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Abstract Complex geodesics are fundamental constructs for complex analysis and as such
constitute one of the most vital research objects within this discipline. In this paper, we
formulate a rigorous description, expressed in terms of geometric properties of a domain, of
all complex geodesics in a convex tube domain in C

n containing no complex affine lines.
Next, we illustrate the obtained result by establishing a set of formulas stipulating a necessary
condition for extremal mappings with respect to the Lempert function and the Kobayashi–
Royden metric in a large class of bounded, pseudoconvex, complete Reinhardt domains:
for all of them in C

2 and for those in C
n whose logarithmic image is strictly convex in the

geometric sense.

Keywords Complex geodesic · Tube domain · Convex domain · Reinhardt domain ·
Extremal mapping

Mathematics Subject Classification Primary 32F45 · 32A07

1 Introduction

A non-empty open set D ⊂ C
n is a tube domain if for some domain � ⊂ R

n one has that
D = � + iRn . We call � the base of D and, in this paper, denote it by Re D. In [16],
convex tube domains were investigated from the holomorphically invariant distances theory
viewpoint with a particular focus on the notion of complex geodesics. Given a convex domain
D ⊂ C

n , we call a holomorphic map ϕ : D → D a complex geodesic for D if there exists a
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1866 S. Zając

left inverse of ϕ, i.e. a holomorphic function f : D → D such that f ◦ ϕ = idD. Complex
geodesics of D are precisely the holomorphic isometries between the unit disc D ⊂ C

equipped with the Poincaré distance and the domain D equipped with the Carathéodory
pseudodistance (see [12–14]). Lempert’s theorem yields that if D ⊂ C

n is a taut convex
domain, then for any pair of points in D there exists a complex geodesic passing through
them (see [9] or [5, Chapter 8] and also [11,15]).

The problem of finding an explicit description of all complex geodesics in a given domain
is fundamental to the geometric function theory, and so far it has been solved completely
only for a few classes of domains (see e.g. [1,4,6,10]). This study, which may be considered
as a continuation of the recent paper [16], centres on the family of convex tube domains
in C

n containing no complex affine lines. As the main result of this paper, we establish an
exhaustive characterization of all complex geodesics for any domain of this type.

The restriction to convex tube domains with no complex lines is made for several reasons,
among which the most important is that it results in every holomorphic map with the image in
such a domain admitting the boundary measure ([16, Observation 2.5]). Furthermore, from
[16, Observation 2.4] it follows that narrowing research to this family does not cause the
loss of generality. In [16], we demonstrated an equivalent condition for a holomorphic map
ϕ : D → D to be a complex geodesic in a convex tube domain D which is taut (what in
this case is equivalent to containing no complex affine lines; see e.g. [2]). The condition is
expressed in terms of the measure theory and formulated using the boundary measures of
coordinates of ϕ. For the sake of clarity, we shall follow the notation of Zając [16] and refer
to the n-tuple of these measures as the boundary measure of the map ϕ.

The derivation of the main result of this paper, Theorem 3.1, draws upon the equivalent
condition from Zając [16] and the following, ‘spherical’ decomposition of n-tuples of mea-
sures (Lemma 2.1): given real Borel measures μ1, . . . , μn on T, there exist a finite positive
Borel measure ν on T singular to the Lebesgue measure LT on T, a Borel-measurable map
� from T to the unit sphere ∂Bn and a map g : T → R

n with components in L1(T,LT) such
that

(μ1, . . . , μn) = g dLT + � dν.

The objects ν, � and g are correspondingly unique. Theorem 3.1 states that a holomorphic
map with the boundary measure μ = (μ1, . . . , μn) is a complex geodesic for D if and only
if the parts ν, � and g of the decomposition of μ satisfy a number of geometric conditions.
So, strictly speaking, in Theorem 3.1 we describe every n-tuple of measures which defines
a complex geodesic for D. Then, the complex geodesic itself can be easily recovered, up to
an imaginary constant, from its boundary measure employing the Schwarz formula (1).

Only thereafter we apply Theorem 3.1 to obtain more detailed form of complex geodesics
for special classes of convex tube domains. In Sect. 3.1, this is done for, inter alia, convex
tubes D ⊂ C

n with the base being bounded from above on each coordinate and satisfying the
equality Re D + (−∞, 0]n = Re D. Considering these domains is beneficial when studying
extremal mappings with respect to the Lempert function and the Kobayashi–Royden metric
in bounded, pseudoconvex, complete Reinhardt domains in C

n . We treat this topic in Sect. 5,
where we postulate formulas for extremal mappings for all such domains in C

2 and for those
in C

n with strictly convex, in the geometric sense, logarithmic image. Next, in Sect. 3.2 we
investigate complex geodesics in convex tube domains in C

2. The obtained result, together
with the considerations made in Sect. 3.1, simplifies the conclusion of Theorem 3.1 in the
two-dimensional case.

This paper is organized as follows: Sect. 2 presents the notation and recalls crucial
properties of the boundary measures of holomorphic maps. Also, therein we prove the afore-
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Complex geodesics in convex tube domains II 1867

mentioned lemma allowing for the decomposition of measures’ n-tuple. Then, we introduce
objects describing vital geometric properties of convex tube domains in C

n . In Sect. 3, we
formulate the main result of this paper, Theorem 3.1, and demonstrate its applications to
special classes of tube domains, providing also a number of illustrating examples. Section 4
contains the proof of Theorem 3.1 together with additional remarks. In Sect. 5, we apply
results from Sect. 3 to obtain formulas for extremal holomorphic mappings in some classes
of Reinhardt domains in C

n . Section 5 concludes this paper.

2 Preliminaries

We begin by introducing basic concepts and notation setting grounds for the rest of this study.
Let the symbols D, T, C∗ denote the unit disc in C, the unit circle in C and the punctured
plane, i.e. the set C \ {0}, respectively. By δλ0 , we mean the Dirac delta at a point λ0 ∈ T,
while χA is the characteristic function χA : T → {0, 1} of a set A ⊂ T. Let also e1, . . . , en
be the canonical basis of R

n or C
n . The Poincaré distance in D is denoted by ρ. By 〈x, y〉,

we understand the standard inner product of vectors x, y ∈ R
n , by ‖ · ‖ the euclidean norm

in R
n and by Bn the unit euclidean ball in R

n . For a set A ⊂ R
n , the symbol A⊥ denotes the

set {v ∈ R
n : ∀a ∈ A : 〈v, a〉 = 0}.

We use the symbol 〈·, ··〉 also for measures and functions. For example, if μ is a tuple
(μ1, . . . , μn) of real, i.e. complexwith real values, Borelmeasures onT and v = (v1, . . . , vn)

is a real vector or a bounded Borel-measurable mapping fromT toR
n , then 〈dμ, v〉 or 〈v, dμ〉

is the measure
∑n

j=1 v jdμ j , etc. The fact that a real measure ν is positive (resp. negative,
null) is shortly written as ν ≥ 0 (resp. ν ≤ 0, ν = 0). The variation of a complex measure ν is
denoted by |ν|. Unless stated otherwise, any measure considered in this paper is understood
as a real Borel measure on T.

Henceforth, we shall use the following families of mappings:

Hn := {
h ∈ O(C, C

n) : ∀λ ∈ T : λ̄h(λ) ∈ R
n} ,

Hn+ := {
h ∈ O(C, C

n) : ∀λ ∈ T : λ̄h(λ) ∈ [0,∞)n
}
.

We have

Hn = {
h ∈ O(C, C

n) : ∃a ∈ C
n, b ∈ R

n : h(λ) = āλ2 + bλ + a, λ ∈ C
}

and (see e.g. [5, Lemma 8.4.6]),

H1+ = {
h ∈ O(C) : ∃c ≥ 0, d ∈ D : h(λ) = c(λ − d)(1 − d̄λ), λ ∈ C

}
.

In particular, for h ∈ H1+ it follows that λ̄h(λ) = c|λ − d|2, λ ∈ T. Hence, h has at most
one zero on T (counting without multiplicities). Moreover, the choice of the field, R or C,
has no effect on the linear dependence, or independence, of functions h1, . . . , hm ∈ H1.
Both of these properties are equivalent in view of the fact that λ̄h j (λ) ∈ R for all λ ∈ T and
j = 1, . . . ,m.

Let us now recall the most important results for the boundary measures of holomorphic
maps. A real Borel measureμ onT is called the boundary measure of a holomorphic function
ϕ : D → C, if the Schwarz formula

ϕ(λ) = 1

2π

∫

T

ζ + λ

ζ − λ
dμ(ζ ) + iImϕ(0), λ ∈ D, (1)
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1868 S. Zając

is satisfied or, equivalently, after taking the real parts of the both sides of the above equation,
if

Reϕ(λ) = 1

2π

∫

T

1 − |λ|2
|ζ − λ|2 dμ(ζ ), λ ∈ D. (2)

If it exists, the measure μ is uniquely determined by ϕ.
For a mapping ϕ = (ϕ1, . . . , ϕn) ∈ O(D, C

n), we introduce the boundary measure of
ϕ as the n-tuple (μ1, . . . , μn) of the boundary measures of ϕ1, . . . , ϕn , provided that they
exist. Then, with the coordinate-wise integration, formulas analogous to (1) and (2) connect
ϕ and μ.

