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 A b s t ra c t ------------------------------------------------------------------------------------------------
T he hyperbolicity  of a graph, informally, m easures how close a g raph  is (m etrically) to  a tree. Hence, 
it  is in tu itiv e ly  sim ilar to  tre ew id th , b u t th e  m easures are  form ally  incom parab le . M o tiva ted  by 
th e  b road  s tu d y  of a lgorithm s and  sep ara to rs  on p lan a r g raphs and  th e ir  re la tion  to  treew id th , we 
in itia te  th e  s tu d y  of p lan a r g raphs of bounded  hyperbolicity .

O ur m ain  technical co n trib u tio n  is a novel ba lanced  sep a ra to r theo rem  for p lan a r 5-hyperbolic 
graphs th a t  is substan tia lly  stronger th a n  th e  classic p lanar separa to r theorem . For any fixed 5 A 0, 
we can  find  a  sm all b a lan ced  se p a ra to r  th a t  induces e ith e r a single geodesic (sh o rte s t) p a th  o r a 
single geodesic cycle in  th e  graph.

A n im p o rtan t advantage of ou r sep a ra to r is th a t  th e  un ion  of our sep a ra to r (vertex  set Z ) w ith  
any subset of th e  connected  com ponents of G — Z  induces again a p lanar 5-hyperbolic graph, which 
w ould no t be guaran teed  w ith  an a rb itra ry  separator. O ur construction  runs in  near-linear tim e and  
g uaran tees th a t  th e  size of th e  sep a ra to r is p o ly (5 ) • log n .

A s an  ap p lica tio n  of o u r se p a ra to r  th eo rem  a n d  its  s tro n g  p ro p ertie s , we o b ta in  tw o novel 
approxim ation schemes on p lanar 5-hyperbolic graphs. We prove th a t  b o th  M a x im u m  I n d e p e n d e n t  

S e t  and  th e  T r a v e l i n g  S a l e s p e r s o n  problem  have a near-linear tim e FPT A S  for any constan t 5 , 
runn ing  in  n  poly log(n ) • 2O(s  ̂ tim e.

W e also show th a t  ou r app rox im ation  schem e for M a x im u m  I n d e p e n d e n t  S e t  has essentially  
th e  b es t possible ru n n in g  tim e  u n d er th e  E x p o n en tia l T im e H ypo thesis (E T H ). T h is  im m edia te ly  
follows from  our th ird  con tribu tion : we prove th a t  M a x im u m  I n d e p e n d e n t  S e t  has no n o(s')-tim e 
a lgorithm  on p lan a r 5-hyperbolic  graphs, unless E T H  fails.
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1 Introduction

M a n y  g ra p h  p ro b le m s  a re  k n o w n  to  b e  e ffic ien tly  so lv a b le  o n  tre e s . A  s u b s ta n t i a l  re s e a rc h  
e ffo rt h a s  lo n g  b e e n  u n d e rw a y  to  t r a n s f e r  th i s  s im p le  in s ig h t to  m o re  c o m p le x  g ra p h s  t h a t  
a re  som ehow  “tre e -l ik e ”. W h ile  m a n y  m e a su re s  h av e  b e e n  p ro p o se d  (see e.g . [48, 71]), one  of 
th e  m o s t su ccessfu l m e a s u re s  o f  tre e - lik e n e ss  h a s  a rg u a b ly  b e e n  t r e e w id th . W e re fe r to  th e  
su rv e y s  o f  B o d la e n d e r  [9, 11 , 12] o r  th e  re c e n t b o o k  b y  F o m in  e t  a l. [39] for a n  o v e rv iew  o f 
t r e e w id th .  T h e  s tu d y  o f  g r a p h  s t r u c tu r e  a n d  a lg o r i th m s  o n  g ra p h s  o f  b o u n d e d  tr e e w id th  
h a s  led  to  m a n y  c e le b ra te d  re s u lts  (see, e .g ., [4, 10, 28, 29, 32, 68 , 69]) t h a t  a re  im p o r ta n t  in  
th e i r  ow n  w ay o r a s  a  su b ro u tin e  in  o th e r  a lg o r ith m s . T re e w id th  h a s  a lso  b e e n  h ig h ly  usefu l 
in  p ra c t ic e ,  fo r e x a m p le , fo r p ro b a b i l is t ic  in fe re n c e  in  B a y e s ia n  n e tw o rk s  [59]. F o r  m a n y  
o th e r  re a l-w o rld  n e tw o rk s  a n d  s ta n d a r d  ra n d o m  m o d e ls  o f  th e m , t r e e w id th  is u n fo r tu n a te ly  
v e ry  h ig h  [2, 4 3 , 6 4 , 31 ]. T h is  m a k e s  a lg o r i th m s  fo r g ra p h s  o f  b o u n d e d  tr e e w id th  n o t v e ry  
u se fu l in  th is  c o n te x t a n d  seem s to  c a s t  d o u b t  o n  th e  tre e - lik e n e ss  o f  su ch  n e tw o rk s .

I t  h a s  b e e n  sh o w n , h o w ev er, t h a t  m a n y  re a l-w o rld  n e tw o rk s  a re  m e tr ic a lly  c lo se  to  a  
t r e e .  T h is  id e a  c a n  b e  fo rm a lly  c a s t  to  G ro m o v ’s n o tio n  o f  h y p e rb o lic ity . T h e  g ra p h  G  is 
5 -hyperbo lic  if  for a ll x ,  y , z , w  G V ( G )  w e h av e  t h a t  th e  g re a te r  tw o  a m o n g  th e  su m s

d is t(x ,  y) +  d is t( z ,  w ), d is t(x ,  z )  +  d is t(y ,  w ), d is t(x , w ) +  d is t(y , z )

d iffer by  a t  m o s t 25, w h ere  d i s t ( . , .) d e n o te s  th e  s h o r te s t p a th  d is ta n c e  in  G . T h e  hyperbo lic ity  
o f  a  g ra p h  G  is th e  s m a lle s t  5 su c h  t h a t  G  is 5 -h y p e rb o lic . I t  is d iff icu lt to  b u ild  g o o d  
in tu i t io n  fo r th i s  d e f in it io n  w i th o u t  d iv in g  in to  h y p e rb o lic  g e o m e try , b u t  th e  a l t e r n a t iv e  
n o tio n  o f 5/-s lim n ess  c a n  b e  u se d  in s te a d  a n d  is e a s ie r  to  p ic tu re . C o n s id e r a  t r ip le t  (x , y , z )  
o f  v e r t ic e s  a n d  ta k e  a n y  th r e e  s h o r te s t  p a th s  c o n n e c t in g  th e  p a ir s  ( x ,  y ) ,  ( y , z ) ,  a n d  ( z , x ) . 
W e call th e  v e rtic e s  o f  th e s e  th r e e  p a th s  th e  s id es o f th e  tr ia n g le  x y z .  W e th e n  say  t h a t  th e  
g ra p h  is 5 '- s l im  if  fo r e a c h  tr ia n g le  th e  s id e  x y  is w ith in  d is ta n c e  5' f ro m  th e  u n io n  o f  th e  
sides y z  a n d  z x .  T h e  s lim n e ss  o f a  g ra p h  G  is th e n  th e  sm a lle s t 5' su ch  t h a t  G  is 5;-s lim . I t  
is k n o w n  th a t  th e  h y p e rb o lic ity  a n d  s lim ness of a  g ra p h  d iffer by  a  c o n s ta n t fa c to r  from  each  
o th e r  [45, 19], so  th e y  c a n  a lm o s t b e  co n s id e re d  e q u iv a le n t for th e  p u rp o s e s  o f  th is  sec tio n .

S ince th e  n o tio n s  o f h y p e rb o lic ity  a n d  s lim ness a re  c e n tra l to  o u r  w ork , le t u s  develop  som e 
in tu it io n  fo r th e m  th ro u g h  som e sim p le  ex am p les . W e can  ob se rv e  t h a t  th e  h y p e rb o lic ity  a n d  
th e  s lim n ess  o f a  tr e e  a re  b o th  0 , w h ich  is in  lin e  w ith  th e  id e a  t h a t  h y p e rb o lic i ty  m e a su re s  
tre e - l ik e n e s s  in  a  m e tr ic  sen se . O n  th e  o th e r  h a n d ,  cy c le s  a r e  n o t  m e tr ic a lly  c lo se  to  tre e s . 
In d e e d , th e  cycle  C n is ( ro u g h ly ) (n /4 ) -h y p e rb o lic  a n d  ( n / 6 )-slim , w h ich  c a n  b e  checked  by  
p la c in g  th e  q u a d ru p le  o r th e  tr ia n g le  v e rtic e s  a t  e q u a l d is ta n c e s  a lo n g  th e  cycle . In  g en e ra l, 
th e  h y p e rb o lic i ty  o f  a  g ra p h  is b o u n d e d  b y  i t s  d ia m e te r  o r ev en  i ts  t r e e le n g th 1 [21]. T h is  is 
in  a  s t a r k  c o n tr a s t  w ith  t r e e w id th  -  n o te  t h a t  C n h a s  t r e e w id th  2. A s a n o th e r  in s tru c t iv e  
ex am p le , o b se rv e  t h a t  b o th  th e  tr e e w id th  a n d  th e  h y p e rb o lic i ty  o f  th e  n  x  n  g r id  a re  n  [31]. 
H o w ev er, t r e e w id th  a n d  h y p e rb o l ic i ty  a r e  n o t  c o m p a ra b le ,  a s  th e  c o m p le te  g ra p h  K n h a s  
t r e e w id th  n  — 1 b u t  is 0 -h y p e rb o lic  a n d  0 -s lim . F in a lly , i t  h a s  b e e n  o b se rv e d  t h a t  m a n y  
re a l-w o rld  n e tw o rk s  a re  5 -h y p e rb o lic  fo r so m e  sm a ll  c o n s ta n t  5 (see, e .g ., [1, 2 , 2 0 , 3 1 , 66] 
a n d  th e  d is c u ss io n  in  [1] fo r o th e r  re le v a n t m e a s u re s ) . T h e re  is e v id e n c e  t h a t  th e  re a s o n  
b e h in d  su ch  a  p h en o m e n o n  is th a t  rea l-w o rld  n e tw o rk s  o f te n  h ave  a  la rg e  core o f h ig h -d eg ree  
v e rtic e s  th ro u g h  w h ich  m o s t s h o r te s t  p a th s  p a ss  [61, 66 , 70 ]. H en ce , h y p e rb o lic i ty  seem s to  
b e  a  u se fu l m e a s u re  b y  w h ich  to  s tu d y  n e tw o rk s  (see a lso , e .g ., [15]).

