
These domains are intensively studied in Sect. 3.1. In this subsection, we discuss the only
remaining possibility, that is the situation when Wp, is a half-plane. Changing coordinates if
necessary, we may focus on the case when Wp =R x (=00, 0]. Then the equality

Sp = {0} x [0, co0)
holds and D is of the form
D ={(x1,x) € (@,b) x R:x2 > f(x)} +iR?
for some —00 < a < b < oo and a convex function f : (a, b) — R such that:

e ifa = —oo, then f’ (x), fi(x) = —oo, when x — —oo0, and
e if b = oo, then f/ (x), fi (x) — oo, when x — oo.

Here f’ and f| denote the one-sided derivatives of f. Depending on a, b and f, the set
Wp \ Wp will be the empty set, a horizontal half-line starting at the origin or the horizontal
line R x {0}. Corollary 3.9 unifies all of these cases, since, as it is illustrated by the proceeding
proof, W) is conclusive, not Wp itself.

Corollary 3.9 Let D C C2 be a convex tube domain such that Wp = R x (—00, 0]. Take a
map ¢ € M? with the boundary measure (v and consider the decomposition

,u:gdllT—i-de,

where g = (g1,82) : T — R2and o : T — 9By are Borel-measurable maps, g1, g €
L' (T, £™) and v is a finite positive Borel measure on T singular to LT.
Then

o) C D and ¢ is a complex geodesic for D
iff there exists a map h € H?, h # 0 such that the following conditions hold:

(i) hy € —HL,

(i) g(A) € Pp(Ah(X) for LT-a.e. A € T,
(iii)) o(A) = ep forv-a.e. L € T,
(iv) Re¢(0) € Re D,

(v) if hy # 0, then v = aéy for some o € [0, 00) and Ly € T such that ahy(hg) = 0.

The condition (iii) means that odv = (0, v). In particular, the first component of wu is

absolutely continuous with respect to £T and v is equal to the singular part of the second
component of ft.
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Proof of Corollary 3.9 Assume that ¢(D) C D and ¢ is a complex geodesic for D and take
h as in Theorem 3.1. The statements (ii), (iii) and (iv) follow from Theorem 3.1. Moreover,
(i) is a consequence of the fact that A (L) € Wp for every A € T. If hp # 0, then A has
at most one root on T (counting without multiplicities), so the set {» € T : NIORS IWp}
contains at most one element. Thus, Theorem 3.1 (vi) yields the part (v) of the conclusion.
Conversely, Theorem 3.1 guarantees that if / is taken so that the conditions (i) - (v) are
fulfilled, then (D) C D and ¢ is a complex geodesic for D. O

Example 3.10 Let
D = {(xl,xz) € R? txp > 0,x > x12} +iR2.

It is a convex tube domain of the type considered in Corollary 3.9, because
Wp ={(rcos,rsinb) :r >0,0 € [—m,0)}.

For v = (v}, v2) € R2, one has

2
v Y ] if v € (0, 00) x (—00, 0),

T2 41}%
Pp(v) = 1 {(0,0)}, if v e (—00,0] x (—00,0),
{0} x [0, 00), if v € (—o00, 0) x {0},
., otherwise.

Take a complex geodesic ¢ : D — D with the boundary measure © = (@1, 12) and let
g = (g1,8).v.0 = (01,02) and h = (hy, hy) € H' x (—HL) be as in Corollary 3.9. It
holds that u; = gld[,T, so the statements (ii) and (iv) of the corollary yield that the sets
{LeT:g(A)>0}and {A € T : Xhi (L) > 0} are of positive LT measure and h, # 0. In
particular, h; € H!\ (—H}‘_). The condition (v) implies that

odv = (0, aéy,)

for some o e_[O, oo) and Ag € T such that ahy(Ag) = 0. Moreover, as hy # 0, for LT ae.
re{c eT:¢hi(¢) <0}, itholds g(A) = (0, 0). This leads to the equality