Next, we define the family

Mn := {ϕ ∈ O(D, C
n) : ϕ admits the boundary measure}.

AlthoughMn �= O(D, C
n), the inclusionO(D, D) ⊂ Mn remains valid for any convex tube

domain D ⊂ C
n containing no complex affine lines (see [16, Observation 2.5]). Hence, the

radial limit ϕ∗(λ) = limr→1− ϕ(rλ) of ϕ exists and lies in D for LT-almost every λ ∈ T .
Noteworthy, if μ is the boundary measure of a holomorphic function ϕ ∈ M, then μ is

also the weak-* limit of the measures Reϕ(rλ) dLT(λ), when r → 1− (see e.g. [8, p. 10]).
Here we treat complex measures as linear functionals on C(T), i.e. the space of all complex-
valued continuous functions on T equipped with the supremum norm. The aforementioned
weak-* convergence means that

∫

T

u(λ)Reϕ(rλ) dLT(λ)
r→1−−−−→

∫

T

u(λ) dμ(λ), u ∈ C(T).

Also, the following fact is of great importance: if μ = g dLT + μs is the Lebesgue–Radon–
Nikodym decomposition of μ with respect to LT, i.e. g ∈ L1(T,LT) and μs is a real Borel
measure on T singular to LT, then Reϕ∗(λ) = g(λ) for LT-a.e. λ ∈ T (see e.g. [8, p. 11]).
In particular, Reϕ∗ ∈ L1(T,LT) and if ϕs is a holomorphic function with the boundary
measure μs , then Reϕ∗

s (λ) = 0 for LT-a.e. λ ∈ T.
Henceforth, given a n-tuple μ = (μ1, . . . , μn) of real Borel measures on T, by its

Lebesgue–Radon–Nikodym decomposition with respect to LT we understand a unique
decomposition

μ = g dLT + μs,

where g = (g1, . . . , gn) : T → R
n is a Borel-measurable map, g1, . . . , gn ∈ L1(T,LT) and

μs = (μs,1, . . . , μs,n) is a n-tuple of real Borel measures on T, each being singular to LT.
In other words, for every j ,

μ j = g j dLT + μs, j

is the Lebesgue–Radon–Nikodym decomposition of μ j . We refer to g dLT and μs shortly
as the absolutely continuous part and the singular part of μ, respectively, assuming they are
meant with respect to LT. The following essential lemma allows for expressing the singular
part of μ ‘spherically’:

Lemma 2.1 Let μ be a n-tuple of real Borel measures on T. Then there exist a unique
finite positive Borel measure ν on T singular to LT, a unique, up to a set of ν measure
zero, Borel-measurable map � : T → ∂Bn and a unique, up to a set of LT measure zero,
Borel-measurable map g : T → R

n with components in L1(T,LT) such that

μ = g dLT + � dν. (3)
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Complex geodesics in convex tube domains II 1869

In particular, g dLT and � dν are the absolutely continuous and the singular parts of μ in its
Lebesgue–Radon–Nikodym decomposition, respectively.

One can immediately deduce Lemma 2.1 by applying Lemma 2.2 to the singular part of μ.

Lemma 2.2 If (X,A) is a measurable space and μ = (μ1, . . . , μn) is a n-tuple of real
measures μ j : A → R, then there exist a unique finite positive measure ν : A → [0,∞)

and a unique, up to a set of ν measure zero, A-measurable map � : X → ∂Bn such that
μ = � dν.

Proof of Lemma 2.2 Define a finite, positive measure ν̃ as

ν̃ := |μ1| + · · · + |μn |.
Since μ1, . . . , μn are absolutely continuous with respect to ν̃, the classical Radon–Nikodym
theorem ensures the existence of an A-measurable map F = (F1, . . . , Fn) : X → R

n such
that F1, . . . , Fn ∈ L1(X, ν̃) and

μ j = Fj d̃ν, j = 1, . . . , n.

Then |μ j | = |Fj | d̃ν. Therefore,
|F1(x)| + · · · + |Fn(x)| = 1 for ν̃-a.e. x ∈ X.

Let � : X → ∂Bn be an A-measurable map satisfying F(x) = �(x)‖F(x)‖ for ν̃-a.e.
x ∈ X . Setting ν := ‖F(x)‖ d̃ν(x), we obtain

μ = F d̃ν = � dν,

which gives the desired decomposition.
It remains to show theuniqueness.To this end, assume thatν′,�′ satisfy the sameconditions

as ν, �. Clearly, it holds that� dν = �′ dν′.We putω := ν+ν′ and letG,G ′ : X → [0,∞) be
A-measurable functions, integrablewith respect toω and such that ν = G dω and ν′ = G ′ dω.
We have

G� dω = � dν = �′ dν′ = G ′�′ dω.

Thus, the maps G� and G ′�′ are equal ω-a.e. on X . This yields

G(x) = ‖G(x)�(x)‖ = ‖G ′(x)�′(x)‖ = G ′(x) for ω-a.e. x ∈ X.

In consequence, ν = ν′ and ν-almost everywhere on X it holds that � = �′, because
� dν = �′ dν′. ��
Example 2.3 In this example, we employ Lemma 2.1 in order to obtain the corresponding
decomposition of the following n-tuple of measures:

μ = g dLT + (
α1δλ1 , . . . , αnδλn

)
,

where g = (g1, . . . , gn), g1, . . . , gn ∈ L1(T,LT), α1, . . . , αn ∈ R and λ1, . . . , λn ∈ T.
As the measure ν is required to be singular with respect to LT, the first part of the desired
decomposition is clearly equal to g dLT. The second part arises from Lemma 2.2 applied to
(α1δλ1 , . . . , αnδλn ). To find it, we follow the proof of the lemma with X = T and A being
the σ -field of Borel subsets of T.

For j ∈ {1, . . . , n} let
A j := {l ∈ {1, . . . , n} : λl = λ j }.
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1870 S. Zając

We have

ν̃ = |α1|δλ1 + · · · + |αn |δλn ,

so we may set

F :=
(

α1
∑

l∈A1
|αl |χ{λ1}, . . . ,

αn
∑

l∈An
|αl |χ{λn}

)

.

Let us underline that the mapping F is well defined ν̃-almost everywhere, because if∑
l∈A j

|αl | = 0 for some j , then χ{λ j } is ν̃-a.e. equal to 0 and so is the j th coordinate
of the right-hand side of the above definition. Since ν = ‖F(λ)‖ d̃ν(λ), the measure ν is
supported on the set {λ1, . . . , λn} and

χ{λ j }dν =
√∑

l∈A j

α2
l δλ j , j = 1, . . . , n.

This yields

ν =
n∑

j=1

√∑
l∈A j

α2
l

#A j
δλ j , (4)

where #A j denotes the number of elements of the set A j .
A map � : T → ∂Bn has to be taken so that the equality F(λ) = �(λ)‖F(λ)‖ holds for

ν̃-a.e. λ ∈ T, or equivalently, for ν-a.e. λ ∈ T. It means that

� =
⎛

⎝ α1
√∑

l∈A1
α2
l

χ{λ1}, . . . ,
αn

√∑
l∈An

α2
l

χ{λn}

⎞

⎠ ν-a.e. on T. (5)

The right-hand side is ν-almost everywhere well defined, and it does not matter what values
� takes outside the set {λ j : j ∈ {1, . . . , n},∑l∈A j

|αl | �= 0}. The desired decomposition
consists of the map g, the measure ν given by (4) and a map � satisfying (5).

The problem simplifies in the case when λ1, . . . , λn are pairwise disjoint. Indeed, then

ν = |α1|δλ1 + · · · + |αn |δλn

and

� =
(

α1

|α1|χ{λ1}, . . . ,
αn

|αn |χ{λn}
)

ν̃-almost everywhere on T.

Let us now introduce special sets describing certain geometric aspects of the base of a
given convex tube domain D ⊂ C

n . Define

WD :=
{

v ∈ R
n : sup

x∈Re D

〈x, v〉 < ∞
}

,

SD := {
y ∈ R

n : ∀v ∈ WD : 〈y, v〉 ≤ 0
}

and, for a vector v ∈ R
n ,

PD(v) := {p ∈ Re D : 〈x − p, v〉 < 0 for all x ∈ Re D}.
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Complex geodesics in convex tube domains II 1871

It is clear that all these sets are convex, PD(v) ⊂ ∂Re D and if v ∈ SD , w ∈ WD and t ≥ 0,
then tv ∈ SD and tw ∈ WD , that is, the sets SD andWD are infinite cones. A number of their
elementary geometric properties are presented by the next observation.