1 For readers familiar with tree decompositions, the treelength of a tree decomposition of G is the maximum 
diam eter of any bag, where distances are measured in G (and not in the metric of the subgraph induced 
by th e  bag). The treelength of a  graph is th e  minim um treelength of any of its tree decompositions.



■  Figure 1 (i) T he triang le  x y z  is 2-slim  as th e  2-neighborhood of th e  sides y z  and  z x  (vertices in 
th e  b lue sh ad ed  region) covers th e  side x y  (green). (ii) E xam ple  of a p lan a r con stan t-h y p e rb o lic  
g rap h  th a t  does n o t d irec tly  resem ble a tre e . T h is  g ra p h  is a  p a r t  o f th e  p en tag o n a l tilin g  of th e  
hyperbolic plane.

W hile a sub stan tia l research effort has focused on algorithm s for treew id th  and  m any 
other m easures of tree-likeness, hyperbolicity has received com paratively lim ited atten tion . 
C hepoi et al. [21] s tud ied  spanners and  th e  com puta tion  of th e  center and  diam eter of 5- 
hyperbolic graphs, while Chepoi and Estellon [22] considered packing and covering problems 
for balls. There have also been several investigations on how to com pute th e  hyperbolicity 
of a graph  and  improve on th e  naive O (n 4)-tim e algorithm  [41, 16, 24, 25, 27, 38]. Some 
research has gone into studying  algorithm s for objects in hyperbolic geometry, e.g., point 
sets or graphs em bedded in hyperbolic space. For example, K rauthgam er and  Lee [58] and 
K isfaludi-Bak [53] stud ied  th e  T r a v e l in g  S a l e s p e r s o n  problem  in th is  context. Using 
hyperbolic space, one can also define a graph where em bedded vertices are adjacent if they 
are “close” in hyperbolic space, which gives rise to  hyperbolic ball graphs. Hyperbolic random 
graphs, where th e  vertices are  em bedded random ly, are  a particu larly  well-studied case of 
hyperbolic ball graphs (see, e.g., th e  survey of Friedrich [42] and  th e  works of B läsius et 
al. [6, 7 , 8]). K isfaludi-B ak [52] stud ied  th e  com plexity of several N P -hard  problem s on 
hyperbolic ball graphs. These results based on hyperbolic geometry are related but they have 
a different flavor. In particular, the  geometric graphs are often bu t not always 5-hyperbolic 
graphs. M oreover, in th e  geom etric setting  one can always rely on th e  hom ogeneity of 
th e  underlying hyperbolic space. In con trast, 5-hyperbolic graphs (for sm all 5) have no 
underlying space th a t can be utilized. We note however th a t embedding 5-hyperbolic graphs 
into high-dim ensional hyperbolic space w ith low distortion is possible [14].

To advance research on algorithm s for graphs of bounded hyperbolicity, we consider it 
in th e  context of p lan a r graphs. T reew idth  is already well-studied in th is  context. Indeed, 
some problem s have m ore efficient algorithm s on bounded  treew id th  graphs if th e  graph 
is p lanar see, e.g., D orn et al. [36]. (Recent work suggests th a t  sim ilar im provem ents may 
even be possible on general graphs [13, 29].) Treew idth is also an  im portan t tool in known 
approxim ation  schemes for p lanar graphs [4, 33, 40]. For hyperbolicity, Cohen et al. [24] 
developed an algorithm  to com pute the hyperbolicity of an outerplanar graph in linear time. 
We are unaware, however, of any studies on general planar graphs in relation to  hyperbolicity. 
M otivated by this gap in our knowledge, this paper initiates research on p lanar 5-hyperbolic 
graphs.



1.1 Main Contribution: A Novel Separator Theorem
A  cru c ia l to o l for th e  a lg o r ith m ic  s tu d y  o f p la n a r  g ra p h s  h a s  a lw ays b e e n  a  b a la n c e d  se p a ra to r . 
R e c a ll t h a t  fo r a  g r a p h  c la ss  G a n d  a  fu n c t io n  a  : N  ^  R +  (p o s s ib ly  d e p e n d in g  o n  G ), w e 
sa y  t h a t  a n  n -v e r te x  g ra p h  G  G G h a s  a  se p a ra to r  o f  balance a ( n )  if  th e r e  is a  v e r te x  se t 
Z  C  V (G ) su ch  th a t  th e  n u m b e r  o f v e rtic e s  in  a n y  c o n n ec ted  co m p o n en t o f  G  — Z  is a t  m o s t 
(1 — a (n )) ■ n . T y p ica lly , th e  b a la n c e  is a  c o n s ta n t in d e p e n d e n t o f n . W e say  th a t  a  su b g ra p h  
H  o f G  is a  geodesic  p a th  (cycle) if  H  is a  p a th  (cycle) w here , fo r a n y  u , v  G V (H ), we have  
d n ( u ,  v )  =  d a ( u ,  v ).

F am ously , L ip to n  a n d  T a r ja n  [62] p ro v ed  th a t  p la n a r  g ra p h s  h ave  a  i  -b a la n c e d  s e p a ra to r  
o f  s ize  O ( i / n ) .  In  fa c t , L ip to n  a n d  T a r ja n  [62] sh o w ed  th e s e  th e r e  e x is ts  su c h  a  s e p a r a to r  
t h a t  c o n s is ts  o f tw o  g eo d esic  p a th s .

In  th i s  p a p e r ,  w e d e v e lo p  a  b a la n c e d  s e p a r a to r  th e o r e m  fo r p la n a r  5 -h y p e rb o lic  g ra p h s . 
Im p o rta n tly , o u r  s e p a ra to r  co n sis ts  o f sing le  geodesic  p a th  o r geodesic  cycle. T h is  show s th a t  
h y p e rb o lic  p la n a r  g ra p h s  offer s ig n if ic a n tly  m o re  s t r u c tu r e  th a n  g e n e ra l p la n a r  g ra p h s .

► Theorem 1 (S e p a ra to r  for p lan a r 5 -hyperbo lic  g ra p h s ) . L e t G  be a c o n n ec ted  p la n a r  5- 
hyp erb o lic  graph  o n  n  ve r tic e s . T h e n  G  has a geodesic  p a th  s e p a ra to r  X  a n d  a c o n s ta n t  
balance o r  G  ha s a geodesic  c yc le  s e p a ra to r  Y  a n d  ba lance  2 -O (4 )/ l o g  n . G iv e n  G , su c h  a 
sep a ra to r  X  o r  Y  can be co m p u ted  in  O (5 2n  log 4 n )  tim e .

A d d it io n a lly , |X | =  O (5 2 lo g n )  a n d  |Y | =  O (5 ) .

T h e  p ro o f  o f  o u r  s e p a r a to r  th e o r e m  le a n s  h e a v ily  o n  s e v e ra l no v e l te c h n iq u e s  t h a t  w e 
p ro p o s e  fo r p la n a r  5-h y p e rb o lic  g ra p h s . W e f irs t p re s e n t  a  n e w  v a r ia n t  o f  th e  w e ll-k n o w n  
is o p e rim e tr ic  in e q u a lity  fo r 5 -h y p erb o lic  g ra p h s  [19]. T h e n , we develop  a n  i te ra t iv e  p ro c e d u re  
th a t  t r ie s  to  c o n s tru c t a  p a r t i t io n  o f  a  p la n e  5-h y p e rb o lic  g ra p h  in to  reg io n s th a t  a re  b o u n d e d  
b y  cy c le s  o f  le n g th  O ( 5 ) a n d  t h a t  c o n ta in  a  sm a ll  n u m b e r  o f  v e r tic e s . W e e i th e r  o b ta in  a  
b a la n c e d  geodesic  cycle s e p a ra to r  d u rin g  th e  ex e c u tio n  o f th is  p ro c e d u re  o r, if  th e  p ro c e d u re  
fin ish e s , w e sh o w  h ow  w e c a n  e x p lo i t  th e  im b a la n c e  o f  th e  cy c le s  to  fin d  a  g eo d es ic  p a th  
s e p a r a to r  b y  c u t t in g  “s t r a ig h t  th r o u g h ” th e  e m b e d d in g . In  th e  l a t t e r  c a se , i t  is h ig h ly  
n o n - tr iv ia l  to  a rg u e  t h a t  th i s  s e p a r a to r  is b o th  s h o r t  a n d  b a la n c e d ; th is  a rg u m e n t c ru c ia lly  
re lie s  o n  o u r  n ew  is o p e r im e tr ic  in e q u a lity . I f  th e  p ro c e d u r e  c a n n o t  do  a n y th in g ,  b e c a u s e  
a ll faces h av e  le n g th  O ( 5) ,  th e n  w e sh o w  h o w  a n y  s e p a r a to r  c a n  b e  tu r n e d  in to  a  b a la n c e d  
cyc le  s e p a r a to r  u s in g  d e e p  in s ig h ts  in to  th e  s t r u c tu r e  o f  su c h  s e p a ra to r s .  F in a l ly ,  w e p ro v e  
t h a t  w e c a n  s h o r te n  c e r ta in  b a la n c e d  cycle  s e p a r a to r s  in to  geodesic  cycle  s e p a ra to r s  w ith o u t 
lo s in g  o u r  b a la n c e . A s  su c h , w e d e v e lo p  n ew  to o ls  t h a t  c o m b in e  in s ig h ts  in to  b o th  p la n a r  
a n d  5 -h y p e rb o lic  g ra p h s .