() hi(0)?
s = (_ 203 (3)’ W) X(zerdm >0} )

for £LT-a.e. A € T.
B If the functions /1, h, are linearly independent, then /> has no roots on the set {¢ € T :
Chi(¢) > 0}, because g1, g2 € L'(T, £T). Hence

_(_hl()\) hi(n)?
T\ 28200 4hy(1)2

Conversely, if a holomorphic map has the boundary measure of the form (15) with some
hy e H'\ (—HL), hy € —Hﬁ_, a € [0,00) and Ap € T such that iy, hy are linearly
independent, /1> hasnorootson {¢ € T : ¢h1(¢) > 0} and ahy (o) = O, then it is a complex
geodesic for D.

If hy, hy arelinearly dependent, then applying Corollary 3.9 (v) and following the argument
of the previous examples we conclude that

w=(v,v?) dc" + (0, a8y,)

for some @ < 0, A9 € T and y > 0. Any holomorphic map having the boundary measure of
the above form is a complex geodesic for D.

) X{cerin =0} WAL () + (0, 8y) (15)
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4 Proof of Theorem 3.1 and further remarks

This section is devoted to the proof of the main result of this paper, Theorem 3.1. Let us
begin by recalling Theorem 1.2 from Zajac [16], which provides an equivalent condition for
a holomorphic map to be a complex geodesic.

Theorem 4.1 Let D C C" be a convex tube domain containing no complex affine lines and
let ¢ : D — D be a holomorphic map with the boundary measure . Then ¢ is a complex
geodesic for D iff there exists a map h € H", h # 0, such that

<Xh (), RezdLT (L) — dM(A)> <0
forevery z € D.

Lemma 4.2 Let D C C" be a convex tube domain containing no complex affine lines,
heH'h#O0andlet ¢ : D — D be a holomorphic map with the boundary measure [L.
Consider

w=Regp*dC" + us,
the Lebesgue—Radon—Nikodym decomposition of u with respect to LY. Then
<Xh(k),Rezd£T(A) —d,u()\)> <O0foreachz € D (16)

iff the following two conditions hold:

(i) Reg*(L) € Pp(Ah (M) for LT-a.e. . € T,
(i) (Mr(h), dug(M)) = 0.

Proof Write iy = (Ws.,1, - - -, s,n)- There exists a Borel subset S C T such that
L5S) =0, |psil(T\S) = =|usl(T\ ) =0.

Moreover, the following equalities

xsdC" =0, xr\sdl" = L7, xsdu = s, xmsdp = Rep*dL”. 17
hold. For z € D, put

v, = <Xh(x), RezdlT(h) — du(k)).
We have v; = xm\sdv; + x5 dv; and, by (17),
xmsdv, = (A (), Rez — Reg*(1)) dLT (1) (18)

and B
xs vz = — (Lh (), dias (). (19)

If the condition (16) holds, that is, v, < O for every z € D, then (i) is a consequence of
Zajac [16, Lemma 3.7] and (ii) follows from the equality (19). Conversely, if both (i) and (ii)
are fulfilled, then (18) and (19) yield that for each z € D the measures xt\s dv; and xs dv;,
are negative. In consequence, v, < 0. O

Lemma 4.3 Let D C C" be a convex tube domain containing no complex affine lines, let
@ € M" be a holomorphic map with the boundary measure p and let

w=Rep*dC" + g
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be the Lebesgue—Radon—Nikodym decomposition of u with respect to L. Then (D) C D
iff the following two conditions hold:

(1) Regp™(\) € Re D for ET—a.ﬂe T,
() (s, w) <0 for every w € Wp.

Proof Choose S C T so that all of the equalities in (17) are fulfilled. Assume that ¢(D) C D.
The first conclusion is clear. If v € Wp, then for a constant C € R there is (x, v) < C for
all x € Re D. In particular, (Re p(4), v) < C for A € D, what gives a similar inequality for
measures:

<Re<p(rk) acT o), v> <cd®, re ).
Taking the weak-* limit when r tends to 1, we get
(du, vy < cdc”.
Hence
{xsdu, v) < CxsdL",
what together with (17) gives
(us,v) <0.