Observation 2.4 Let D ⊂ C
n be a convex tube domain and let v ∈ R

n. Then:

(i) the sets PD(v) and SD are closed,
(ii) if PD(v) �= ∅, then v ∈ WD,
(iii) if p, q ∈ PD(v), then the vectors p − q and v are orthogonal,
(iv) if the domain Re D is strictly convex (in the geometric sense, i.e. it is convex and ∂Re D

does not contain any non-trivial segments), then the set PD(v) contains at most one
element,

(v) v ∈ SD iff for all a ∈ Re D and t ≥ 0 it holds that a + tv ∈ Re D,
(vi) if Re D contains no complex affine lines, then int WD �= ∅,
(vii) if Re D is bounded, then WD = R

n and SD = {0}.
Proof (i) Given (pm)m ⊂ PD(v) and pm → p, we have that 〈x − p, v〉 ≤ 0 for each
x ∈ Re D. As PD(v) �= ∅, then it yields v �= 0. Hence, the map x �→ 〈x − p, v〉 is open.
Combining this with the fact that it is non-positive on the open set Re D, we conclude that it
is negative on Re D.

(iii) If p, q ∈ PD(v), then 1
2 (p+q) ∈ PD(v). Since p, q ∈ Re D, we have 〈p− 1

2 (p+q),

v〉 ≤ 0 and 〈q − 1
2 (p + q), v〉 ≤ 0, what gives 〈p − q, v〉 = 0.

(vi) It follows, for example, from Zając [16, Observation 2.4].
(ii), (iv), (v), (vii) The proofs are immediate. ��

3 Description of complex geodesics in an arbitrary convex tube domain
and its applications in special classes of domains

One of the goals of this section is to present Theorem 3.1, which is the main result of this
paper. It is formulated in terms of geometric properties of a domain, namely the sets PD(v),
WD and SD . Next, we use the theorem to formulate a more detailed characteristic of complex
geodesics for certain classes of tube domains. The proof of Theorem 3.1 is later derived in
Sect. 4.

Theorem 3.1 Let D ⊂ C
n be a convex tube domain containing no complex affine lines and

letϕ ∈ Mn be a holomorphicmapwith the boundarymeasureμ. Consider the decomposition

μ = g dLT + � dν,

where g = (g1, . . . , gn) : T → R
n and � : T → ∂Bn are Borel-measurable maps,

g1, . . . , gn ∈ L1(T,LT) and ν is a finite positive Borel measure on T singular to LT.
Then

ϕ(D) ⊂ D and ϕ is a complex geodesic for D

iff there exists a map h ∈ Hn, h �≡ 0, such that the following conditions hold:

(i) g(λ) ∈ PD(λ̄h(λ)) for LT-a.e. λ ∈ T,
(ii) 〈λ̄h(λ), �(λ)〉 ≥ 0 for ν-a.e. λ ∈ T,
(iii) �(λ) ∈ SD for ν-a.e. λ ∈ T,
(iv) Reϕ(0) ∈ Re D.
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1872 S. Zając

Moreover, if ϕ(D) ⊂ D, ϕ is a complex geodesic for D and h ∈ Hn, h �≡ 0 is a map
satisfying the conditions (i)–(iv), then additionally the following statements are true:

(v) �(λ) ∈ SD ∩ {λ̄h(λ)}⊥ for ν-a.e. λ ∈ T,
(vi) ν({λ ∈ T : λ̄h(λ) ∈ int WD}) = 0.
(vii) λ̄h(λ) ∈ WD for every λ ∈ T.

Note that from (vi) and (vii) it follows that the measure ν is supported on the set {λ ∈ T :
λ̄h(λ) ∈ ∂WD}.
Remark 3.2 Let us notice that none of the above conditions, except (iv), contains at the same
time the absolutely continuous and the singular part ofμ. This makes it relatively not difficult
to construct a measure which gives a complex geodesic for D. The part g dLT has to satisfy
(i), while for the part � dν we require that the conditions (ii) and (iii) hold. To create ameasure
μ defining a complex geodesic for D, it suffices to choose a map h ∈ Hn , h �≡ 0 such that

PD(λ̄h(λ)) �= ∅ for LT-a.e. λ ∈ T (6)

and next:

• take a Borel map g with integrable components satisfying (i) (note that it may happen that
it is impossible, even if (6) holds—see Example 3.7),

• take a measure ν singular to LT and satisfying (vi),
• take a Borel map � : T → ∂Bn satisfying (v).

Then, if μ = g dLT + � dν and additionally 1
2π μ(T) ∈ Re D, which simply means that

Reϕ(0) ∈ Re D, then μ is the boundary measure of a complex geodesic for D.

Remark 3.3 If D ⊂ C
n is a convex tube domain with the base bounded, then WD = R

n and
SD = {0}. So, Theorem 3.1 (iii) yields that �(λ) = 0 for ν-a.e. λ ∈ T. Hence, ν is the null
measure, because the image of � lies in ∂Bn . Then also the condition (ii) is automatically
fulfilled. Thus, a holomorphic map ϕ with the boundary measure μ is a complex geodesic
for D iff

μ = g dLT

for some g, h satisfying (i) and (iv).
In general case, when the base of D is unbounded, Theorem 3.1 (i) determines the

absolutely continuous part of μ by the same token. However, to find the singular part, we
will need to appeal to the entire scope of Theorem 3.1.

3.1 Convex tube domains with WD = [0,∞)n

In this subsection, we study the family Dn consisting of all convex tube domains D ⊂ C
n

satisfying the equality

WD = [0,∞)n .

A convex tube domain D belongs to Dn if and only if e1, . . . , en ∈ WD and

Re D + (−∞, 0]n = Re D.

The base of such a domain D contains no real affine lines. Also, it follows that

SD = (−∞, 0]n .
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Complex geodesics in convex tube domains II 1873

Corollary 3.4 provides a characterization, more detailed than Theorem 3.1, of all complex
geodesics for a domain D ∈ Dn . It is next employed in Sect. 5, where we establish formulas
for extremal mappings in certain classes of Reinhardt domains in C

n .

Corollary 3.4 Let D ∈ Dn, n ≥ 2, and letϕ ∈ Mn be a holomorphicmapwith the boundary
measure μ. Consider the decomposition

μ = g dLT + � dν,

where g = (g1, . . . , gn) : T → R
n and � = (�1, . . . , �n) : T → ∂Bn are Borel-measurable

maps, g1, . . . , gn ∈ L1(T,LT) and ν is a finite positive Borel measure on T singular to LT.
Then

ϕ(D) ⊂ D and ϕ is a complex geodesic for D

iff there exists a map h ∈ Hn, h �≡ 0 such that the following conditions hold:

(i) h ∈ Hn+,
(ii) g(λ) ∈ PD(λ̄h(λ)) for LT-a.e. λ ∈ T.
(iii) �(λ) ∈ (−∞, 0]n for ν-a.e. λ ∈ T,
(iv) Reϕ(0) ∈ Re D,
(v) if j ∈ {1, . . . , n} is such that h j �≡ 0, then

� j dν = α jδλ j

for some λ j ∈ T and α j ∈ (−∞, 0] such that α j h j (λ j ) = 0.

Let us note that the condition (iii) simply means that the singular part of μ, i.e. the measure
� dν, is just a n-tuple of negative measures.

Proof of Corollary 3.4 Assume that ϕ(D) ⊂ D and that ϕ is a complex geodesic for D.
Taking h is as in Theorem 3.1, we immediately obtain the statements (i) - (iv) from the
conclusion and it remains only to show the condition (v). The expression 〈λ̄h(λ), �(λ)〉,
vanishing ν-almost everywhere in view of Theorem 3.1 (v), is equal to the sum of ν-almost
everywhere non-positive terms λ̄h1(λ)�1(λ), . . . , λ̄hn(λ)�n(λ). Thus, all these terms are ν-
a.e. equal to zero. If j is such that h j �≡ 0, then the function h j ∈ H1+ has at most one root
on T (counting without multiplicities). Hence, up to a set of ν measure zero, � j = β jχ{λ j }
for some λ j ∈ T and β j ∈ (−∞, 0] such that β j h j (λ j ) = 0. This gives the condition (v)
with α j := β jν({λ j }).

On the other hand, if h is such that the conditions (i)–(v) are satisfied, then the statements
(i), (iii) and (iv) from Theorem 3.1 clearly hold. To prove that ϕ is a complex geodesic for
D, it suffices to ensure that (ii) is also fulfilled. From the assumption (v), we conclude that
if j is such that h j �≡ 0, then

λ̄h j (λ)� j (λ) dν(λ) = α j λ̄h j (λ) dδλ j (λ) = α j λ̄ j h j (λ j ) dδλ j (λ) = 0.

This implies that 〈λ̄h(λ), �(λ)〉 dν(λ) is the null measure, what involves the condition (ii).
The proof is complete. ��
Remark 3.5 Under the assumptions of Corollary 3.4, if ϕ is a complex geodesic for D, h is
as in the corollary and h1 �≡ 0, . . . , hn �≡ 0, then the statement (v) yields

� dν = (
α1δλ1 , . . . , αnδλn

)
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Fig. 1 The base of D

for some α1, . . . , αn ∈ (−∞, 0] and λ1, . . . , λn ∈ T such that

α1h1(λ1) = · · · = αnhn(λn) = 0.