F o r a  m o re  d e ta i le d  o v e rv iew  o f  th e  p ro o f  o f  T h e o re m  1 , w e re fe r  to  S e c tio n  2 . T h e  fu ll 
p ro o f  is av a ila b le  in  th e  fu ll v e rs io n  o f  th e  p a p e r  [54].

Usefulness of single geodesic-cycle/geodesic-path separator

F o r a  g ra p h  c la s s  G, w e sa y  t h a t  a  s e p a r a to r  Z  o f  a  g ra p h  G  G G is in -c la ss  if  G [Z  U 
U c ec V (C )] G G fo r ev ery  su b se t C o f th e  se t o f  c o n n ec ted  c o m p o n e n ts  o f G  — Z . N o te , th a t  
a n y  s e p a ra to r  fo r a  hered ita ry  g ra p h  class is a u to m a tic a lly  in -c la ss ; fo r ex am p le , a n y  s e p a ra to r  
fo r p la n a r  g ra p h s . H ow ever, (p la n a r)  5 -h y p e rb o lic  g ra p h s  a re  n o t hered ita ry , a s  th e  d e le tio n  
o f  a n y  v e r te x  c a n  s u b s ta n t ia l ly  a l te r  d is ta n c e s . In d e e d , a  w h ee l g ra p h  W n+1 (c o n s is t in g  o f 
C n  p lu s  a  c e n tr a l  u n iv e r s a l  v e r te x )  h a s  h y p e rb o l ic i ty  a t  m o s t 2  (a s  h y p e rb o l ic i ty  is u p p e r  
b o u n d e d  b y  d ia m e te r  [2 1 ]), b u t  re m o v in g  i ts  c e n tr a l  v e r te x  in c re a se s  th e  h y p e rb o l ic i ty  to  
(ro u g h ly ) n / 4. H ence , w e n eed  a  d iffe ren t s e p a ra to r  th e o re m  th a t  does g u a ra n te e  th e  in -c lass  
p ro p e r ty .



W e n o w  o b se rv e  (a n d  la te r  p ro v e  fo rm a lly )  t h a t  if w e s e p a r a te  a  p la n a r  5-h y p e rb o lic  
g ra p h  a lo n g  a  geodesic  p a th  o r  cycle Z , th e n  a  sh o r te s t  p a th  P  in  G  b e tw een  tw o  v e rtic e s  in  
a  c o m p o n e n t C  o f G  — Z  su ch  t h a t  P  is fu lly  n o t c o n ta in e d  in  C  c an  b e  “re r o u te d ” a lo n g  Z  
a n d  re m a in  s h o r te s t  in  G [V ( C )  U Z ]. T h e re fo re , a s  a  co n seq u en ce  o f T h e o re m  1, w e o b ta in  
th e  d e s ire d  in -c la ss  s e p a ra to r :

► Corollary 2. F o r  a n y  5 ^  0 , th e  c la ss o f  c o n n ec ted  p la n a r  5 -h yp erb o lic  g raphs ha s a 
1 /2 -b a la n c e d  in -c la ss  s e p a ra to r  o f  s ize  2O(s) log  n  th a t can  be co m p u te d  in  2 O(s) ■ n  lo g 5 n  
tim e .

Discussion about the size of the separator

In  th e  a p p lic a t io n s  o f  T h e o re m  1  a n d  C o ro lla ry  2 , d is c u sse d  la te r ,  w e w ill m a in ly  u se  th e  
p r o p e r ty  t h a t  o u r  s e p a r a to r  is in -c la ss  a n d  h a s  su b lin e a r  size . N o te  t h a t  T h e o re m  1 ev en  
g u a ra n te e s  t h a t  th e  r e tu r n e d  s e p a r a to r  h a s  s ize  O (5 2 lo g n ) .  T h e  s e p a r a to r  o f  T h e o re m  1 
th u s  is s ig n if ic a n tly  sm a lle r  (fo r sm a ll  v a lu e s  o f  5 ) th a n  th e  g e n e ra l p la n a r  s e p a r a to r  o f  
size O ( i / n )  [62] (w h ich  is n o t  even  in -c la ss  in  o u r  case). O n  th e  o th e r  h a n d , th e  size  b o u n d  
is rem in iscen t o f k n o w n  se p a ra to rs  fo r h y p e rb o lic  b a ll g ra p h s  a n d  ra n d o m  g ra p h s , w h ich  a lso  
have  size O (lo g  n )  in  c e r ta in  reg im es [7, 52, 57 ]. R ecall, how ever, th a t  h y p e rb o lic  b a ll g ra p h s  
d iffer s u b s ta n t ia l ly  in  n a tu r e  fro m  th e  (p la n a r)  5-h y p e rb o lic  g ra p h s  w e s tu d y  in  th i s  p a p e r .

W e o b se rv e  t h a t  a  s e p a r a to r  o f  size O s  (log  n )  t h a t  is n o t in -c la ss  c a n  b e  eas ily  o b ta in e d  
by  co m b in in g  tw o  e x is tin g  re s u lts .  C h e p o i e t  a l.  [2 1 , P ro p o s it io n  13] b o u n d e d  th e  tr e e le n g th  
o f 5 -h y p e rb o lic  g ra p h s , a n d  D ien g  a n d  G avo ille  [35] (see a lso  [34]) b o u n d e d  th e  t r e e w id th  o f 
a  p la n a r  g ra p h  in  te rm s  o f  i t s  t r e e le n g th , w h ich  g ives th e  fo llow ing  b o u n d  on  th e  tr e e w id th  
o f  p la n a r  5-h y p e rb o lic  g ra p h s :

► Proposition 3 ( [21] and  [35]) . F o r  a n y  5 ^  0 , th e  tr e e w id th  o f  a n y  n - v e r te x  p la n a r  
5 -hyperbo lic  graph  is  O (5  log  n ) .

O b se rv e  t h a t  a  c o n s ta n t- f a c to r  a p p ro x im a t io n  o f  th e  t r e e w id th  tw  o f  a  p la n a r  g r a p h  c a n  
b e  c o m p u te d  in  O ( n  ■ tw 2 lo g tw )  t im e  [50, 4 6 ]. U s in g  s t a n d a r d  a rg u m e n ts  (see, e .g ., [68 , 
(2 .5 )]), P ro p o s itio n  3 a n d  th e  fac t th a t  5 < n  im m e d ia te ly  im p lies  th e  ex is ten ce  o f a  b a la n c e d  
s e p a ra to r :

► Corollary 4. F o r  a n y  5 ^  0 , th e  c la ss o f  p la n a r  5 -h yp erb o lic  g raphs ha s a 1 /2 -b a la n c e d  
sep a ra to r  o f  s ize  O (5  log  n )  th a t can be co m p u ted  in  O (5 2 n  lo g 3 n )  tim e .

W e s tre s s  a g a in  t h a t  th e  e ffec tiv en ess o f  C o ro lla ry  4 a lo n e  is so m e w h a t d o u b tfu l. W h e n  
a t te m p t in g  to  em p loy  it  in  recu rs iv e  a lg o r ith m s  (a  co m m o n  a p p ro a c h  fo r u tiliz in g  se p a ra to rs ) , 
t h e  s e p a r a to r  fa ils  to  g u a ra n te e  t h a t  its  c o m p o n e n ts  a r e  a g a in  5-h y p e rb o lic . T h e o re m  1 
g u a ra n te e s  t h a t  th e  s e p a r a to r  c o n s is ts  o f  a  s in g le  g eo d esic  p a th  o r  a  s in g le  g eo d esic  cycle , 
w h ich  a llow s u s  to  d ev e lo p  novel a lg o r ith m ic  a p p lic a tio n s , w h ich  w e d iscu ss  now .

1.2 Applications of our Separator Theorem
W e p re s e n t tw o  a p p lic a tio n s  o f  o u r  s e p a ra to r  th e o re m  to  w ell-know n  g ra p h  p ro b le m s . R eca ll 
t h a t  a n  in d e p e n d e n t se t  o f a  g ra p h  G  is a  se t I  C  V (G ) su ch  th a t  u v  G E (G )  fo r an y  u , v  G I . 
T h e n  th e  M a x im u m  I n d e p e n d e n t  S e t  p ro b lem  a sk s  to  find  a n  in d e p e n d e n t se t o f  m ax im u m  
size  in  a  g iv en  g ra p h  G . W e g ive  a  n e a r - l in e a r  t im e  F P T A S  fo r M a x im u m  I n d e p e n d e n t  
S e t  o n  p la n a r  5 -h y p e rb o lic  g ra p h s  (for a n y  fixed  5).



► Theorem 5. F o r  a n y  5 ^  0 a n d  a n y  £ >  0 , th e  c lass o f  p la n a r  5 -h yp erb o lic  g raphs ha s a 
(1 — £ ) -a p p ro x im a tio n  a lg o rith m  fo r  M a x im u m  I n d e p e n d e n t  S e t  ru n n in g  in  2O (s)n  lo g 6 n  +  
2 O(s2)n / £ O(s) tim e .