If w € Wp, then there exists a sequence (v,),, C Wp tending to w. The measure (ity, w) is
the weak-* limit of the sequence (i, v;,) of negative measures, so it is also negative.

Now assume that both (i) and (ii) are satisfied. To prove the conclusion, it suffices to check
that whether p € R"” \ Re D and v € R" are such that (x — p, v) < 0 for every x € Re D,
then (Regp(X) — p,v) < 0 for every A € D. Fix p, v and A. It is clear that v € Wp and
(Re@*(¢) — p,v) <0for LT-ae. ¢ € T. We have

1 1—|a? . T
Reg) = pooh = 5= [ T8 Rep @) = p.0)acT0)

1 1— A2

+ E . m d({us(2), v)),

so (Re (1) — p, v) < 0. The proof is complete. O

Proof of Theorem 3.1 Since the singular part i of i is equalto o dv andRe ¢* (1) = g(A) for
L£T-ae. 1 € T, the statements Lemma 4.2 (ii) and Lemma 4.3 (ii) can be written equivalently
as

(Ah(0), (M) dv(r) = 0 (20)

and
(o), wydv(r) <0 forevery w € Wp, (21)

respectively. Now it is clear that if for a map 2 € H", h # 0 the conditions (i)—(iv) from
Theorem 3.1 hold, then from Lemmas 4.2 and 4.3 it follows that ¢(ID) C D and ¢ is a
complex geodesic for D.

It remains to prove the opposite implication. Assume that ¢ (D) C D and ¢ is a complex
geodesic for D. Take i € H" as in Theorem 4.1. The condition (iv) is clear and the statements
(i), (ii) of Theorem 3.1 follow directly from (20) and Lemma 4.2. Moreover, Lemma 4.3
together with the equality (21) yields that for every w € Wp and v-a.e. A € T one has

(e(1), w) = 0. (22)
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This ‘almost every’ may a priori depend on w, but one can omit this problem in the following
way. Take a dense, countable subset {w; : j = 1,2,...} C Wp and for each j choose a
Borel set A; C T so that v(T \ A;) = 0 and (0(A), w;) < O forevery A € A;. Denote
A= ﬁj‘;lAj. Itis clear that v(T \ A) = 0 and (22) holds for all w € Wp and A € A. Thus,

o(}) € Sp forv-ae. A €T.

This is exactly the condition (iii).

Nonetheless, we still need to prove the last part of the theorem, namely that if 7 € H",
h # 0 satisfy the conditions (i)—(iv), then it fulfils also (v), (vi) and (vii).

From (i), it follows that for £T-a.e. A € T there is k(1) € Wp. Hence, (vii) is a
consequence of the continuity of 4.

In order to prove (v), let us fix € > 0. There exists § > 0 such that |}_\hj(k) — Zhj(§)| <e€
for j =1,...,n,whenever A, ¢ € T and |A — ¢| < 8. Take Ay, ..., Ay, € T so that the arcs
Ly:={AeT:|A=X ]| <8}, k=1,...,m,cover the circle T. For v-a.e. A € L, we have

(AR (), 0W) < (Akh(hg), W) + IAh (L) — Ach ()|l < e/n.

The last inequality is a consequence of (iii) and (vii). As k and € are arbitrary, the statement
(v) follows.

Finally, let us examine (vi). For every A € T such that o(A) € Sp and Ah(X) € int Wp,
there holds (Xh (A), 0(*)) < 0, because the map w — (o(A), w) is open and non-positive
on Wp, so it has to be negative on int Wp. Hence, in the wake of (v), Xk () € int Wp holds
v-almost nowhere on T. The proof is complete. O

Remark 4.4 From the proof of Theorem 3.1, one can deduce that if ¢ is a complex geodesic
for D and & is as in Theorem 4.1, then all of the statements from Theorem 3.1 are satisfied
with this 4. And vice versa, if the conclusions (i) - (iv) of Theorem 3.1 hold for & € H",
h # 0, then h satisfies the condition from Theorem 4.1.