Thus, the singular part of μ is of special form in this case.
Conversely, when the set A := { j ∈ {1, . . . , n} : h j ≡ 0} is non-empty, for every

j ∈ A the j th component of the singular part of μ may be almost arbitrary. More precisely,
if ω1, . . . , ωn are finite negative Borel measures on T, singular to LT, such that ω j =
� j dν for every j ∈ {1, . . . , n} \ A, then a holomorphic map ψ with the boundary measure
g dLT + (ω1, . . . , ωn) is a complex geodesic for D, provided that Reψ(0) ∈ Re D. One can
conclude this fact directly from Corollary 3.4, becauseψ satisfies the conditions (i) - (v) with
the above h.

Let us note that if the domain Re D is strictly convex in the geometric sense, then h1 �≡
0, . . . , hn �≡ 0. Indeed, Corollary 3.4 (ii) implies that LT-almost all sets PD(λ̄h(λ)) are
non-empty. Thus, the note is a consequence of the following geometric property of domains
from the family Dn : if a vector v = (v1, . . . , vn) ∈ R

n satisfies PD(v) �= ∅ and v j = 0 for
some j , then ∂Re D contains the half-line p + (−∞, 0] e j for any p ∈ PD(v).

Example 3.6 Consider the following domain from the family D2,

D := {(x1, x2) ∈ R
2 : (max{x1 + 1, 0})2 + (max{x2 + 1, 0})2 < 1} + iR2.

The base of D is drawn on Fig. 1.
One can verify that

PD(v) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{
v

‖v‖ − (1, 1)
}

, if v ∈ (0,∞)2,

(−∞,−1] × {0}, if v ∈ {0} × (0,∞),

{0} × (−∞,−1], if v ∈ (0,∞) × {0},
∅, otherwise.

Take a complex geodesic ϕ = (ϕ1, ϕ2) : D → D with the boundary measure μ =
(μ1, μ2) and let g = (g1, g2), ν, � = (�1, �2) and h = (h1, h2) ∈ H2+ be as in Corollary
3.4.

Assume that the functions h1, h2 are linearly independent. ByCorollary 3.4 (ii), forLT-a.e.
λ ∈ T we have

g(λ) ∈ PD(λ̄h(λ)) =
{

λ̄h(λ)

‖λ̄h(λ)‖ − (1, 1)

}

.
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Thus, Remark 3.5 yields

μ =
(

λ̄h(λ)

‖λ̄h(λ)‖ − (1, 1)

)

dLT(λ) + (α1δλ1 , α2δλ2) (7)

for some α1, α2 ∈ (−∞, 0] and λ1, λ2 ∈ T such that

α1h1(λ1) = α2h2(λ2) = 0. (8)

Conversely, Corollary 3.4 guarantees that if a holomorphic map has the boundary measure of
the form (7) with some linearly independent h1, h2 ∈ H1+ and some α1, α2 ≤ 0, λ1, λ2 ∈ T

satisfying (8), then it is a complex geodesic for D. The condition (iv) is then a consequence
of linear independence of h1, h2.

Now let us analyse the situation when h1, h2 are linearly dependent, but h1, h2 �≡ 0. We
have h2 = γ h1 for some γ > 0. Since PD(λ̄h(λ)) = PD((1, γ )) for LT-a.e. λ ∈ T, the map
g is LT-almost everywhere constant and equal to (1,γ )

‖(1,γ )‖ − (1, 1). Employing Remark 3.5,
we conclude that the singular part of μ equals to (α1δλ1 , α2δλ2) for some α1, α2 ∈ (−∞, 0]
and λ1, λ2 ∈ T such that α1h1(λ1) = α2γ h1(λ2) = 0. Moreover, Corollary 3.4 (iv) yields
that (α1, α2) �= (0, 0), so h1, h2 have a common root λ0 ∈ {λ1, λ2}. Thus,

μ =
(

(1, γ )

‖(1, γ )‖ − (1, 1)

)

dLT + (α1, α2)δλ0 . (9)

Conversely, if the boundary measure of a holomorphic map ϕ is of the form (9) with some
γ > 0,λ0 ∈ T andα1, α2 ≤ 0 satisfyingα1+α2 < 0, thenϕ is a complex geodesic for D. One
can deduce this claim by applying Corollary 3.4 to ϕ and h(λ) = (λ − λ0)(1− λ̄0λ) · (1, γ ).

It remains to consider the casewhen h1 ≡ 0 or h2 ≡ 0. If h1 ≡ 0, then g(λ) ∈ (−∞,−1]×
{0} for LT-a.e. λ ∈ T, by (ii). Moreover, from (v) it follows that �2 dν = α2δλ2 for some
α2 ≤ 0 and λ2 ∈ T such that α2h2(λ2) = 0, and (iv) gives that α2 �= 0. Therefore

μ = (μ1, α2δλ2). (10)

On the other hand, one can check that if a holomorphic map has the boundary measure given
by (10) with some α2 < 0, λ2 ∈ T and a real Borel measure μ1 on T such that μ1 ≤ −LT,
then it is a complex geodesic for the domain D. If h2 ≡ 0, then a similar argument leads to
the conclusion that

μ = (α1δλ1 , μ2) (11)

for some α1 < 0, λ1 ∈ T and μ2 ≤ −LT. Any holomorphic map having the boundary
measure of this form is a complex geodesic for D.

Example 3.7 In this example, we examine the domain

D := {(x1, x2) ∈ R
2 : x1, x2 < 0, x1x2 > 1} + iR2

belonging, as the previous one, to the family D2. We have

PD(v) =
{(

−
√

v2

v1
,−

√
v1

v2

)}

, (12)

when v = (v1, v2) ∈ (0,∞)2, and PD(v) = ∅ otherwise.
Take a complex geodesic ϕ : D → D with the boundary measure μ and let g, ν, � and

h = (h1, h2) ∈ H2+ be as in Corollary 3.4. As before, first consider the case when h1 and h2
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are linearly independent. It holds that h j (λ) = c j (λ−λ j )(1− λ̄ jλ) for some c1, c2 > 0 and
λ1, λ2 ∈ D such that λ1 �= λ2. By Corollary 3.4 (ii), for LT-a.e. λ ∈ T, it holds that

g(λ) =
(

−
√
c2
c1

|λ − λ2|
|λ − λ1| ,−

√
c1
c2

|λ − λ1|
|λ − λ2|

)

.

Since both components of g lie in L1(T,LT), we have λ1, λ2 ∈ D. Moreover, � dν = 0, by
Remark 3.5. In summary,

μ =
(

c
|λ − λ2|
|λ − λ1| ,

1

c

|λ − λ1|
|λ − λ2|

)

dLT(λ), (13)

where c = −( c2c1
)
1
2 . Notice that ϕ extends analytically on a neighbourhood of the closed unit

disc, because the map g is real analytic on T. Corollary 3.4 implies that any holomorphic
map with the boundary measure given by (13), with some c > 0 and λ1, λ2 ∈ D, λ1 �= λ2,
is a complex geodesic for D.

If the functions h1, h2 are linearly dependent, then arguing similarly as in Example 3.6,
we conclude that

μ =
(
−γ

1
2 ,−γ − 1

2

)
dLT + (α1, α2)δλ0 (14)

for some γ > 0, λ0 ∈ T and α1, α2 ≤ 0 such that α1 + α2 < 0. And again, any holomorphic
map with the boundary measure given by (14) is a complex geodesic for D.

We see that in this example every complex geodesic admitting a map h with linearly
independent components extends holomorphically on a neighbourhood of the closed unit
disc D. However, even for some ‘similar’ domains, this claim no longer remains valid. For
example, let

D′ :=
{
(x1, x2) ∈ R

2 : x1, x2 < 0, x2 < −x−2
1

}
+ iR2.

For v = (v1, v2) ∈ (0,∞)2, we have

PD′(v) =
{(

−
(
2v2
v1

) 1
3

,−
(

v1

2v2

) 2
3
)}

.

Set h(λ) := ((λ+1)2, λ) (it belongs to the familyH2+) and take g so that g(λ) ∈ PD′(λ̄h(λ))

for LT-a.e. λ ∈ T, i.e.

g(λ) =
(
−2

1
3 |λ + 1|− 2

3 ,−2− 2
3 |λ + 1| 43

)
.

Both components of g lie in L1(T,LT). Corollary 3.4 yields that if α1 ≤ 0, then the holomor-
phic map given by the boundary measure μ := g dLT + (α1δ−1, 0) is a complex geodesic
for D′. But this map does not extend continuously on D.

Analysing these examples, one can also notice the possibility that for some h there is no
map g with components in L1(T,LT) such that g(λ) ∈ PD(λ̄h(λ)) for LT-a.e. λ ∈ T, even
if the latter sets are non-empty for LT-a.e. λ ∈ T (cf. Remark 3.2).