I t  is im p o r ta n t  to  co m p a re  o u r  a p p ro x im a tio n  schem e to  th e  kno w n  E P T A S  fo r M a x im u m  
I n d e p e n d e n t  S e t  o n  p la n a r  g ra p h s , w h ich  ru n s  in  t im e  2 O (1/e )n  [4] a n d  is a sy m p to t ic a l ly  
o p tim a l [65]. O u r  a lg o r ith m  w ill b e  su b s ta n tia lly  fa s te r  fo r sm a ll va lues o f  5. W e a lso  observe  
t h a t  th e  u s u a l  a p p ro a c h  to  p la n a r  a p p ro x im a t io n  sc h e m e s  t h a t  u ses  a  t r e e w id th  b o u n d  
(e.g ., P ro p o s itio n  3 ) , a s  p io n ee red  b y  B ak er [4], is likely  n o t po ss ib le  here . In d eed , reca ll th a t  
th e  c la s s  o f  5-h y p e rb o lic  g ra p h s  is n o t  h e r e d i ta r y  a n d  th u s  re m o v in g  B F S -la y e rs  d o es  n o t 
n e c e ssa rily  p re se rv e  h y p e rb o lic ity . H e n c e , o u r  a lg o r ith m  u se s  th e  s e p a ra to r  o f  T h e o re m  1  in  
th e  s a m e  w ay  L ip to n  a n d  T a r ja n  [63] d id  in  th e i r  p io n e e r in g  w o rk . I n  p a r t ic u la r ,  w e sh o w  
t h a t  w e c a n  c o m p u te  a  (w eak ) r -d iv is io n  o f  w h ic h  e a c h  p a r t  in d u c e s  a  p la n a r  5 -h y p e rb o lic  
g ra p h . O u r  a lg o r ith m ic  a p p ro a c h  is a c tu a l ly  m o re  g e n e ra l (u s in g  id ea s  o f  C h ib a  e t  a l. [23]) 
a n d  a llow s u s  to  p ro v e  a p p ro x im a tio n  sch em es fo r sev e ra l o th e r  p ro b le m s  ( in c lu d in g  e.g . th e  
M a x im u m  I n d u c e d  F o r e s t  p ro b le m ).

W e n e x t c o n s id e r th e  T r a v e l i n g  S a l e s p e r s o n  p ro b le m . W e o n ly  co n s id e r th e  v a r ia n t 
o n  u n d ir e c te d , u n w e ig h te d  g ra p h s . W e define  a  to u r  in  a  g ra p h  G  to  b e  a  c lo sed  w a lk  in  G  
t h a t  v is i ts  e v e ry  v e r te x  o f  G  a t  le a s t  on ce . T h e n  th e  T r a v e l i n g  S a l e s p e r s o n  p ro b le m  
(also  k n o w n  as  th e  T r a v e l i n g  S a l e s m a n  p ro b lem  o r G r a p h  M e t r i c  T S P )  asks, g iven  a n  
u n w e ig h te d , u n d ir e c te d  g ra p h  G , t o  fin d  a  s h o r te s t  to u r  in  G . W e g ive  a  n e a r - l in e a r  t im e  
F P T A S  fo r th e  T r a v e l i n g  S a l e s p e r s o n  p ro b le m  o n  p la n a r  5 -h y p e rb o lic  g ra p h s  (fo r a n y  
fixed  5).

► Theorem 6. F o r  a n y  5 ^  0 a n d  a n y  £ >  0 , th e  c lass o f  p la n a r  5 -h yp erb o lic  g raphs has  
a (1 +  £ ) - a p p r o x im a tio n  a lg o r ith m  f o r  th e  T r a v e l i n g  S a l e s p e r s o n  p ro b le m  r u n n in g  in  
2 O(s) ■ n  lo g 6 n  +  2 O(s )n / £ O(s) tim e .

W e a g a in  c o m p a re  o u r  a p p ro x im a t io n  sch em e  to  th e  k n o w n  a p p ro x im a t io n  sch em es  for 
th e  T r a v e l i n g  S a l e s p e r s o n  p ro b le m  o n  p la n a r  g ra p h s . A  f irs t P T A S  fo r th i s  p ro b le m , 
ru n n in g  in  t im e  n O (1/e), w as d e s ig n e d  b y  G r ig n i e t  a l. [44]. T h is  la t e r  im p ro v e d  to  a n  
E P T A S  ru n n in g  in  t im e  2 O (1/e)n  b y  K le in  [55]. (F o r la te r  g e n e ra l iz a t io n s , to  th e  w e ig h te d  
case  a n d  H -m in o r-fre e  g ra p h s , see  e .g . [55, 60, 26] a n d  re fe ren ces  th e r e in .)  O u r  sch em e  w ill 
b e  s u b s ta n t i a l ly  f a s te r  fo r sm a ll  v a lu e s  o f  5 . A  c ru c ia l  e le m e n t in  a ll  th e s e  sc h e m e s  is th e  
d e fin itio n  o f a p p ro p r ia te  su b p ro b le m s a n d  th e  p a tc h in g  o f  p a r t ia l  so lu tio n s  to  fo rm  a  g en era l 
s o lu tio n . G r ig n i e t  a l. a n d  K le in  u se  d if fe re n t a p p ro a c h e s  to  a d d re s s  th e s e  c h a lle n g e s : th e  
fo rm e r  u ses  a  re c u rs iv e  s e p a r a to r  a p p ro a c h  w h e re a s  th e  l a t t e r  c o m b in e s  a  s p a n n e r  w ith  a  
B a k e r-s ty le  sh if tin g  te c h n iq u e . L ike fo r M a x im u m  I n d e p e n d e n t  S e t ,  w e m u s t b e  c a re fu l 
t h a t  p la n a r  5-h y p e rb o lic  g ra p h s  a re  n o t  h e re d ita ry . T h e re fo re , o u r  a p p ro a c h  a g a in  re lie s  on  
th e  re c u rs iv e  s e p a r a to r  a p p ro a c h  o f  L ip to n  a n d  T a r ja n  [63 ], a l th o u g h  so m e  o f  i ts  id e a s  feel 
re m in isc e n t o f  th o s e  u n d e r ly in g  th e  p re v io u s  sch em es [44, 55 ].

F in a lly , w e n o te  t h a t  a n  F P T A S  fo r M a x im u m  I n d e p e n d e n t  S e t  o r  th e  T r a v e l i n g  
S a l e s p e r s o n  p ro b le m  is g e n e ra lly  n o t  p o ss ib le , u n le s s  P = N P .  H o w ev er, th e  d e p e n d e n c e  
o n  5 in  T h e o re m  5  m e a n s  t h a t  o u r  sch em es do  n o t d isp ro v e  th e  s t a n d a r d  c o m p le x ity  th e o ry  
a s s u m p tio n s . W e  n o te  t h a t  o u r  a p p ro x im a t io n  sch em es  c a n  a lso  b e  seen  a s  p a r a m e te r iz e d  
a p p ro x im a t io n  sch em es (see e .g . [37]), in  p a r t ic u la r  a s  E P A S es , w ith  p a r a m e te r  5.

1.3 Connection to Exact Algorithms
T o b u ild  a  c o n n e c tio n  to  e x a c t a lg o r ith m s , we firs t ob se rv e  t h a t  th e  fo llow ing  re s u lts  a re  im ­
m e d ia te  from  P ro p o s itio n  3 co m bined  w ith  k n o w n  a lg o r ith m s  o n  g ra p h s  o f  b o u n d e d  tr e e w id th  
fo r M a x im u m  I n d e p e n d e n t  S e t  [3] a n d  th e  T r a v e l in g  S a l e s p e r s o n  p ro b le m  [60, 
A p p e n d ix  D] re sp ec tiv e ly .



► Corollary 7. F o r  a n y  5 ^  0 , th e  class o f  p la n a r  5 -h yp erb o lic  graphs has an  a lg o r ith m  fo r
M a x im u m  I n d e p e n d e n t  S e t  ru n n in g  in  tim e  n O (s).

► Corollary 8. F o r  a n y  5 ^  0 , th e  class o f  p la n a r  5 -h yp erb o lic  graphs has an  a lg o r ith m  fo r
th e  T r a v e l i n g  S a l e s p e r s o n  p ro b lem  ru n n in g  in  t im e  n O (s') .

N o te  th a t ,  a lte rn a tiv e ly , th e s e  re s u lts  follow  from  o u r a p p ro x im a tio n  schem es (w ith  a n  e x tr a  
fa c to r  2O(s ) in  th e  ru n n in g  tim e )  b y  s e t t in g  £ =  1 /U ( n ) .

F o r  M a x im u m  I n d e p e n d e n t  S e t , w e p ro v e  a  low er b o u n d  m a tc h in g  C o ro lla ry  7, 
c o n d itio n a l o n  th e  E x p o n e n tia l  T im e  H y p o th e s is  (E T H ) [49], w h ich  a s s e r ts  t h a t  th e r e  is no  
2 o(n)- t im e  a lg o r ith m  fo r th e  3- S a t is f ia b il it y  p ro b le m . W e p rove:

► Theorem 9. There  is no n o(s)- t im e  a lg o rith m  fo r  M a x i m u m  I n d e p e n d e n t  S e t  in  p la n a r  
5 -hyperbo lic  graphs, u n le ss  E T H  fa ils .

T h is  re s u lt im m e d ia te ly  im p lies  th a t  th e  ru n n in g  tim e  o f T h e o re m  5 is a lso  e ssen tia lly  o p ­
tim a l, in  th e  sense  t h a t  th e re  is no  (1  — £ )-a p p ro x im a tio n  schem e ru n n in g  in  tim e  p o ly ( n ) /£ o(s), 
u n le ss  E T H  fails.

T h e  low er b o u n d  o f  T h e o re m  9  a lso  s t a n d s  in  c o n tr a s t  to  o u r  k n o w le d g e  o f  g ra p h s  o f  
b o u n d e d  tr e e w id th . I t  is k n o w n  th a t  M a x im u m  I n d e p e n d e n t  S e t  c an  b e  so lved  in  2O(tw)n  
t im e  o n  n -v e r te x  g ra p h s  o f t r e e w id th  tw , b u t  su ch  a  re s u lt ( f ix e d -p a ra m e te r  t r a c ta b i l i ty )  w ill 
b e  u n lik e ly  b y  T h e o re m  9 .

1.4 Organization
W e firs t g ive  a n  o v e rv iew  o f  th e  m a in  id e a s  o f  o u r  p a p e r  in  S e c tio n  2 , p a r t ic u la r ly  th o s e  
b e h in d  T h e o re m  1  a n d  T h e o re m  9 . W e d iscu ss  o u r  re s u lts  a n d  a sk  o p e n  q u e s tio n s  in  S ec tio n  3 . 
T h e  fu ll v e rs io n  o f  th is  p a p e r  [54] c o n ta in s  d e ta i le d  p ro o fs .