Example 4.5 In the previously analysed examples, the singular part of the boundary measure
of a complex geodesic was expressed by Dirac deltas, provided that the components of the
corresponding map & were linearly independent. This example shows that there exist domains
in which the singular part may be almost arbitrary, even for the above /. For instance, consider
a tube domain in C3 with the base being a half-cone, namely

D := [(xl,)cg,X3) ER x> 0,x3 > ,/xlz—i-X%] +iR>.

One can verify that

Wp = {xl ER,x»>0,x3 < —‘/xl2 +x§] Ufx; e R, x2 <0,x3 < —[x1]}
and
Sp =ReD.
Define i € H? be the formula h()) := % (A 41, —ir% +i, —2A) so that
ML) = (Rei,ImA, —1), L €T.
Set g := 0 and

o)) :=2"2(Rer,ImA, 1), A eT.
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Note that for any A € T it holds that *h(}) € dWp iff ImA > 0. Let v be an arbitrary
finite positive Borel measure on T singular to £ and supported on the half-circle {» € T :
Im A > 0}. Define 11 := gdLT 4+ 0 dv = pdv andlet ¢ € O(D, D) be given by the boundary
measure . One can check that the conditions (i), (ii) and (iii) from Theorem 3.1 are fulfilled.
Now if we choose v so that ﬁ u(T) € Re D, then in view of Theorem 3.1 the map ¢ is
a complex geodesic for D. To do so, we can, for example, put v := w + &1 + §; for a finite
positive Borel measure w singular to £T and supported on the set {» € T : Im A > 0.

Remark 4.6 Let D C C" be a convex tube domain containing no complex affine lines. Then
amap ¢ € O(D, D) is a complex geodesic for D iff there exists a number m € {1, 2, 3} and
areal m x n matrix V with linearly independent rows such that the domain D’ := {V - z :
z € D} € C™ is a convex tube containing no complex affine lines and V - ¢ is a complex
geodesic for D’. This claim follows from Zajac [16, Lemma 4.3]: if ¢ is a complex geodesic
for D and h(A) = arx2 + bir +a (a € C", b € R") is as in Theorem 3.1, then V may be
chosen so that its rows form a basis of the space X;, := spanr{Rea, Ima, b}. Moreover, if
we affinely change the coordinates so that X, = R™ x {0}"~", then the map (g1, ..., @m)
has to be a complex geodesic for D', while the components @, 11, . . . , ¢, may be arbitrarily
chosen, provided that ¢(D) C D.

Finally, we obtain that every complex geodesic for D is derived, in a corresponding sense,
from a complex geodesic for a convex tube domain lying in C, C? or C? and containing no
complex affine lines.

5 Applications of Theorem 3.1 in Reinhardt domains in C"

In this section, we employ the results of Sect. 3.1 to establish formulas, or strictly speaking,
a necessary condition, for extremal mappings with respect to the Lempert function and
the Kobayashi—Royden pseudometric in certain classes of complete Reinhardt domains in
C". Recall that a non-empty open set G C C”" is called a complete Reinhardt domain if
(M2l ..., Anzn) € G forall (z1,...,z4) € G and Aq, ..., A, € D. We associate such a
domain G C C" with its logarithmic image

log G := {(log|z1], ..., log|z,]) € R" : (z1,...,24) € GN(Cy)"}
and introduce the tube domain
D¢ :=1og G + iR".
Then Re Dg = log G and the map
exp: DG 3 (z1,...,zp) > (€%, ...,") € GN(CL)"

is a holomorphic covering. If the domain G is bounded and pseudoconvex, then D belongs
to the family D,. We will appeal to an argument from Edigarian and Zwonek [3] to obtain
a relationship between extremal mappings for G and complex geodesics for Dg, which will
allow us to apply Corollary 3.4 and postulate formulas for extremal mappings in G.