Remark 3.8 Although in the examples presented above we focused on domains whose base
are subsets of (−∞, 0)n , the familyDn is essentially broader. For example, the base of D :=
{(x1, x2) ∈ R

2 : x2 < −ex1} + iR2 is not contained in any set of the form a + (−∞, 0)2,
a ∈ R

2, but WD = {(0, 0)} ∪ [0,∞) × (0,∞) and thus D ∈ D2. Applying Corollary 3.4 in
the same way as previously, we can find the boundary measures of all complex geodesics for
D.
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3.2 Domains in C
2

Let D ⊂ C
2 be a convex tube domain containing no complex affine lines. In view of Obser-

vation 2.4, the set WD is a closed, convex, infinite cone with the vertex at the origin and
non-empty interior. Thus, WD is precisely one of the following: the whole R

2, a half-plane
or a convex infinite angle, i.e. the set

{(r cos θ, r sin θ) : r ≥ 0, θ ∈ [θ1, θ2]}
for some θ1 < θ2 < θ1+π . IfWD is the whole R

2, then Re D is bounded. Convex tubes with
bounded base are analysed in Remark 3.3. If WD is an angle, then D is affinely equivalent
to a convex tube domain D′ ⊂ C

2 having WD′ = [0,∞)2, i.e. belonging to the family D2.
These domains are intensively studied in Sect. 3.1. In this subsection, we discuss the only
remaining possibility, that is the situation when WD is a half-plane. Changing coordinates if
necessary, we may focus on the case when WD = R × (−∞, 0]. Then the equality

SD = {0} × [0,∞)

holds and D is of the form

D = {(x1, x2) ∈ (a, b) × R : x2 > f (x1)} + iR2

for some −∞ ≤ a < b ≤ ∞ and a convex function f : (a, b) → R such that:

• if a = −∞, then f ′−(x), f ′+(x) → −∞, when x → −∞, and
• if b = ∞, then f ′−(x), f ′+(x) → ∞, when x → ∞.

Here f ′− and f ′+ denote the one-sided derivatives of f . Depending on a, b and f , the set
WD \ WD will be the empty set, a horizontal half-line starting at the origin or the horizontal
lineR×{0}. Corollary 3.9 unifies all of these cases, since, as it is illustrated by the proceeding
proof, WD is conclusive, not WD itself.

Corollary 3.9 Let D ⊂ C
2 be a convex tube domain such that WD = R × (−∞, 0]. Take a

map ϕ ∈ M2 with the boundary measure μ and consider the decomposition

μ = g dLT + � dν,

where g = (g1, g2) : T → R
2 and � : T → ∂B2 are Borel-measurable maps, g1, g2 ∈

L1(T,LT) and ν is a finite positive Borel measure on T singular to LT.
Then

ϕ(D) ⊂ D and ϕ is a complex geodesic for D

iff there exists a map h ∈ H2, h �≡ 0 such that the following conditions hold:

(i) h2 ∈ −H1+,
(ii) g(λ) ∈ PD(λ̄h(λ)) for LT-a.e. λ ∈ T,
(iii) �(λ) = e2 for ν-a.e. λ ∈ T,
(iv) Reϕ(0) ∈ Re D,
(v) if h2 �≡ 0, then ν = αδλ0 for some α ∈ [0,∞) and λ0 ∈ T such that αh2(λ0) = 0.

The condition (iii) means that � dν = (0, ν). In particular, the first component of μ is
absolutely continuous with respect to LT and ν is equal to the singular part of the second
component of μ.
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Proof of Corollary 3.9 Assume that ϕ(D) ⊂ D and ϕ is a complex geodesic for D and take
h as in Theorem 3.1. The statements (ii), (iii) and (iv) follow from Theorem 3.1. Moreover,
(i) is a consequence of the fact that λ̄h(λ) ∈ WD for every λ ∈ T. If h2 �≡ 0, then h2 has
at most one root on T (counting without multiplicities), so the set {λ ∈ T : λ̄h(λ) ∈ ∂WD}
contains at most one element. Thus, Theorem 3.1 (vi) yields the part (v) of the conclusion.

Conversely, Theorem 3.1 guarantees that if h is taken so that the conditions (i) - (v) are
fulfilled, then ϕ(D) ⊂ D and ϕ is a complex geodesic for D. ��
Example 3.10 Let

D := {
(x1, x2) ∈ R

2 : x1 > 0, x2 > x21
} + iR2.

It is a convex tube domain of the type considered in Corollary 3.9, because

WD = {(r cos θ, r sin θ) : r ≥ 0, θ ∈ [−π, 0)}.
For v = (v1, v2) ∈ R

2, one has

PD(v) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

{(

− v1
2v2

,
v21
4v22

)}

, if v ∈ (0,∞) × (−∞, 0),

{(0, 0)}, if v ∈ (−∞, 0] × (−∞, 0),
{0} × [0,∞), if v ∈ (−∞, 0) × {0},
∅, otherwise.

Take a complex geodesic ϕ : D → D with the boundary measure μ = (μ1, μ2) and let
g = (g1, g2), ν, � = (�1, �2) and h = (h1, h2) ∈ H1 × (−H1+) be as in Corollary 3.9. It
holds that μ1 = g1dLT, so the statements (ii) and (iv) of the corollary yield that the sets
{λ ∈ T : g1(λ) > 0} and {λ ∈ T : λ̄h1(λ) > 0} are of positive LT measure and h2 �≡ 0. In
particular, h1 ∈ H1 \ (−H1+). The condition (v) implies that

� dν = (
0, αδλ0

)

for some α ∈ [0,∞) and λ0 ∈ T such that αh2(λ0) = 0. Moreover, as h2 �≡ 0, for LT-a.e.
λ ∈ {ζ ∈ T : ζ̄h1(ζ ) ≤ 0}, it holds g(λ) = (0, 0). This leads to the equality

g(λ) =
(

− h1(λ)

2h2(λ)
,
h1(λ)2

4h2(λ)2

)

χ{ζ∈T:ζ̄h1(ζ )>0}(λ)

for LT-a.e. λ ∈ T.
If the functions h1, h2 are linearly independent, then h2 has no roots on the set {ζ ∈ T :

ζ̄h1(ζ ) ≥ 0}, because g1, g2 ∈ L1(T,LT). Hence

μ =
(

− h1(λ)

2h2(λ)
,
h1(λ)2

4h2(λ)2

)

χ{ζ∈T:ζ̄h1(ζ )>0}(λ)dLT(λ) + (
0, αδλ0

)
. (15)

Conversely, if a holomorphic map has the boundary measure of the form (15) with some
h1 ∈ H1 \ (−H1+), h2 ∈ −H1+, α ∈ [0,∞) and λ0 ∈ T such that h1, h2 are linearly
independent, h2 has no roots on {ζ ∈ T : ζ̄h1(ζ ) ≥ 0} and αh2(λ0) = 0, then it is a complex
geodesic for D.

If h1, h2 are linearly dependent, then applyingCorollary 3.9 (v) and following the argument
of the previous examples we conclude that

μ = (
γ, γ 2) dLT + (

0, αδλ0

)

for some α < 0, λ0 ∈ T and γ > 0. Any holomorphic map having the boundary measure of
the above form is a complex geodesic for D.
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4 Proof of Theorem 3.1 and further remarks

This section is devoted to the proof of the main result of this paper, Theorem 3.1. Let us
begin by recalling Theorem 1.2 from Zając [16], which provides an equivalent condition for
a holomorphic map to be a complex geodesic.

Theorem 4.1 Let D ⊂ C
n be a convex tube domain containing no complex affine lines and

let ϕ : D → D be a holomorphic map with the boundary measure μ. Then ϕ is a complex
geodesic for D iff there exists a map h ∈ Hn, h �≡ 0, such that

〈
λ̄h(λ),Re z dLT(λ) − dμ(λ)

〉
≤ 0

for every z ∈ D.

Lemma 4.2 Let D ⊂ C
n be a convex tube domain containing no complex affine lines,

h ∈ Hn, h �≡ 0 and let ϕ : D → D be a holomorphic map with the boundary measure μ.
Consider

μ = Reϕ∗ dLT + μs,

the Lebesgue–Radon–Nikodym decomposition of μ with respect to LT. Then
〈
λ̄h(λ),Re z dLT(λ) − dμ(λ)

〉
≤ 0 for each z ∈ D (16)

iff the following two conditions hold:

(i) Reϕ∗(λ) ∈ PD(λ̄h(λ)) for LT-a.e. λ ∈ T,
(ii) 〈λ̄h(λ), dμs(λ)〉 ≥ 0.

Proof Write μs = (μs,1, . . . , μs,n). There exists a Borel subset S ⊂ T such that

LT(S) = 0, |μs,1|(T \ S) = · · · = |μs,n |(T \ S) = 0.

Moreover, the following equalities

χS dLT = 0, χT\S dLT = LT, χS dμ = μs, χT\S dμ = Reϕ∗ dLT. (17)

hold. For z ∈ D, put

νz :=
〈
λ̄h(λ),Re z dLT(λ) − dμ(λ)

〉
.