2 Overview of Main Ideas and Techniques
In  th i s  se c t io n , w e d is c u ss  th e  c o m b in a to r ia l  o b s e rv a tio n s  a n d  id e a s  b e h in d  th e  p ro o fs  o f  
T h e o re m  1 a n d  T h e o re m  9 .

2.1 Main Ideas and Techniques for the Separator Theorem
F o r th e  sak e  o f  con v en ien ce , w e b rie fly  r e s ta te  T h e o re m  1 .

► Theorem 1 (S e p a ra to r  for p lan a r 5-h y p erb o lic  g ra p h s ) . L e t G  be a c o n n ec ted  p la n a r  5- 
h yp erb o lic  graph  o n  n  ve r tic e s . T h e n  G  h a s  a geodesic  p a th  s e p a ra to r  X  a n d  a c o n s ta n t  
balance o r  G  has a geodesic  cyc le  s e p a ra to r  Y  a n d  ba lance 2 -O (s ) /  log  n .  G iv e n  G , su c h  a 
sep a ra to r  X  o r  Y  can  be co m p u ted  in  O (5 2n  log 4 n )  tim e .

A d d it io n a lly , |X | =  O (5 2 lo g n )  a n d  |Y | =  O (5 ) .

T o g ra s p  th i s  th e o r e m  a n d  h o w  w e p ro v e  i t ,  i t  is im p o r t a n t  to  u n d e r s ta n d  w h y  th e  
d ic h o to m y  o f  th e  tw o  ty p e s  o f  s e p a r a to r s  in  th i s  th e o r e m  is u n a v o id a b le , a n d  w h y  th e  
s e p a r a to r  re q u ire s  size U ( lo g n )  a n d  U (5 ), re sp ec tiv e ly . T o th i s  en d , we give tw o  i l lu s tra t iv e  
ex am p le s .

F ir s t ,  th e r e  ex is t p la n a r  h y p e rb o lic  g ra p h s  o f  t r e e w id th  U (log  n ) .  F o r ex am p le , K isfa lu d i- 
B a k  [51, L e m m a  28] sh o w ed  t h a t  a  s ize -n  p a tc h  o f  th e  p e n ta g o n a l  t i l in g  o f  th e  h y p e rb o lic  
p la n e  (see F ig u re  2) c o n ta in s  a  p la n e  s u b g r a p h  t h a t  is a  s u b d iv is io n  o f  a  log  n  x  log  n  g rid . 
T h u s , a  p a th  s e p a r a to r  o f  a  la rg e  b a la n c e  m u s t b e  o f  le n g th  ^ ( lo g  n ) .  (S ee  th e  fu ll v e rs io n



■  Figure 2 Left: th e  5-cylinder w ith  hyperbolic ity  0 (5 ) , and  a typ ical geodesic cycle separa to r (in 
blue). R ig h t: th e  pen tagona l tiling  g raph  and  a sh o rte st p a th  sep a ra to r (in blue).

o f  th i s  p a p e r  [54] fo r a  s t ro n g e r  low er b o u n d  o f  $1(5 log  n ) .)  T h e  p e n ta g o n a l  g r id  e x a m p le  
(c o m b in e d  w ith  th e  is o p e r im e tr ic  in e q u a l ity  [45, 19] d is c u s se d  la te r )  d e m o n s tr a te s  t h a t  a  
g eo d es ic  cy c le  s e p a r a to r  a lo n e  c a n n o t  a lw a y s  le a d  to  a  b a la n c e d  s e p a r a to r ,  a s  a n y  cy c le  o f 
le n g th  I  in  th is  g ra p h  c a n  c u t  aw ay  o n ly  O ( l )  v e rtic e s .

S eco n d , w e c o n s id e r  th e  s im p le  e x a m p le  o f  a  5-c y l in d e r :  a  g ra p h  c o n s is tin g  o f  5 co p ies  
o f  a  cyc le  C  =  { c 1, . . .  , c s } a n d  fo r e a c h  i,  a  p a th  th r o u g h  th e  v e r t ic e s  ci o f  e a c h  co p y  (see 
F ig u re  2 ) . T h e  5 -cy lin d e r h a s  h y p e rb o lic i ty  © (5 ). In  th e  5 -cy lin d e r, a n y  geodesic  cycle  th a t  
w ou ld  b e  a  b a la n c e d  s e p a ra to r  h a s  a t  le a s t 5 v e rtices . T h is  ex am p le  a lso  d e m o n s tra te s  th a t  a  
g eodesic  p a th  a lo n e  c a n n o t le a d  to  a  b a la n c e d  s e p a ra to r .

B y  th e s e  e x a m p le s , o u r  a lg o r i th m  n eed s  to  o u tp u t  e i th e r  a  geo d esic  p a th  o r  a  geo d esic  
cyc le  a s  a  s e p a r a to r .  M o reo v er, th e y  n eed  to  b e  o f  th e  s ize  a s  s t a te d  in  th e  th e o re m , a p a r t  
f ro m  a  p o s s ib le  fa c to r  5 o v e rh e a d  in  th e  s ize  o f  th e  g eo d esic  p a th  s e p a r a to r .  W h ile  th e  
e x a m p le s  se rv e d  a s  th e  s t a r t i n g  p o in t  fo r o u r  th in k in g  in  th e  p ro o f  o f  T h e o re m  1 , w e n o te  
th a t  th e se  ex am p le s  a re  from  b e in g  ab le  to  re p re se n t th e  fu ll g e n e ra lity  o f  p la n a r  5-h y p e rb o lic  
g ra p h s .

W e now  g iv e  a  h ig h - lev e l o v e rv iew  o f  th e  p ro o f  o f  T h e o re m  1. L e t G  b e  a  p la n a r  
5 -h y p e rb o lic  g r a p h  e m b e d d e d  o n  a  s p h e re  S 2. F o r  s im p lic ity , w e a s s u m e  f irs t t h a t  G  is 
2-c o n n e c te d ; we la te r  a rg u e  how  w e c a n  re d u c e  to  th is  case.

O u r  a lg o r ith m  heav ily  re lies on  a  kno w n  p ro c e d u re  to  c re a te  O (5 )-fillin g s in  5 -h y p erb o lic  
g ra p h s  (see  [19]). In  th e  c o n te x t  o f  p la n a r  g ra p h s , a n  O (5 )- f i l l in g  o f  a  cyc le  C  o f  G  is a  
2 -co n n ec ted  p la n a r  su b g ra p h  H  o f G  t h a t  h a s  C  a s  a  face, a n d  w h ere  each  face o f H  (ex cep t 
C ) h a s  le n g th  O ( 5 ). In tu it iv e ly , th e  m in im u m  n u m b e r  o f  faces  o v e r a ll  fillin g s se rv es  a s  a  
d is c re te  n o tio n  o f area . F o rm ally , w e p ro v e  th e  fo llow ing  s ta te m e n t:

► Lemma 10 (G reedy-F illing  P ro c e d u re ) . L e t  G  be a 2 -c o n n e c te d  p la n a r  5 -s lim  graph  o n  n  
v e r tic e s , a n d  le t C  be a fa c e  o f  G . T h ere  ex is ts  a da ta  s tru c tu re  th a t fo r  a cycle  C  in s id e  G  
g iven  to  i t  as a q u ery , can  c o n s tru c t a greedy fi l l in g  H c  o f  C  in s id e  G . T h e  re tu rn e d  graph  
H c  is  21 5 -fillin g  o f  C  a n d  has area  O ( 5 |C |) .  T h e  in itia liza tio n  tim e  o f  the data  s tru c tu re  is  
O (5 2n  log 4 n ) .  T h e  query  tim e  is  O (5 |C | log  log  n )  i f  a cycle  C  is  g iven  as a query.

T h e  da ta  s tru c tu re  can also a n sw er  sh o r te s t-p a th  queries about d is tances o f  leng th  a t m o s t  
105 in  O (5  + l o g lo g ( n ) )  t im e .

T h e  so -called  iso p er im e tr ic  in eq u a lity  [45, 19] in  h y p e rb o lic  m e tr ic  sp aces  a s s e r ts  th a t  th e  
m in im u m  n u m b e r  o f  faces in  a  filling  o f  C  is O ( |C |) .  T h e  p ro c e d u re  e s s e n tia l ly  “ ch o p s  o ff” 
p a r t s  o f th e  reg io n  enclosed  by  C  in  a  g reed y  m a n n e r , w h ere  each  p a r t  is b o u n d e d  by  a  cycle



■  Figure 3 G reedy filling for th e  face w ith  boundary  cycle C . (i)-(iii) depicts th e  first few steps of 
th e  filling. (iv) shows th e  final filling H . T he  greedy-filling procedure te rm in a ted  w hen it  found C 7, 
w hich is a  geodesic cycle.

o f le n g th  O (6 ).  See F ig u re  3 fo r a  p ic to r ia l d e sc r ip tio n  o f th e  p ro c e d u re . S ince c o m p u tin g  th e  
g re e d y  filling  w ith  th e  m in im u m  n u m b e r  o f  faces m a y  b e  d ifficu lt, w e show  a  g e n e ra liz a tio n  
o f  th e  is o p e r im e tr ic  in e q u a l i ty  fo r a  f ix ed  g re e d y  filling  t h a t  w e c a n  c o m p u te  (see  th e  fu ll 
v e rs io n  o f  th is  p a p e r  [54] fo r p re c ise  d e f in it io n s ) . In  a  f ixed  p la n a r  e m b e d d in g  o f  G  w e say  
th a t  a  cycle 7  in te ra c ts  w ith  a  face F  i f  7  in te rs e c ts  F  o r if  th e  b o u n d e d  reg io n  defined  by  7  

co m p le te ly  c o n ta in s  F  . W e c a n  a lso  define  in te ra c t io n  fo r a  sp h e re  e m b e d d in g  o f  G  w h en  a  
face C  p la y s  th e  ro le  o f  a n  o u te r  face.