Let D C C" be a domain. The Lempert function {p : D x D — [0, co) for D is given
by

tp(z, w) =inf{p(o1,02) 101,02 €D, 3f € O, D) : f(o1) =z, f(02) = w}
=inf{p(0,0):0€D,3f € OM,D): f(0) =z, f(o) =w}
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and the Kobayashi—Royden pseudometric kp : D x C" — [0, oo) for D is

Kp(z, X) = mf{ . ae(C,creID),EIfe(’)(ID),D):f(a):z,af’(a):X}
:1nf{(x>O:ElfeO(]D),D):f(O):z,otf/(O):X}.

We say that a holomorphic map f : D — D is a £p-extremal map if p(o1,02) =
Lp(f(o1), f(02)) for some o1, 02 € D such that o1 # o2. We call f a kp-extremal map if
kp(f(o), f(o)) = I2 for some o € D. We shall often use the following basic fact: given
01,02 €D, 01 # 02 and f € O, D), the equality p(o1, 02) = £p(f(o1), f(02)) holds iff
thereisnomap g € O(D, D) suchthat g(oy) = f(01), g(02) = f(02) and g(D) CC D.And
analogously, given o € D and f € O(D, D), the equality kp(f (o), f'(0)) = = Ia\z holds
iff there is no map g € O(D, D) such that g(o) = f (o), g'(c) = f'(0) and g(D) CC D.

For a convex tube domain D C C”" containing no complex affine lines, let G(D) denote
the family of all Borel-measurable maps g = (g1, ...,8,) : T — R" suchthat g, ..., g, €
L'(T, £T) and there exists & € H" satisfying

g() € Pp(hh(n)) for L -ae. i € T.

It follows from Theorem 3.1 that if g € G(D) and ¢ € M" is a map with the boundary
measure g dZT, then either ¢ is a complex geodesic for D (when ¢(0) € D) or its image lies
in dD (in the opposite case). Note that if (D) C 9D and in addition the domain Re D is
strictly convex in the geometric sense, then ¢ is just a constant map.

Throughout this section, for a non-empty set A = {ji, ..., jr} C {1,...,n} with ji <

- < jx we denote by 74 the projection C" — C¥ on the coordinates Tl ey Jk-

In the following two propositions, we present formulas for £ -extremal and kg -extremal
maps in certain classes of bounded pseudoconvex complete Reinhardt domains.

Proposition 5.1 Let G C C", n > 2, be a bounded pseudoconvex complete Reinhardt
domain such that the domain log G is strictly convex in the geometric sense and let [ =
(fts ..., fn) € O, G) be a Lg-extremal or a kg-extremal map. Set

A={jefl,....n}: fj #£0}

and let k denote the number of elements of A.
Then k > 0 and there exist some functions By, ..., By € Aut(D) U {1} and a map
8 € G(Dx,(G)) such that
JTTA O f = (Ble(p',..., Bke‘p") B

where ¢ = (@1, ..., or) € MK is a map with the boundary measure g dL".

Proposition 5.2 Let G C C? be a bounded pseudoconvex complete Reinhardt domain and
let Ry, Ry > 0 be such that w1}(G) = Ry - D and w;2)(G) = Ry -D. If f € OD,G) isa
{g-extremal or a kg-extremal map, then at least one of the following conditions is true:

(i) there exists j € {1, 2} such that - f] € Aut (D), or
(i1) there exist some By, By € Aut (]D)) U {1} and g € G(Dg) such that f is of the form

f= (B]e‘/”, Bze(ﬂz),

where ¢ = (@1, 92) € M? is a map with the boundary measure g dC".
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Proof of Proposition 5.1 We present the proof only for the case when f is a £g-extremal
map, because the proof for a kg-extremal map is analogous. Let o1, 02 € D be such that
p(o1,02) = Lg(f(o1), f(02)) and o1 # o03. It is clear that k > 0. The domain 74(G)
satisfies the same assumptions as G, namely it is a bounded pseudoconvex complete Rein-
hardt domain with Re Dy, () being strictly convex. Moreover, if z = (z1,...,2,), w =
(wi,...,wy) € G are such that z; = w; = 0 for every j ¢ A, then {g5(z,w) =
Lr,(6)(A(2), ma(w)). In particular,

LraG)(@a(f(01)), mA(f(02))) = Lc(f(o1), f(02)) = p(o1,02),

what means that w4 o f is a £, (G)-extremal map. Thus, it suffices to prove the conclusion for
the domain 4 (G) and the mapping 4 o f. But the latter map has no identically vanishing
components, so we can as well assume that f1, ..., f, #0and A = {1, ..., n}.