We have νz = χT\S dνz + χS dνz and, by (17),

χT\S dνz = 〈
λ̄h(λ),Re z − Reϕ∗(λ)

〉
dLT(λ) (18)

and
χS dνz = − 〈

λ̄h(λ), dμs(λ)
〉
. (19)

If the condition (16) holds, that is, νz ≤ 0 for every z ∈ D, then (i) is a consequence of
Zając [16, Lemma 3.7] and (ii) follows from the equality (19). Conversely, if both (i) and (ii)
are fulfilled, then (18) and (19) yield that for each z ∈ D the measures χT\S dνz and χS dνz
are negative. In consequence, νz ≤ 0. ��
Lemma 4.3 Let D ⊂ C

n be a convex tube domain containing no complex affine lines, let
ϕ ∈ Mn be a holomorphic map with the boundary measure μ and let

μ = Reϕ∗ dLT + μs
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be the Lebesgue–Radon–Nikodym decomposition of μ with respect to LT. Then ϕ(D) ⊂ D
iff the following two conditions hold:

(i) Reϕ∗(λ) ∈ Re D for LT-a.e. λ ∈ T,
(ii) 〈μs, w〉 ≤ 0 for every w ∈ WD.

Proof Choose S ⊂ T so that all of the equalities in (17) are fulfilled. Assume that ϕ(D) ⊂ D.
The first conclusion is clear. If v ∈ WD , then for a constant C ∈ R there is 〈x, v〉 < C for
all x ∈ Re D. In particular, 〈Reϕ(λ), v〉 < C for λ ∈ D, what gives a similar inequality for
measures:

〈
Reϕ(rλ) dLT(λ), v

〉
≤ C dLT, r ∈ (0, 1).

Taking the weak-* limit when r tends to 1, we get

〈dμ, v〉 ≤ C dLT.

Hence

〈χS dμ, v〉 ≤ CχS dLT,

what together with (17) gives

〈μs, v〉 ≤ 0.

If w ∈ WD , then there exists a sequence (vm)m ⊂ WD tending to w. The measure 〈μs, w〉 is
the weak-* limit of the sequence 〈μs, vm〉 of negative measures, so it is also negative.

Now assume that both (i) and (ii) are satisfied. To prove the conclusion, it suffices to check
that whether p ∈ R

n \ Re D and v ∈ R
n are such that 〈x − p, v〉 ≤ 0 for every x ∈ Re D,

then 〈Reϕ(λ) − p, v〉 ≤ 0 for every λ ∈ D. Fix p, v and λ. It is clear that v ∈ WD and
〈Reϕ∗(ζ ) − p, v〉 ≤ 0 for LT-a.e. ζ ∈ T. We have

〈Reϕ(λ) − p, v〉 = 1

2π

∫

T

1 − |λ|2
|ζ − λ|2

〈
Reϕ∗(ζ ) − p, v

〉
dLT(ζ )

+ 1

2π

∫

T

1 − |λ|2
|ζ − λ|2 d(〈μs(ζ ), v〉),

so 〈Reϕ(λ) − p, v〉 ≤ 0. The proof is complete. ��
Proof of Theorem 3.1 Since the singular partμs ofμ is equal to� dν andReϕ∗(λ) = g(λ) for
LT-a.e. λ ∈ T, the statements Lemma 4.2 (ii) and Lemma 4.3 (ii) can be written equivalently
as

〈λ̄h(λ), �(λ)〉 dν(λ) ≥ 0 (20)

and
〈�(λ),w〉 dν(λ) ≤ 0 for every w ∈ WD, (21)

respectively. Now it is clear that if for a map h ∈ Hn , h �≡ 0 the conditions (i)–(iv) from
Theorem 3.1 hold, then from Lemmas 4.2 and 4.3 it follows that ϕ(D) ⊂ D and ϕ is a
complex geodesic for D.

It remains to prove the opposite implication. Assume that ϕ(D) ⊂ D and ϕ is a complex
geodesic for D. Take h ∈ Hn as in Theorem 4.1. The condition (iv) is clear and the statements
(i), (ii) of Theorem 3.1 follow directly from (20) and Lemma 4.2. Moreover, Lemma 4.3
together with the equality (21) yields that for every w ∈ WD and ν-a.e. λ ∈ T one has

〈�(λ),w〉 ≤ 0. (22)
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This ‘almost every’ may a priori depend onw, but one can omit this problem in the following
way. Take a dense, countable subset {w j : j = 1, 2, . . .} ⊂ WD and for each j choose a
Borel set A j ⊂ T so that ν(T \ A j ) = 0 and 〈�(λ),w j 〉 ≤ 0 for every λ ∈ A j . Denote
A := ∩∞

j=1A j . It is clear that ν(T \ A) = 0 and (22) holds for all w ∈ WD and λ ∈ A. Thus,

�(λ) ∈ SD for ν-a.e. λ ∈ T.

This is exactly the condition (iii).
Nonetheless, we still need to prove the last part of the theorem, namely that if h ∈ Hn ,

h �≡ 0 satisfy the conditions (i)–(iv), then it fulfils also (v), (vi) and (vii).
From (i), it follows that for LT-a.e. λ ∈ T there is λ̄h(λ) ∈ WD . Hence, (vii) is a

consequence of the continuity of h.
In order to prove (v), let us fix ε > 0. There exists δ > 0 such that |λ̄h j (λ)− ζ̄h j (ζ )| ≤ ε

for j = 1, . . . , n, whenever λ, ζ ∈ T and |λ − ζ | ≤ δ. Take λ1, . . . , λm ∈ T so that the arcs
Lk := {λ ∈ T : |λ − λk | < δ}, k = 1, . . . ,m, cover the circle T. For ν-a.e. λ ∈ Lk , we have

〈λ̄h(λ), �(λ)〉 ≤ 〈λ̄kh(λk), �(λ)〉 + ‖λ̄h(λ) − λ̄kh(λk)‖ ≤ ε
√
n.

The last inequality is a consequence of (iii) and (vii). As k and ε are arbitrary, the statement
(v) follows.

Finally, let us examine (vi). For every λ ∈ T such that �(λ) ∈ SD and λ̄h(λ) ∈ intWD ,
there holds 〈λ̄h(λ), �(λ)〉 < 0, because the map w �→ 〈�(λ),w〉 is open and non-positive
on WD , so it has to be negative on intWD . Hence, in the wake of (v), λ̄h(λ) ∈ intWD holds
ν-almost nowhere on T. The proof is complete. ��
Remark 4.4 From the proof of Theorem 3.1, one can deduce that if ϕ is a complex geodesic
for D and h is as in Theorem 4.1, then all of the statements from Theorem 3.1 are satisfied
with this h. And vice versa, if the conclusions (i) - (iv) of Theorem 3.1 hold for h ∈ Hn ,
h �≡ 0, then h satisfies the condition from Theorem 4.1.

Example 4.5 In the previously analysed examples, the singular part of the boundary measure
of a complex geodesic was expressed by Dirac deltas, provided that the components of the
correspondingmap h were linearly independent. This example shows that there exist domains
inwhich the singular part may be almost arbitrary, even for the above h. For instance, consider
a tube domain in C

3 with the base being a half-cone, namely

D :=
{

(x1, x2, x3) ∈ R
3 : x2 > 0, x3 >

√
x21 + x22

}

+ iR3.

One can verify that

WD =
{

x1 ∈ R, x2 ≥ 0, x3 ≤ −
√
x21 + x22

}

∪ {x1 ∈ R, x2 ≤ 0, x3 ≤ −|x1|}

and

SD = Re D.

Define h ∈ H2 be the formula h(λ) := 1
2

(
λ2 + 1,−iλ2 + i,−2λ

)
so that

λ̄h(λ) = (Re λ, Im λ,−1), λ ∈ T.

Set g := 0 and

�(λ) := 2− 1
2 (Re λ, Im λ, 1), λ ∈ T.

123



1882 S. Zając

Note that for any λ ∈ T it holds that λ̄h(λ) ∈ ∂WD iff Im λ ≥ 0. Let ν be an arbitrary
finite positive Borel measure on T singular to LT and supported on the half-circle {λ ∈ T :
Im λ ≥ 0}. Defineμ := g dLT +� dν = � dν and let ϕ ∈ O(D, D) be given by the boundary
measureμ. One can check that the conditions (i), (ii) and (iii) from Theorem 3.1 are fulfilled.