► Lemma 11 (Iso p e rim e tric  Inequality  for G reedy F illings). L e t G  be 2 -c o n n e c te d  graph 2 
em bedded on  S 2 a n d  le t H  be so m e  g reed y  fc-filling o f  C  in s id e  so m e  subgraph3 G ' o f  G  w here  
C  is  co n ta ined  in  G . T h e n  a n y  s im p le  cycle in  G  o f  leng th  I  in te ra c ts  w ith  a t m o s t (k  +  1) • I  
fa c e s  o f  H . M oreover, i f  th e  cycle  is in  H , th e n  i t  in te ra c ts  w ith  a t m o s t I  faces .

W e a p p ly  th is  filling  p ro c e d u re  in  a n  i t e r a t iv e  m a n n e r  w ith  th e  g o a l o f  a r r iv in g  a t  a n  
O (J ) - f i l l in g  w h e re  e a c h  face  o f  th e  filling  c o n ta in s  “ few ” v e r t ic e s  o f  G . F ir s t ,  w e a p p ly  th e  
filling p ro c e d u re  o n  th e  lo n g es t face in  G  itse lf. I f  one  o f th e  faces o f th e  re s u ltin g  O (J)-fillin g  
covers  a  re g io n  F  t h a t  c o n ta in s  “m a n y ” v e r t ic e s  o f  G , th e n  w e a p p ly  it  i te ra t iv e ly  o n  th e  
lo n g es t face o f  th is  reg ion . In  th is  n ew  i te ra t io n , th e  re s t  o f th e  g ra p h  (fo rm ed  by  v e rtic e s  in  
t h e  in te r io r  o f  S 2 \  F ) is rem o v e d . T h is  re g io n  b e c o m e s  a  face , w h ic h  is a s s ig n e d  a  w e ig h t 
e q u a l to  th e  n u m b e r  o f  v e r t ic e s  o f  G  o u ts id e  F , o f  w h ic h  th e r e  a r e  “ few ” b y  th e  fa c t t h a t  
th e r e  a re  “m a n y ” v e r tic e s  o f  G  in s id e  F . In  th i s  w ay, w e slo w ly  a n d  i te r a t iv e ly  p ro c e e d  
to w a rd s  o u r  s ta te d  goal. W e on ly  te rm in a te  p re m a tu re ly  if  a lo n g  th e  w ay a  su ita b le  s e p a ra to r  
is a lr e a d y  fo u n d  (see O u tc o m e  1 b e lo w ).

L e t G ' b e  th e  g ra p h  a f te r  th e  final i te ra t io n  o f o u r  a lg o r ith m  (th is  m ay  b e  a f te r  th e  above 
p ro c e d u re  fu lly  f in ishes o r is te r m in a te d  p re m a tu re ly ) .  W e c a n  te r m in a te  w ith  one  o f th r e e  
o u tco m es :

Outcome 1: O n e o f th e  cycles o f th e  c u rre n t filling o f  G ' a lre a d y  h a s  a  g o o d  en o u g h  b a lan ce . 

Outcome 2: T h e  m a x im u m  face  le n g th  o f  G ' is O (S ) ,  i.e ., a  n ew  g re e d y  filling  p ro c e d u re
w o u ld  te r m in a te  w ith  th e  t r iv ia l  filling  c o n s is tin g  o n ly  o f  th e  in i t ia l  face cycle .

Outcome 3: A ll faces o f  th e  c u r r e n t filling  h av e  few  v e rtic e s  o f  G  in s id e .

2 We note th a t the lemma does not use the hyperbolicity of G directly, only indirectly, namely in the fact 
th a t the greedy filling H  turned out to  be a fc-filling. Generally, the filling face th a t is created last may 
have arb itra ry  length.

3 We need to  consider a  subgraph G' for technical reasons; in a typical application one should th ink  of
G' =  G.



N o te  t h a t  w h en  lo o k in g  a t  th e  n u m b e r  o f  v e r tic e s  o f G  in s id e  a  face o f th e  c u r re n t filling, o r 
in  o th e r  w o rd s a t  th e  b a la n c e  o f th is  face, w e a lso  a c c o u n t fo r th e  new ly  ass ig n ed  w e ig h ts  to  
(som e of) th e  faces. W e d e sc r ib e  h ow  we d ea l w ith  each  o f  th e s e  o u tc o m e s  in  tu r n .

In  Outcome 1 , th e r e  is a  cy c le  in  th e  fillin g  w ith  a  g o o d  e n o u g h  b a la n c e . In  g e n e ra l, 
w e c a n  p ro v e  t h a t  if w e e n c o u n te r  a  cyc le  s e p a r a to r  o f  le n g th  I  w ith  b a la n c e  a ,  th e n  w e 
c a n  c o m p u te  a  g eo d esic  cy c le  s e p a r a to r  o f  le n g th  O (6 )  w ith  b a la n c e  a / 2 O (l). T h is  c a n  b e  
o b ta in e d  b y  i te r a t iv e ly  c a rv in g  aw ay  a  c o n s ta n t  f r a c tio n  o f  th e  v e r t ic e s  in s id e  (o r  o u ts id e )  
th e  cy c le  w h ile  re d u c in g  th e  le n g th  o f  th e  s e p a r a t in g  cy c le  b y  a t  le a s t  1 . A p p ly in g  th is  
s h o r tc u t t in g  p ro c e d u re  to  th e  a s s u m e d  cy c le , w e o b ta in  a  geodesic  cycle  s e p a ra to r .

In  Outcome 2 , a ll  faces o f  G  h a v e  le n g th  O (S ) .  T h is  is th e  c a se , fo r e x a m p le , fo r 
^ -c y lin d e rs . In  a  ^ -c y lin d e r , w e c a n  d ir e c t ly  fin d  a  g eo d esic  cy c le  s e p a r a to r  ro u g h ly  in  th e  
m id d le  o f  th e  c y lin d e r . H ow ever, th i s  in tu i t io n  d o es  n o t  im m e d ia te ly  c a r ry  over to  g e n e ra l 
p la n a r  ^ -h y p e rb o lic  g ra p h s  w ith  s h o r t  faces.

W e f irs t fin d  a  s e p a r a to r  S  o f  s ize  O (5  log  n )  b y  C o ro lla ry  4 . H ow ever, th i s  s e p a r a to r  is 
p o ss ib ly  n o t geodesic  n o r a  p a th  o r  cycle. N ex t, o u r  goal is to  tr a n s fo rm  th e  s e p a ra to r  S  in to  
a  s e p a r a to r  S  t h a t  h a s  a  g o o d  sp lit  balance, m e a n in g  t h a t  e a c h  face  o f  th e  g r a p h  in d u c e d  
b y  S  c o n ta in s  a t  m o s t a  c o n s ta n t  p ro p o r t io n  o f  th e  v e r tic e s  o f  G . T h is  t r a n s f o r m a t io n  is 
n o n - t r iv ia l  a n d  is d o n e  w ith  th e  h e lp  o f  a n  a u x il ia ry  g ra p h . O n c e  th e  s e p a r a to r  S  w ith  a  
g o o d  s p l it  b a la n c e  is fo u n d , w e can  find  som e co llec tio n  o f faces in  G '[S ] w hose u n io n  U  h a s  
a  b o u n d a ry  d U  t h a t  g ives a  c o n s ta n t-b a la n c e d  s e p a r a to r .  H ow ever, th e  b o u n d a ry  d U  m a y  
c o n s is t o f  s e v e ra l cycles. W e th e n  fin d  a  s in g le  c o m p o n e n t cy c le  o f  d U  w ith  a  g o o d  s p l i t  
b a la n c e . H ere , w e n e e d  to  o ffset th e  s p l it  b a la n c e  o f th e  cycle  a g a in s t  i ts  le n g th . H en ce , we 
se lec t th e  c o m p o n e n t cycle  y i o f d U  w ith  th e  b e s t  r a t io  o f  b a la n c e  to  le n g th . W e th e n  u se  a  
m o re  in v o lv ed  s h o r te n in g  p ro c e d u re  o n  th i s  cy c le  to  f in d  a  g eo d esic  cyc le  w ith  th e  d e s ire d  
b a la n c e . F o r d e ta ils , see th e  fu ll v e rs io n  o f  th i s  p a p e r  [54].

F in a lly , we c a n  en d  u p  in  Outcome 3 . In  th is  case w e th in k  o f th e  g ra p h  as  e m b e d d e d  on  
th e  p la n e  w ith  th e  o u te r  face b e in g  th e  s t a r t in g  cycle  o f  th e  fina l filling . R eca ll t h a t  in  th is  
case , e a c h  filling  face  (e x c e p t th e  o u te r  face) h a s  o n ly  a  few  v e r tic e s  o f  G  in s id e . T h is  case  
w o u ld  b e  th e  o u tc o m e  if  th e  in i t ia l  g ra p h  is a  p a tc h  o f  th e  p e n ta g o n a l g rid , a n d  th e  filling  is 
b a s e d  o n  th e  cyc le  a ro u n d  th e  p e r im e te r  o f  th e  p a tc h ,  i.e ., th e  b o u n d a r y  o f  th e  o u te r  face. 
W e n o w  c la im  t h a t  w e c a n  fin d  tw o  “a n t i p o d a l” v e r t ic e s  o n  th e  o u te r  face  su c h  t h a t  so m e  
s h o r te s t  p a th  b e tw e e n  th e m  is a  b a la n c e d  s e p a ra to r .

I t  is fa r  from  c lea r in  g en e ra l w hy  som e sh o r te s t  p a th  co n n ec tin g  tw o  “a n t ip o d a l” v e rtices  
o f  th e  o u te r  face h a s  c o n s ta n t b a la n c e . W e b e g in  th is  p ro o f  b y  d e fin in g  la yers  o n  th e  filling  
faces: a  face is in  lay e r i i f  i t s  d is ta n c e  to  th e  o u te r  face is i. R o u g h ly , we a im  to  show  th a t  
th e r e  a re  o n ly  O (lo g  n )  layers .