Since f; is bounded and f; # O for every j, we may write (see [8, p. 76])

f= (B, .. Byetntn) (23)

for some Blaschke products B (possibly infinite oridentically equal to 1), functions u ; € M!
with the boundary measures of the form log | f j?" | dLT (note that the functions log | f ;‘ | belong

to L(T, £T)) and functions ¥ € M with Im j(0) = 0 and the boundary measures being
finite, negative and singular to LT, Set ¢ = (uy + Y1, ..., u, + ¥y). Forevery j, we have
Rey; < 0on D and, for LT-ae A eT,

Ry} () =0, Regi(h) =Reu(2), [Bf(0I =1, ()] = e €GP,

In particular, (D) C Dg.

We claim that either the map ¢ is a complex geodesic for D¢ or the image of ¢ lies in d Dg.
The idea of this claim comes from Edigarian and Zwonek [3]. Assume that ¢(D) ¢ 90Dg.
Then, clearly (D) C Dg, and if ¢ is not a complex geodesic for D¢, then there exists a map
@ = (@1,..., %) € O, Dg) such that p(01) = ¢(01), ¢(02) = ¢(02) and $(D) CC Dg.
Now the mapping (Bje?!, ..., B,e?) sends 01,07 to f(o1), f(072) and its image is relatively
compact in G. It is a contradiction with the equality £ (f (01), f(02)) = p(o1, 02).

The claim just proved yields that for £T-a.e. A € T it holds that ¢*(A) € dD¢ and
hence f*(A) € dG. Let us point out, as we will employ this fact several times, that from
the considerations made so far it follows that the latter statement remains valid for every
{g-extremal map.

We are going to show that

Bie”', ..., ByeV" € Aut (D) U {1}. (24)

To this end, suppose to the contrary that B je‘”f ¢ Aut (D) U {1} for some j. We may assume
that j = 1. Then Bie¥' € O(D, D) \ Aut (D), so there exists a function & € O(D, D) such
that £(o1) = Bj(01)e¥1V, £(03) = Bi(02)e¥1?) and £(D) CcC D. The map

F:=(&e", fo, ..., fa) € OD,G)

sends o1, 02 to f(01), f(02), so it is also a £g-extremal map. In particular, F*(A) € G
for £T-a.e. A € T. Observe that 0 < |§*(A)e”7(’\)| < |fi*(V)]. Hence, from the fact that
D¢ € D, and £T-almost every f*(A) belongs to dG, we conclude that dRe D¢ contains a
non-trivial segment parallel to the vector e;. This contradicts the strict convexity of Re Dg.

From (24), it follows that B; € Aut (D)U{1}andRe y/; = Oforevery j. AsIm;(0) =0,
wegety; = 0.Setg; :=log |ij“| and g := (g1, ..., gn). The boundary measure of ¢ is equal
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to g dLT, so to complete the proof we need only to show that g € G(Dg). If (D) C Dg, then
¢ is a complex geodesic for Dg € D, and the conclusion follows directly from Corollary
3.4. In the opposite case, when ¢(D) C dDg, the map ¢ is constant because of the strict
convexity of Re Dg. Thus, the map g = Re ¢* is also constant (up to a set of £T measure
zero) and its image lies in dRe Dg, so it belongs to G(Dg). ]