Now if we choose ν so that 1
2π μ(T) ∈ Re D, then in view of Theorem 3.1 the map ϕ is

a complex geodesic for D. To do so, we can, for example, put ν := ω + δ1 + δi for a finite
positive Borel measure ω singular to LT and supported on the set {λ ∈ T : Im λ ≥ 0}.
Remark 4.6 Let D ⊂ C

n be a convex tube domain containing no complex affine lines. Then
a map ϕ ∈ O(D, D) is a complex geodesic for D iff there exists a number m ∈ {1, 2, 3} and
a real m × n matrix V with linearly independent rows such that the domain D′ := {V · z :
z ∈ D} ⊂ C

m is a convex tube containing no complex affine lines and V · ϕ is a complex
geodesic for D′. This claim follows from Zając [16, Lemma 4.3]: if ϕ is a complex geodesic
for D and h(λ) = āλ2 + bλ + a (a ∈ C

n , b ∈ R
n) is as in Theorem 3.1, then V may be

chosen so that its rows form a basis of the space Xh := span R{Re a, Im a, b}. Moreover, if
we affinely change the coordinates so that Xh = R

m × {0}n−m , then the map (ϕ1, . . . , ϕm)

has to be a complex geodesic for D′, while the components ϕm+1, . . . , ϕn may be arbitrarily
chosen, provided that ϕ(D) ⊂ D.

Finally, we obtain that every complex geodesic for D is derived, in a corresponding sense,
from a complex geodesic for a convex tube domain lying in C, C

2 or C
3 and containing no

complex affine lines.

5 Applications of Theorem 3.1 in Reinhardt domains in C
n

In this section, we employ the results of Sect. 3.1 to establish formulas, or strictly speaking,
a necessary condition, for extremal mappings with respect to the Lempert function and
the Kobayashi–Royden pseudometric in certain classes of complete Reinhardt domains in
C
n . Recall that a non-empty open set G ⊂ C

n is called a complete Reinhardt domain if
(λ1z1, . . . , λnzn) ∈ G for all (z1, . . . , zn) ∈ G and λ1, . . . , λn ∈ D. We associate such a
domain G ⊂ C

n with its logarithmic image

logG := {(log |z1|, . . . , log |zn |) ∈ R
n : (z1, . . . , zn) ∈ G ∩ (C∗)n}

and introduce the tube domain

DG := logG + iRn .

Then Re DG = logG and the map

exp : DG � (z1, . . . , zn) �→ (ez1 , . . . , ezn ) ∈ G ∩ (C∗)n

is a holomorphic covering. If the domain G is bounded and pseudoconvex, then DG belongs
to the family Dn . We will appeal to an argument from Edigarian and Zwonek [3] to obtain
a relationship between extremal mappings for G and complex geodesics for DG , which will
allow us to apply Corollary 3.4 and postulate formulas for extremal mappings in G.

Let D ⊂ C
n be a domain. The Lempert function �D : D × D → [0,∞) for D is given

by

�D(z, w) = inf {ρ(σ1, σ2) : σ1, σ2 ∈ D, ∃ f ∈ O(D, D) : f (σ1) = z, f (σ2) = w}
= inf {ρ(0, σ ) : σ ∈ D, ∃ f ∈ O(D, D) : f (0) = z, f (σ ) = w}
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and the Kobayashi–Royden pseudometric κD : D × C
n → [0,∞) for D is

κD(z, X) = inf
{ |α|
1−|σ |2 : α ∈ C, σ ∈ D, ∃ f ∈ O(D, D) : f (σ ) = z, α f ′(σ ) = X

}

= inf
{
α > 0 : ∃ f ∈ O(D, D) : f (0) = z, α f ′(0) = X

}
.

We say that a holomorphic map f : D → D is a �D-extremal map if ρ(σ1, σ2) =
�D( f (σ1), f (σ2)) for some σ1, σ2 ∈ D such that σ1 �= σ2. We call f a κD-extremal map if
κD( f (σ ), f ′(σ )) = 1

1−|σ |2 for some σ ∈ D.We shall often use the following basic fact: given
σ1, σ2 ∈ D, σ1 �= σ2 and f ∈ O(D, D), the equality ρ(σ1, σ2) = �D( f (σ1), f (σ2)) holds iff
there is nomap g ∈ O(D, D) such that g(σ1) = f (σ1), g(σ2) = f (σ2) and g(D) ⊂⊂ D. And
analogously, given σ ∈ D and f ∈ O(D, D), the equality κD( f (σ ), f ′(σ )) = 1

1−|σ |2 holds

iff there is no map g ∈ O(D, D) such that g(σ ) = f (σ ), g′(σ ) = f ′(σ ) and g(D) ⊂⊂ D.
For a convex tube domain D ⊂ C

n containing no complex affine lines, let G(D) denote
the family of all Borel-measurable maps g = (g1, . . . , gn) : T → R

n such that g1, . . . , gn ∈
L1(T,LT) and there exists h ∈ Hn satisfying

g(λ) ∈ PD(λ̄h(λ)) for LT-a.e. λ ∈ T.

It follows from Theorem 3.1 that if g ∈ G(D) and ϕ ∈ Mn is a map with the boundary
measure g dLT, then either ϕ is a complex geodesic for D (when ϕ(0) ∈ D) or its image lies
in ∂D (in the opposite case). Note that if ϕ(D) ⊂ ∂D and in addition the domain Re D is
strictly convex in the geometric sense, then ϕ is just a constant map.

Throughout this section, for a non-empty set A = { j1, . . . , jk} ⊂ {1, . . . , n} with j1 <

· · · < jk we denote by πA the projection C
n → C

k on the coordinates j1, . . . , jk .
In the following two propositions, we present formulas for �G -extremal and κG -extremal

maps in certain classes of bounded pseudoconvex complete Reinhardt domains.

Proposition 5.1 Let G ⊂ C
n, n ≥ 2, be a bounded pseudoconvex complete Reinhardt

domain such that the domain logG is strictly convex in the geometric sense and let f =
( f1, . . . , fn) ∈ O(D,G) be a �G-extremal or a κG-extremal map. Set

A := { j ∈ {1, . . . , n} : f j �≡ 0}
and let k denote the number of elements of A.

Then k > 0 and there exist some functions B1, . . . , Bk ∈ Aut (D) ∪ {1} and a map
g ∈ G(DπA(G)) such that

πA ◦ f = (
B1e

ϕ1 , . . . , Bke
ϕk
)
,

where ϕ = (ϕ1, . . . , ϕk) ∈ Mk is a map with the boundary measure g dLT.

Proposition 5.2 Let G ⊂ C
2 be a bounded pseudoconvex complete Reinhardt domain and

let R1, R2 > 0 be such that π{1}(G) = R1 · D and π{2}(G) = R2 · D. If f ∈ O(D,G) is a
�G-extremal or a κG-extremal map, then at least one of the following conditions is true:

(i) there exists j ∈ {1, 2} such that 1
R j

f j ∈ Aut (D), or

(ii) there exist some B1, B2 ∈ Aut (D) ∪ {1} and g ∈ G(DG) such that f is of the form

f = (
B1e

ϕ1 , B2e
ϕ2
)
,

where ϕ = (ϕ1, ϕ2) ∈ M2 is a map with the boundary measure g dLT.
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Proof of Proposition 5.1 We present the proof only for the case when f is a �G -extremal
map, because the proof for a κG -extremal map is analogous. Let σ1, σ2 ∈ D be such that
ρ(σ1, σ2) = �G( f (σ1), f (σ2)) and σ1 �= σ2. It is clear that k > 0. The domain πA(G)

satisfies the same assumptions as G, namely it is a bounded pseudoconvex complete Rein-
hardt domain with Re DπA(G) being strictly convex. Moreover, if z = (z1, . . . , zn), w =
(w1, . . . , wn) ∈ G are such that z j = w j = 0 for every j /∈ A, then �G(z, w) =
�πA(G)(πA(z), πA(w)). In particular,

�πA(G)(πA( f (σ1)), πA( f (σ2))) = �G( f (σ1), f (σ2)) = ρ(σ1, σ2),

what means that πA ◦ f is a �πA(G)-extremal map. Thus, it suffices to prove the conclusion for
the domain πA(G) and the mapping πA ◦ f . But the latter map has no identically vanishing
components, so we can as well assume that f1, . . . , fn �≡ 0 and A = {1, . . . , n}.

Since f j is bounded and f j �≡ 0 for every j , we may write (see [8, p. 76])

f = (
B1e

u1+ψ1 , . . . , Bne
un+ψn

)
(23)

for someBlaschke products Bj (possibly infinite or identically equal to 1), functionsu j ∈ M1

with the boundary measures of the form log | f ∗
j | dLT (note that the functions log | f ∗

j | belong
to L1(T,LT)) and functions ψ j ∈ M1 with Imψ j (0) = 0 and the boundary measures being
finite, negative and singular to LT. Set ϕ := (u1 + ψ1, . . . , un + ψn). For every j , we have
Reψ j ≤ 0 on D and, for LT-a.e. λ ∈ T,

Reψ∗
j (λ) = 0, Reϕ∗

j (λ) = Re u∗
j (λ), |B∗

j (λ)| = 1, | f ∗
j (λ)| = eRe u

∗
j (λ)

.

In particular, ϕ(D) ⊂ DG .
We claim that either themap ϕ is a complex geodesic for DG or the image of ϕ lies in ∂DG .