T o b o u n d  th e  n u m b e r  o f layers, we p rove  a  v a r ia n t o f th e  is o p e rim e tr ic  in e q u a lity  for o u r 
p u rp o s e s , w h ich  m a y  b e  o f  in d e p e n d e n t in te re s t .  In  g en e ra l, c o n s id e r  a  p la n a r  ^ -h y p e rb o lic  
g ra p h  w ith  a  O (J)- f illin g  H  o f  a  cycle C  o f G , w h ere  C  is th e  cycle a lo n g  a  face in  som e fixed 
e m b e d d in g  o f  G . W e th e n  c o n s id e r  a n  a r b i t r a r y  cycle  y  in  G . R eca ll t h a t  o u r  iso p e r im e tr ic  
in e q u a lity  f o r  greedy f i l l in g s  sh o w s t h a t  y  in te r a c t s  w ith  O ( 5 |y |)  faces o f  th e  filling  H . T o 
b o u n d  th e  n u m b e r  o f  lay e rs , o n e  c a n  sh o w  t h a t  th e  o u te r  face  cyc le  to u c h e s  a  c o n s ta n t  
p ro p o r tio n  o f  a ll faces, i.e ., th e  o u te rm o s t lay e r h a s  a  c o n s ta n t p ro p o r t io n  o f a ll th e  faces o f 
th e  filling . I t e r a t in g  th is  a rg u m e n t show s t h a t  th e  n u m b e r  o f  lay e rs  is O ( lo g  n ).

T h e n , in  th e  la s t layer, we find  tw o  v e rtic e s  th a t  a re  a s  fa r  from  th e  o u te r  face a s  possib le . 
U s in g  a n  a u x il ia ry  t r e e  in  th e  p la n a r  d u a l  g ra p h , w e c a n  se le c t a  g o o d  b a la n c e d  c u t  ed g e . 
T h e  e n d p o in ts  o f  th e  c o r r e s p o n d in g  p r im a l  ed g e  a re  c o n n e c te d  to  th e i r  r e s p e c tiv e  n e a re s t  
v e r t ic e s  a a n d  b o n  th e  o u te r  face . T h e  p a th  w e o b ta in  th i s  w ay  fro m  a to  b is a  b a la n c e d



s e p a ra to r ,  b u t  u n fo r tu n a te ly , i t  is n o t  a  s h o r te s t  p a th .  W e n e e d  to  a rg u e  a b o u t  th e  b a la n c e  
o f  a  s h o r te s t  p a th  fro m  a to  b in  G  in s te a d . T o  p ro v e  t h a t  so m e  s h o r te s t  ab p a th  is a lso  a  
b a la n c e d  s e p a ra to r ,  w e c ru c ia lly  re ly  o n  th e  is o p e r im e tr ic  in e q u a lity  o n  g reed y  fillings ag a in . 
T h e  re la tiv e ly  s h o r t  c lo sed  w a lk  g iv en  b y  th e  in i t ia l  p a th  a n d  th e  s h o r te s t  p a th  c a n  o n ly  
in te ra c t w ith  a  sm a ll n u m b e r  o f  filling faces d u e  to  th e  is o p e rim e tr ic  in eq u a lity . S ince we a re  
in  th e  case  w h e re  e a c h  filling  face  c o n ta in s  o n ly  a  few  v e r tic e s  in s id e , w e c a n  u p p e r  b o u n d  
th e  b a la n c e  sh ift b e tw een  th e  in i tia l p a th  a n d  th e  sh o r te s t  p a th .  T h is  th e n  g ives th e  geodesic  
p a th  s e p a r a to r  w ith  th e  d e s ire d  b a la n c e . F o r d e ta ils , see  th e  fu ll v e rs io n  o f th is  p a p e r  [54].

W ith  th e  a b o v e  o u tc o m e s  h a n d le d , th e  o n ly  m iss in g  p iece  o f  th e  p ro o f  o f  T h e o re m  1 is 
th e  case  o f g ra p h s  t h a t  a re  n o t 2 -c o n n e c te d . A g a in , s in ce  h y p e rb o lic i ty  is v e ry  se n s itiv e  to  
ch a n g e s  in  th e  g ra p h , w e h av e  a  s l ig h tly  m o re  te c h n ic a l re d u c t io n  fro m  th e  g e n e ra l ca se  to  
th e  2 -c o n n e c te d  case. In tu itiv e ly , i t  is e n o u g h  to  f in d  a  s e p a r a to r  o f a  “ c e n tr a l” 2 -c o n n e c te d  
c o m p o n e n t ,  b u t  th i s  w o u ld  n o t im m e d ia te ly  a c c o u n t fo r th e  n u m b e r  o f  v e r t ic e s  in  o th e r  
c o m p o n e n ts  a n d  th u s  p o te n t ia l ly  le a d  to  a n  im b a la n c e d  s e p a ra to r .  W e re p re se n t a ll th e  n o n ­
c e n tra l  2 -c o n n e c te d  c o m p o n e n ts  o f G  b y  a t ta c h in g  w h ee l g ra p h s  to  th e  c e n tra l  2 -c o n n e c te d  
co m p o n en t, w h ich  ( i )  en su re s  t h a t  a  b a la n c e d  s e p a ra to r  o f th e  re d u c e d  2-c o n n e c te d  in s ta n c e  
c o r re s p o n d s  to  a  b a la n c e d  s e p a r a to r  in  th e  o r ig in a l  g r a p h  a n d  (ii) d o es  n o t  in c re a se  th e  
h y p e rb o lic i ty  sig n ifican tly .

2.2 Main Ideas and Techniques for the Approximation Algorithms
W e re ly  on  th e  n o tio n  o f  a  (w eak) r-d iv is io n  o f  a  g ra p h  G . T h is  is a  fam ily  o f © ( n / r )  su b se ts  
o f  V (G ) (c a lle d  g ro u p s )  t h a t  e a c h  h av e  s ize  a t  m o s t r ,  jo in t ly  co v er V (G ) , a n d  th e  t o t a l  
n u m b e r  o f  e d g es  b e tw e e n  th e  g ro u p s  is O ( n / y / r ) .  U s in g  C o ro lla ry  2, w e c a n  sh o w  t h a t  a  
w eak  r-d iv is io n  o f  a  p la n a r  5 -h y p e rb o lic  g ra p h  c a n  b e  c o m p u te d  in  2 O(s) • n  lo g 6 n  t im e  su ch  
th a t  e ach  g ro u p  in d u c e s  a g a in  a  p la n a r  5 -h y p e rb o lic  g ra p h . T o o b ta in  th e  la t t e r  p ro p e r ty , i t  
is c ru c ia l t h a t  o u r  s e p a r a to r  is in -c la ss .

W e c a n  d e riv e  th e  a lg o r i th m  fo r M a x im u m  I n d e p e n d e n t  S e t  b y  a d a p t in g  a  p ro o f  o f 
C h ib a  e t a l. [23] a n d  L ip to n  a n d  T a r ja n  [63]. W e o b ta in  a  w eak  r-d iv is io n  fo r r  =  1 / e 2 . S ince 
each  g ro u p  o f th e  w eak  r-d iv is io n  is p la n a r  5 -h y p e rb o lic , we c a n  use  P ro p o s it io n  3 to  b o u n d  
th e  t r e e w id th  o f each  g ro u p  a n d  use  th e  kno w n  a lg o r ith m  for M a x im u m  I n d e p e n d e n t  S e t  
on  g ra p h s  o f b o u n d e d  tr e e w id th . Jo in in g  th e  so lu tio n s  a p p ro p r ia te ly  th e n  y ie ld s T h e o re m  5 .

F o r th e  T r a v e l i n g  S a l e s p e r s o n  p ro b le m , e x tr a  c a re  is n e e d e d  to  p a tc h  to g e th e r  th e  
so lu tio n s  fo r th e  d iffe ren t g ro u p s  a n d  o b ta in  T h e o re m  6 .

2.3 Main Ideas and Techniques for the Lower Bound
F o r th e  sak e  o f  con v en ien ce , w e r e s ta te  th e  low er b o u n d :

► Theorem 9. There  is no n o(s)- t im e  a lg o rith m  fo r  M a x i m u m  I n d e p e n d e n t  S e t  in  p la n a r  
5 -hyperbo lic  graphs, u n le ss  E T H  fa ils .

T h e  p ro o f  is b a se d  o n  em b ed d in g  a  su b d iv is io n  o f a  E u c lid e a n  g rid  (w ith  som e d iag o n a ls) 
in to  a  p la n a r  5 -h y p e rb o lic  g ra p h . I t  is k n o w n  th a t  M a x im u m  I n d e p e n d e n t  S e t  in  su b g ra p h s  
o f th e  n  x  n  g rid  (w ith  som e d iag o n a ls) h a s  a  2o(n)- t im e  low er b o u n d  u n d e r  E T H  [30], w h ich  
w e u se  a s  o u r  s t a r t in g  p o in t .

L e t G  b e  a  g iv en  s u b g r a p h  o f  a n  n  x  n  g r id  w ith  d ia g o n a ls , w h ic h  w e d e n o te  b y  G r id n . 
O b se rv e  t h a t  s u b d iv id in g  each  edge  o f G  a n  even  n u m b e r  o f  tim e s  g ives a n  in s ta n c e  t h a t  is 
e q u iv a le n t to  G  [67]. W e a re  th e n  le f t w ith  tw o  ta s k s : (a) c re a te  a  p la n a r  5 -h y p e rb o lic  h o s t  
g ra p h  o f size 2O(n/&') t h a t  “s u r ro u n d s ” a n  even  su b d iv is io n  o f G , a n d  (b) m ak e  su re  t h a t  th e  
s u r ro u n d in g  p a r t s  o f  th e  h o s t  g ra p h  c re a te d  in  (a ) do  n o t  im p a c t  th e  h a rd n e s s  p ro o f.



■  Figure 4 A p a rt of a b inary  tiling  (thick edges) w ith  sm all 5 x 5 grids (w ith diagonals) em bedded 
in  each face except th e  o u te r face.