Proof of Proposition 5.2 We again consider only the case when f = (f1, f2) is a {g-
extremal map. Take o1, 0o € D such that p(o1,02) = €g(f(01), f(02)) and 01 # 07.
If fi = 0or f, = 0, then similarly as in the previous proof we can show that f, = 7w o f
is a £ g,.p-extremal map or f| = 71} o f is a £g,.p-extremal map. Then the condition (i) is
satisfied. Thus, it remains to consider the situation when f1, f> # 0. In this case, (23) holds
with By, By, uy, ua, ¥, ¥ and ¢ as in the previous proof. Like there, either (D) C 9 D¢
or ¢ is a complex geodesic for D¢, what allows us to conclude that ¢*(A) € dD¢g and
F*(0) € 3G for LT-ae. 1 € T.
We claim that there holds the condition (i) from Proposition 5.2 or the condition (24) with
n=21ie.
Bie¥', BreV? € Aut (D) U {1} (25)

(cf. [7, Lemma 4.3.3]). Suppose that Bie' ¢ Aut(D) U {1}. There exists a function & €
O(D, D) such that £(o1) = Bi(01)e?1 V) £(0n) = B1(02)e¥1?) and £(D) cC D. Consider
the map

F = (Fy, f2) := (&', fr).

Like previously, F is a {g-extremal map and F*(A) € 9G for £LT-a.e. A € T. Since for
LT-ae. 1 € T we have f*(1) € 9G and [FFM)| < | fif(L)], the fact that Dg € D, imply
that

f5 (W) € dm2)(G) = Ry - T.

Put R := sup; cp | f1(1)]. As G is a complete Reinhardt domain, for LT-a.e. 1 € T the bidisc
(L )1-D) x (1 f5 (A)]-D) lies in G. Therefore, the bidisc (R -D) x (R, - D) is also contained
in G (here we rely on the assumption thatn = 2). We have F (D) C (R-D) x (R-D),so F isa
£(R-D)x (R,-Dy-extremal map. Hence either R%fZ € Aut (D) or %Fl € Aut (D). But the image
of the latter function is relatively compact in D, so there has to hold R% f> € Aut (D). Applying

the same reasoning we can show that if Bre?? ¢ Aut (D) U {1}, then Ril f1 € Aut(D). It
means that at least one of the conditions (25) or (i) is fulfilled.

To complete the proof, it suffices to ensure that the statement (ii) follows from (25). To this
end, assume (25). As before, we need only to check that the map g := (log | f{*|, log | f5]) =
Re ¢* belongs to G(Dg). If (D) C G p, then we can conclude this from Corollary 3.4. In
the opposite case, when ¢(D) C dDg, take a vector v € R” so that (x — Re¢(0),v) < 0
for every x € Re Dg. From the maximum principle for harmonic functions, it follows that
(Re g —Re ¢(0), v) = 0. Defining 2(X) := A - v, we get g(A) = Rep*(L) € Pp (AR (1)) for
£T-a.e. A € T. The proof is complete. O

Example 5.3 (cf.[7, Theorem 4.1.4]) Given numbers p, g € (0, co) anda € (0, 1), consider
the domain

G =Gy pqi=11,22) € C*: |z1], |22] < 1, |z11P]22)9 < a).
It is a bounded pseudoconvex complete Reinhardt domain in C? with

Dg = {(x1,x2) € R? 1x1,x2 <0, px1+gxy <loga} +iR2.
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Let ¢ = (g1,£2) € G(Dg). Observe that, up to a set of LT measure zero, there hold
g1 =0,g=0o0r pg1 + qg2 = loga. Indeed, take h = (h1, hy) as in the definition of the
family G(Dg). If hy = 0 or hp = 0, then g0 = 0 or g1 = 0, respectively. In the opposite
case, for £T-a.e. & € T it holds that

g() € Pp(h (M) C {(tp~"loga, (1 —1)g~'loga) : 1 € [0, 1]} .