The idea of this claim comes from Edigarian and Zwonek [3]. Assume that ϕ(D) �⊂ ∂DG .
Then, clearly ϕ(D) ⊂ DG , and if ϕ is not a complex geodesic for DG , then there exists a map
ϕ̃ = (ϕ̃1, . . . , ϕ̃n) ∈ O(D, DG) such that ϕ̃(σ1) = ϕ(σ1), ϕ̃(σ2) = ϕ(σ2) and ϕ̃(D) ⊂⊂ DG .
Now themapping (B1eϕ̃1 , . . . , Bneϕ̃n ) sends σ1, σ2 to f (σ1), f (σ2) and its image is relatively
compact in G. It is a contradiction with the equality �G( f (σ1), f (σ2)) = ρ(σ1, σ2).

The claim just proved yields that for LT-a.e. λ ∈ T it holds that ϕ∗(λ) ∈ ∂DG and
hence f ∗(λ) ∈ ∂G. Let us point out, as we will employ this fact several times, that from
the considerations made so far it follows that the latter statement remains valid for every
�G -extremal map.

We are going to show that

B1e
ψ1 , . . . , Bne

ψn ∈ Aut (D) ∪ {1}. (24)

To this end, suppose to the contrary that Bjeψ j /∈ Aut (D) ∪ {1} for some j . We may assume
that j = 1. Then B1eψ1 ∈ O(D, D) \ Aut (D), so there exists a function ξ ∈ O(D, D) such
that ξ(σ1) = B1(σ1)eψ1(σ1), ξ(σ2) = B1(σ2)eψ1(σ2) and ξ(D) ⊂⊂ D. The map

F := (ξeu1 , f2, . . . , fn) ∈ O(D,G)

sends σ1, σ2 to f (σ1), f (σ2), so it is also a �G -extremal map. In particular, F∗(λ) ∈ ∂G
for LT-a.e. λ ∈ T. Observe that 0 < |ξ∗(λ)eu

∗
1(λ)| < | f ∗

1 (λ)|. Hence, from the fact that
DG ∈ Dn and LT-almost every f ∗(λ) belongs to ∂G, we conclude that ∂Re DG contains a
non-trivial segment parallel to the vector e1. This contradicts the strict convexity of Re DG .

From (24), it follows that Bj ∈ Aut (D)∪{1} andReψ j ≡ 0 for every j . As Imψ j (0) = 0,
we getψ j ≡ 0. Set g j := log | f ∗

j | and g := (g1, . . . , gn). The boundarymeasure ofϕ is equal
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to g dLT, so to complete the proof we need only to show that g ∈ G(DG). If ϕ(D) ⊂ DG , then
ϕ is a complex geodesic for DG ∈ Dn and the conclusion follows directly from Corollary
3.4. In the opposite case, when ϕ(D) ⊂ ∂DG , the map ϕ is constant because of the strict
convexity of Re DG . Thus, the map g = Reϕ∗ is also constant (up to a set of LT measure
zero) and its image lies in ∂Re DG , so it belongs to G(DG). ��
Proof of Proposition 5.2 We again consider only the case when f = ( f1, f2) is a �G -
extremal map. Take σ1, σ2 ∈ D such that ρ(σ1, σ2) = �G( f (σ1), f (σ2)) and σ1 �= σ2.
If f1 ≡ 0 or f2 ≡ 0, then similarly as in the previous proof we can show that f2 = π{2} ◦ f
is a �R2·D-extremal map or f1 = π{1} ◦ f is a �R1·D-extremal map. Then the condition (i) is
satisfied. Thus, it remains to consider the situation when f1, f2 �≡ 0. In this case, (23) holds
with B1, B2, u1, u2, ψ1, ψ2 and ϕ as in the previous proof. Like there, either ϕ(D) ⊂ ∂DG

or ϕ is a complex geodesic for DG , what allows us to conclude that ϕ∗(λ) ∈ ∂DG and
f ∗(λ) ∈ ∂G for LT-a.e. λ ∈ T.
We claim that there holds the condition (i) from Proposition 5.2 or the condition (24) with

n = 2, i.e.
B1e

ψ1 , B2e
ψ2 ∈ Aut (D) ∪ {1} (25)

(cf. [7, Lemma 4.3.3]). Suppose that B1eψ1 /∈ Aut (D) ∪ {1}. There exists a function ξ ∈
O(D, D) such that ξ(σ1) = B1(σ1)eψ1(σ1), ξ(σ2) = B1(σ2)eψ1(σ2) and ξ(D) ⊂⊂ D. Consider
the map

F := (F1, f2) := (ξeu1 , f2).

Like previously, F is a �G -extremal map and F∗(λ) ∈ ∂G for LT-a.e. λ ∈ T. Since for
LT-a.e. λ ∈ T we have f ∗(λ) ∈ ∂G and |F∗

1 (λ)| < | f ∗
1 (λ)|, the fact that DG ∈ D2 imply

that

f ∗
2 (λ) ∈ ∂π{2}(G) = R2 · T.

Put R := supλ∈D | f1(λ)|. As G is a complete Reinhardt domain, for LT-a.e. λ ∈ T the bidisc
(| f ∗

1 (λ)| ·D)×(| f ∗
2 (λ)| ·D) lies inG. Therefore, the bidisc (R ·D)×(R2 ·D) is also contained

inG (here we rely on the assumption that n = 2).We have F(D) ⊂ (R ·D)×(R2 ·D), so F is a
�(R·D)×(R2·D)-extremal map. Hence either 1

R2
f2 ∈ Aut (D) or 1

R F1 ∈ Aut (D). But the image

of the latter function is relatively compact inD, so there has to hold 1
R2

f2 ∈ Aut (D). Applying

the same reasoning we can show that if B2eψ2 /∈ Aut (D) ∪ {1}, then 1
R1

f1 ∈ Aut (D). It
means that at least one of the conditions (25) or (i) is fulfilled.

To complete the proof, it suffices to ensure that the statement (ii) follows from (25). To this
end, assume (25). As before, we need only to check that the map g := (log | f ∗

1 |, log | f ∗
2 |) =

Reϕ∗ belongs to G(DG). If ϕ(D) ⊂ GD , then we can conclude this from Corollary 3.4. In
the opposite case, when ϕ(D) ⊂ ∂DG , take a vector v ∈ R

n so that 〈x − Reϕ(0), v〉 < 0
for every x ∈ Re DG . From the maximum principle for harmonic functions, it follows that
〈Reϕ − Reϕ(0), v〉 ≡ 0. Defining h(λ) := λ · v, we get g(λ) = Reϕ∗(λ) ∈ PD(λ̄h(λ)) for
LT-a.e. λ ∈ T. The proof is complete. ��
Example 5.3 (cf. [7, Theorem 4.1.4]) Given numbers p, q ∈ (0,∞) and a ∈ (0, 1), consider
the domain

G := Ga,p,q := {(z1, z2) ∈ C
2 : |z1|, |z2| < 1, |z1|p|z2|q < a}.

It is a bounded pseudoconvex complete Reinhardt domain in C
2 with

DG = {(x1, x2) ∈ R
2 : x1, x2 < 0, px1 + qx2 < log a} + iR2.
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Let g = (g1, g2) ∈ G(DG). Observe that, up to a set of LT measure zero, there hold
g1 ≡ 0, g2 ≡ 0 or pg1 + qg2 ≡ log a. Indeed, take h = (h1, h2) as in the definition of the
family G(DG). If h1 ≡ 0 or h2 ≡ 0, then g2 ≡ 0 or g1 ≡ 0, respectively. In the opposite
case, for LT-a.e. λ ∈ T it holds that

g(λ) ∈ PDG (λ̄h(λ)) ⊂ {(
tp−1 log a, (1 − t)q−1 log a

) : t ∈ [0, 1]} .

This yields that LT-a.e. on T one has pg1 + qg2 = log a, as desired. From this observation,
it follows that if ϕ = (ϕ1, ϕ2) is a holomorphic map with the boundary measure g dLT, then
Reϕ1 ≡ 0, Reϕ2 ≡ 0 or pReϕ1 + q Reϕ2 ≡ log a. Therefore, in the case when Reϕ1 �≡ 0
and Reϕ2 �≡ 0, we get

ϕ(λ) = (
ψ(λ)p−1 log a, (1 − ψ(λ))q−1 log a + iβ

)
, λ ∈ D

for a number β ∈ R and a holomorphic map ψ : D → S, where

S := {ζ ∈ C : 0 < Re ζ < 1}.
These considerations, together with Proposition 5.2, lead to the conclusion that if f =

( f1, f2) ∈ O(D,Ga,p,q) is a �Ga,p,q -extremal or aκGa,p,q -extremalmap, thenoneof following
conditions is satisfied:

(i) f1 ∈ Aut (D), or
(ii) f2 ∈ Aut (D), or
(iii) f is of the form

f = (
B1 exp

(
ψp−1 log a

)
, B2 exp

(
(1 − ψ)q−1 log a + iβ

))

for some ψ ∈ O(D, S), β ∈ R and B1, B2 ∈ Aut (D) ∪ {1} with B1B2 �≡ 1.
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