T ask  (a ) req u ire s  a  th o ro u g h , te c h n ic a l ap p ro a c h . I t  is in  fa c t e a s ie r to  th in k  o f em b ed d in g  
G r id n its e lf  in s te a d  o f  fo cu s in g  o n  so m e  c u s to m  g ra p h  G . O u r  c o n s tru c tio n  is b a se d  o n  th e  
so -ca lled  b inary  tilin g  o f B ö rö czk y  [17], w h ich  is a  ti lin g  o f th e  h y p e rb o lic  p lan e ; see F ig u re  4 . 
T h e  u n d e r ly in g  in f in ite  p la n a r  g ra p h  o f  th i s  t i l in g  is k n o w n  to  b e  c o n s ta n t  h y p e rb o lic . W e 
care fu lly  choose a  p o r t io n  B \  o f th is  g ra p h  th a t  h a s  size 2O(n/(5) a n d  is s til l c o n s ta n t-h y p e rb o lic . 
B y  in s e r t in g  5 x  5 g r id s  in to  th e  faces  o f  B \  ( e x c e p t its  o u te r  fa ce ) , w e c a n  sh o w  t h a t  w e 
g e t a n  O (5 ) -h y p e rb o lic  g ra p h  B Grid, w h ic h  c o n ta in s  so m e  s u b d iv is io n  o f  G r id n . A  fu r th e r  
m o d if ic a tio n  o f  B Grid le a d s  to  a  g r a p h  B  t h a t  is O (5 ) -h y p e rb o lic ,  is o f  s ize  2O(n/(5), a n d  
c o n ta in s  a  s u b g r a p h  t h a t  is a n  e v en  s u b d iv is io n  o f  G . I t  fo llow s t h a t  B  c o n ta in s  a  h a rd  
in s ta n c e  o f  M a x im u m  I n d e p e n d e n t  S e t  a s  a  s u b g ra p h  a n d  w e h av e  ach ie v ed  (a ).

T o  ac h ie v e  (b ) , w e c a n n o t  j u s t  re m o v e  u n w a n te d  p a r t s  o f  th e  2 O(n/(5)-h y p e rb o lic  h o s t 
g ra p h  w e ju s t  c o n s t ru c te d , a s  t h a t  w o u ld  ch an g e  th e  h y p e rb o lic ity . H ow ever, in  th e  case  o f 
M a x im u m  I n d e p e n d e n t  S e t ,  w e show  how  to  ach ieve  (b ) u s in g  a  s im p le  lo ca l m o d ific a tio n , 
a t t a c h in g  a  s m a ll g a d g e t to  v e r t ic e s  o f  B  t h a t  a r e  n o t in  th e  h a r d  in s ta n c e , t h a t  d o es  n o t 
im p a c t h y p e rb o lic ity . T h is  gives th e  d es ired  g ra p h  w hose  m ax im u m  in d e p e n d e n t se ts  c a n  b e  
re la te d  to  th e  m a x im u m  in d e p e n d e n t s e ts  o f G  a n d  c o m p le te s  th e  re d u c t io n .

3 Discussion and Open Problems

W e c o n c lu d e  th is  p a p e r  w ith  a  d iscu ss io n  o f f u tu re  d ire c tio n s  t h a t  h av e  sp ru n g  u p  from  o u r 
w o rk . A  f irs t n a tu r a l  q u e s t io n  is w h e th e r  th e r e  is a  n o((5) t im e  low er b o u n d  to  so lv e  th e  
T r a v e l i n g  S a l e s p e r s o n  p ro b le m  o n  (p la n a r )  5 -h y p e rb o lic  g ra p h s  u n d e r  th e  E x p o n e n tia l  
T im e  H y p o th e s is  (E T H ) . T h is  w o u ld  m a tc h  th e  r u n n in g  t im e  o f  th e  e x a c t  a lg o r i th m  o f 
C o ro lla ry  8 a n d  a lso  im p ly  th a t  th e  ru n n in g  tim e  o f th e  a p p ro x im a tio n  schem e o f T h e o re m  6 

is e ssen tia lly  b e s t p o ss ib le . O n e  m ig h t e x p e c t th a t  th is  cou ld  b e  po ss ib le  by  su i ta b ly  a d ju s tin g  
th e  c o n s tru c tio n  o f T h e o re m  9 . H ow ever, we reca ll t h a t  a  c ru c ia l a sp e c t o f  th is  c o n s tru c tio n  
w as to  p la n t  a  su b d iv is io n  o f a  g rid  in s id e  a  la rg e  5 -h y p e rb o lic  g ra p h , w ith o u t  th is  a ffec tin g  
th e  h a rd n e s s  p ro o f . W h ile  fo r M a x im u m  I n d e p e n d e n t  S e t  th i s  w as  p o s s ib le  b y  so m e  
lo ca l m o d if ic a tio n s , i t  seem s m u ch  h a rd e r  to  ach ieve  th is  fo r th e  T r a v e l i n g  S a l e s p e r s o n  
p ro b le m .

A  n e x t  a lg o r i th m ic  q u e s t io n  is w h e th e r  th e r e  e x is t  fa s t a p p ro x im a t io n  sc h e m e s  (i.e ., a  
n e a r - l in e a r  t im e  F P T A S )  fo r o th e r  p ro b le m s  o n  p la n a r  5-h y p e rb o lic  g ra p h s . T h is  p a p e r  
d evelops su ch  a  schem e for M a x im u m  I n d e p e n d e n t  S e t  by  em p lo y in g  id eas  o f th e  recu rsiv e



s e p a ra to r  a p p ro a c h  o f L ip to n  a n d  T a r ja n  [63].  I t  is  k n o w n , how ever, t h a t  th i s  a p p ro a c h  can  
a lso  le a d  to  a p p ro x im a t io n  sch em es fo r e .g . M in im u m  V e r t e x  C o v e r  [23] a n d  M in im u m  
F e e d b a c k  V e r t e x  S e t  [56]. B o th  th e s e  a lg o r i th m s  re ly  o n  th e  c o n tr a c t io n  o f  e d g es  
to  e n s u re  th e  s o lu tio n  s ize  is a t  le a s t  l in e a r  in  th e  n u m b e r  o f  v e r tic e s . H o w ev er, p la n a r  
5-h y p e rb o lic  g ra p h s  a r e  n o t  c lo sed  u n d e r  e d g e  c o n tr a c t io n  a n d  th u s  th i s  a p p ro a c h  c a n n o t 
su c c e e d . T h e  n o n -h e r e d i ta ry  n a tu r e  o f  (p la n a r )  5-h y p e rb o lic  g ra p h s  s t a n d s  in  th e  w ay  o f  
o th e r  a p p ro a c h e s  fo r th e s e  p ro b le m s  a s  w ell (e .g ., [4]; [5, 4 7 ]; o r  [18]).

In  th e  s a m e  v e in , w e w o n d e r  a b o u t  a p p ro x im a t io n  sc h e m e s  fo r o th e r  n e tw o rk  d e s ig n  
p ro b le m s . T h is  w o u ld  e x te n d  o u r  sc h e m e  fo r th e  T r a v e l in g  S a l e s p e r s o n  p ro b le m . 
T h e re fo re , we a sk  a b o u t  a  n e a r- lin e a r  t im e  F P T A S  fo r p ro b le m s  su c h  a s  S u b s e t  T S P  a n d  
S t e i n e r  T r e e . W e d e e m  th e  e x is te n c e  o f  su c h  sch em es to  b e  h ig h ly  p la u s ib le .

T u rn in g  to  o u r  s e p a r a to r  th e o r e m , w e n o tic e  t h a t  th e  g eo d esic  cy c le  s e p a r a to r  t h a t  is 
r e tu rn e d  b y  T h e o re m  1 h a s  size O (5 ) b u t  b a la n c e  2 - O ( (5) /  log  n . W h ile  we know  th a t  th e  size 
b o u n d  c a n n o t b e  im p ro v e d  by  th e  e x a m p le  o f  a  5-c y lin d e r , w e do  n o t  k n o w  o f  a n y  e x a m p le  
t h a t  sh o w s t h a t  th e  b a la n c e  f a c to r  s h o u ld  b e  2 - O ( 4) /  log  n . T h e re fo re , w e a s k  w h e th e r  w e 
c a n  find , in  n e a r - l in e a r  tim e , a  g eo d esic  cycle  s e p a r a to r  o f b a la n c e  e q u a l to  so m e  c o n s ta n t.

F in a lly , w e co n s id e r how  to  d e te rm in e  th e  h y p e rb o lic i ty  o f  a  g ra p h . T h is  c a n  b e  n a iv e ly  
done  in  O ( n 4) t im e  b y  follow ing th e  d e fin itio n  o f h y p e rb o lic ity . F o u rn ie r  e t a l. [41] im p ro v ed  
th is  to  O ( n 3 69) a n d  even  gave a  2 -a p p ro x im a tio n  th a t  ru n s  in  O ( n 2 69) tim e . C o n sid e rin g  th e  
c o n te x t o f p la n a r ity , B o rass i e t al. [16] p ro v ed  th a t  th e  h y p e rb o lic ity  o f  a  g en e ra l sp a rse  g ra p h  
c a n n o t b e  c o m p u te d  in  s u b q u a d r a t ic  t im e  u n d e r  th e  S tro n g  E x p o n e n tia l  T im e  H y p o th e s is  
(S E T H ) . H o w ev er, th i s  g e n e ra l r e s u l t  d o e s  n o t  e x c lu d e  th e  e x is te n c e  o f  a  s u b q u a d r a t ic  
a lg o r i th m  o n  p la n a r  g ra p h s . A  p o te n t ia l ly  e n c o u ra g in g  s ig n  in  th i s  d ire c tio n  is th e  k n o w n  
lin e a r- tim e  a lg o r ith m  fo r o u te rp la n a r  g ra p h s  [24]. H ence, w e re p e a t  th e  q u e s tio n  o f C o h en  e t 
a l. [24] a n d  a sk  fo r a  lin e a r- tim e  a lg o r ith m  th a t  c o m p u te s  th e  h y p e rb o lic ity  o f p la n a r  g rap h s .
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