This yields that £T-a.e. on T one has pg| + gg> = loga, as desired. From this observation,
it follows that if ¢ = (g1, 2) is a holomorphic map with the boundary measure g dZT, then
Reg; =0,Repr = 0o0r pReg; + g Re ¢y = loga. Therefore, in the case when Re ¢; # 0
and Re ¢y # 0, we get

00) = (¥ ()p~'loga, (1 =¥ ())g ' loga +if), reD
for a number 8 € R and a holomorphic map ¢ : D — S, where
S:={teC:0<Re¢ <1}

These considerations, together with Proposition 5.2, lead to the conclusion that if f =
(f1, f2) € OD, Gy, p q)is aEGa’M -extremal OrakG, ,, -extremal map, then one of following
conditions is satisfied:

1) f1 € Aut(D), or
(i) f> € Aut(D), or
(iii) f is of the form

f = (Biexp(yp 'loga), Brexp (1 — y)g ' loga +ip))
for some ¥ € O(D, S), B € R and By, By € Aut (D) U {1} with By B, # 1.

Acknowledgments 1 would like to thank Lukasz Kosiriski for bringing my attention to some important
papers and for many priceless comments. I am also grateful to Piotr Kowalczyk for his invaluable help in
preparing the final version of the paper.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

References

1. Abate, M.: The Complex Geodesics of Non-Compact Hermitian Symmetric Spaces. Seminari di Geome-
tria 1991-1993, Universita di Bologna, pp. 1-18 (1994)

2. Bracci, F,, Saracco, A.: Hyperbolicity in unbounded convex domains. Forum Math. 21(5), 815-825 (2009)

3. Edigarian, A., Zwonek, W.: Schwarz lemma for the tetrablock. Bull. Lond. Math. Soc. 41(3), 506-514
(2009)

4. Gentili, G.: Regular Complex Geodesic for the Domain D, = {(z1, ..., 2n) € C" & |z1 |+ -+]|zn| < 1},
35-45, Lecture Notes in Mathematics, 1277. Springer, Berlin (1987)

5. Jarnicki, M., Pflug, P.: Invariant Distances and Metrics in Complex Analysis. Walter de Gruyter & Co.,
Berlin (1993)

6. Jarnicki, M., Pflug, P., Zeinstra, R.: Geodesics for convex complex ellipsoids. Ann. Sc. Norm. Super. Pisa
20(4), 535-543 (1993)

7. KIliS, P.: Odwzorowania ekstremalne. Ph.D. Thesis, Jagiellonian University, Cracow (2012)

Koosis, P.: Introduction to H? Spaces, 2nd edn. Cambridge University Press, Cambridge (1998)

9. Lempert, L.: La métrique de Kobayashi et la représentation des domains sur la boule. Bull. Soc. Math.
Fr. 109, 427-474 (1981)

®

@ Springer


http://creativecommons.org/licenses/by/4.0/

Complex geodesics in convex tube domains II 1887

10. Poletskil, E.: The Euler—Lagrange equations for extremal holomorphic mappings of the unit disk. Mich.
Math. J. 30, 317-333 (1983)

11. Royden, H. L., Wong, P.-M.: Carathéodory and Kobayashi metric on convex domains. Preprint (1983)

12. Vesentini, E.: Variations on a theme of Carathéodory. Ann. Sc. Norm. Super. Pisa 6, 39-68 (1979)

13. Vesentini, E.: Complex geodesics. Compos. Math. 44, 375-394 (1981)

14. Vesentini, E.: Complex geodesics and holomorphic maps. Symp. Math. 26, 211-230 (1982)

15. Vigué, J.-P.: Points fixes d’applications holomorphes dans un domaine borné convexe de C". Trans. Am.
Math. Soc. 289, 345-353 (1985)

16. Zajac, S.: Complex geodesics in convex tube domains. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) XIV, 1-25
(2015)

@ Springer



	Complex geodesics in convex tube domains II
	Abstract
	1 Introduction
	2 Preliminaries
	3 Description of complex geodesics in an arbitrary convex tube domain and its applications in special classes of domains
	3.1 Convex tube domains with overlineWD=[0,infty)n
	3.2 Domains in mathbbC2

	4 Proof of Theorem 3.1 and further remarks
	5 Applications of Theorem 3.1 in Reinhardt domains in mathbbCn
	Acknowledgments
	References




